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PREFACE

The Department of Education in Science & Mathematics (DESM) &
National Council of Educational Research & Training (NCERT)
developed Exemplar Problems in Science and Mathematics for
Secondary and Senior Secondary Classes with the objective to provide the
students a large number of quality problems in various forms and format
viz. Multiple Choice Questions, Short Answer Questions, Long Answer
Questions etc., with varying levels of difficulty.

NCERT Exemplar Problems are very important for both; School & Board
Examinations as well as competitive examinations like Engineering
Entrances. The questions given in exemplar book are mainly of higher
difficulty order by practicing these problems, you will able to manage with
the margin between a good score and a very good or an excellent score.

Approx 20% problems asked in any Board Examination or Entrance
Examinations are of higher difficulty order, exemplar problems will make
you ready to solve these difficult problems.

This book NCERT Exemplar Problems-Solutions Mathematics XII
contains Explanatory & Accurate Solutions to all the questions given in
NCERT Exemplar Mathematics book.

For the overall benefit of the students’ we have made unique this book in
such a way that it presents not only hints and solutions but also detailed
and authentic explanations. Through these detailed explanations,
students can learn the concepts which will enhance their thinking and
learning abilities.

We have introduced some additional features with the solutions which
are as follows

o Thinking Process Along with the solutions to questions we have given
@ thinking process that tell how to approach to solve a problem. Here,
we have tried to cover all the loopholes which may lead to confusion.
All formulae and hints are discussed in detail.

» Note We have provided notes also to solutions in which special points
are mentioned which are of great value for the students.

For the completion of this book, I would like to thank Priyanshi Garg
who helped me at project management level.

With the hope that this book will be of great help to the students,

I wish great success to my readers.

Author
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Relations and Functions

Short Answer Type Questions

Q. 1 Let A={a, b, c} and the relation R be defined on A as follows
R ={(a, a), (b, c), (a, b)}
Then, write minimum number of ordered pairs to be added in R to make
R reflexive and transitive.

Sol. Givenrelation, R ={(a a), (b,c), (a b)}.
To make R is reflexive we must add (b, b)and (c, ¢)to R. Also, to make R is transitive we must
add (a,c)to R.
So, minimum number of ordered pair is to be added are (b, b), (c,c), (a,c).

Q.2 Let D be the domain of the real valued function f defined by

f(x) = /25 — x%. Then, write D.

Sol. Given function is, f(x) = 425 — x°
For real valued of f(x) 25— x2 >0
x? <25

-5<x<+5
D =1[-5 5]

Q.3 1If f, g: R — Rbe defined by f(x)=2x +1and g(x)=x> -2,V x R,
respectively. Then, find gof.
@ Thinking Process
If f, g:R—R be two functions, then gof(x) =g { f(x)} Vx €R.
Sol. Given that, flx)=2x +1and g(x)=x2 -2, Vx €R

gof = g{f(x)}
=g@x+N=Cx + 12 -2

=4x? + 4x +1-2
=4x% + 4x 1
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Q. 4 Let f:R— R be the function defined by f(x)=2x-3, V xe R. Write

f— 1
Sol. Given that, flx)=2x -3, VxeR
Now, let y=2x—-3
2x=y+ 3
2
3
f,1 _ X +
(x) 5

Q. 51f A={a, b, ¢, d} and the function f ={(a, b), (b, d), (c, a), (d, c)}, write

f—l
Sol. Given that, A={a b,cd}
and f={(a b).(b,d),(c.a) (@ c)}

f={(b,a),@b)(ac)d}

Q. 6 If f : R — R is defined by f(x) = x* —3x +2, write f{f(x)}.

® Thinking Process
To solve this problem use the formula ie, (a+b+ cf =(da* +b* + ¢ + 2ab + 2bc + 2ca)
Sol. Given that, flax) = x2 — 3x +2
: F{f(x)} = f(x® — 3x + 2)
=% -3x+2°% -3x% -3x+2)+2
=x* + 9x% +4-6x% —12x + 46 — 3x® + 9x — 6+ 2
=x* +10x% - 62 - 3x

F{f(x)} = x* — 66 + 1022 — 3«

Q.71s g={(1, 1), (2, 3), (3, 5), (4, 7)} a function? If g is described by
g(x) =ax + f, then what value should be assigned to o and 3?

Sol. Giventhat,g = {(1,1), (2,3),(3,5), (4, 7)}.
Here, each element of domain has unique image. So, g is a function.

Now given that, gx)=ox +
gl)=a+p
a+B=1 ()
g@)=2a +p
20+B=3 ()
From Egs. (i) and (ii),
20-B)+p=3
= 2-2B+p=3
= 2-p=3
B=-1
If B=-1thena=2

0=2 B=-1
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Q. 8 Are the following set of ordered pairs functions? If so examine whether
the mapping is injective or surjective.
(i) {(x, y) : x is a person, y is the mother of x}.
(ii) {(a, b):ais a person, b is an ancestor of a}.

Sol. (i) Given set of ordered pair is {(x, y): x is a person, yis the mother of x}.

It represent a function. Here, the image of distinct elements of x under f are not distinct,
so it is not a injective but it is a surjective.

(ii) Set of ordered pairs = {(a, b): ais a person, b is an ancestor of a}

Here, each element of domain does not have a unique image. So, it does not represent
function.

Q. 9 If the mappings f and g are given by f ={(1, 2), (3, 5), (4, 1)} and
g={@23), 5. 1), (1, 3)}, write fog.

Sol. Given that, f={(1,2), 3 5), (4 1)}
and 9=1{223),(61,03}
Now, fogR)=1HgR)} =f(3)=5
fog(8) = {g(5)} = (1) =

)=2
fog(1)=Hg()} =1(3)=5
fog ={(2,5),(52),(1,5

Q. 10 Let C be the set of complex numbers. Prove that the mapping
f:C— Rgiven by f(z) =|z|, V z € C, is neither one-one nor onto.

Sol. The mapping f:C—>R
Given, flz)=]z|VzeC
f(1) =|1] = 1
f=N=[-1=
(1) = f(-1)
But 1# -1

So, f(z) is not one-one. Also, f(z) is not onto as there is no pre-image for any negative
element of R under the mapping (2).

Q. 11 Let the function f : R — R be defined by f(x) =cosx, V x € R. Show
that f is neither one-one nor onto.
Sol. Given function, f(x)=cosx, Vx €R

Now, f [Ej —cosX =0
2 2

= f (_—n) = cosE =0
2 2

- (3)-13)
2 2

But L

2 2

So, f(x)is not one-one.
Now, f(x) =cosx, Vx € R is not onto as there is no pre-image for any real number. Which
does not belonging to the intervals [-1, 1], the range of cosx.
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Q.12 Let X ={1, 2, 3} and Y = {4, 5}. Find whether the following subsets of
X x Y are functions from X to Y or not.
@) f={14),(15), (2 4),3 5} (ii) g = {(1, 4), (2, 4), 3, 4)}
(iif) h={(1, 4), (2.5), 3. 5)} (iv) k = {(L 4), (2. 5)}
Sol. Given that, X={128randY = {4, 5}
XxY={(14),015),2 4,2 5),(34),(35)}
) 1={(14),029),@ 4.3 95}
fis not a function because f has not unique image.
(i) g ={14),24),@3 4}
Since, g is a function as each element of the domain has unique image.
(i) h={(1,4),2,5), (3 9}
It is clear that his a function.
(iv) k={(14), @ 9)}
k is not a function as 3 has not any image under the mapping.

Q. 13 If functions f : A— B and g : B— A satisfy gof =1, then show that
f is one-one and g is onto.

Sol. Given that,
f:A—Band g:B— Asatisfy gof = I,
gof =1,
= gor{f(x,)} = gof{f(x,)}
= glx)=9(xy) [ gof = I,]
X, =X,
Hence, f is one-one and g is onto.

Q.14 Let f:R—> R be the function defined by f(x)=— —, V xeR.

2 —CoSx
Then, find the range of f.

® Thinking Process
Range of f={y €Y :y= f(x): for some in x} and use range of cos xis [-1,1]

Sol. Given function, f(x) = VxeR
2 —cosx
1
Let =
/ 2 —cosx
= 2y — ycosx =1
= ycosx =2y —1
= cos:c:M:Z—1 = cos:c:2—1
y y y
= —-1<cosx <1 = —132_131
y
1 1
= -3<-—<-1 = 1<-<38
y y
1 1
= —<—<1
3y

So, yrange is B 1}
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Q. 15 Let n be a fixed positive integer. Define a relation R in Z as follows V a,
be Z, aRb if and only if a —b is divisible by n. Show that R is an
equivalence relation.

Sol. Giventhat, V a, b e Z, aRbif and only if a — b is divisible by n.
Now,
|. Reflexive
aRa=> (a — a)is divisible by n, which is true for any integer a as ‘O’ is divisible by n.
Hence, R is reflexive.

ll. Symmetric
aRb
= a — b is divisible by n.
= —b + a is divisible by n
= —(b — a) is divisible by n.
= (b — a) is divisible by n.
= bRa
Hence, R is symmetric.
lIl. Transitive
Let aRb and bRc
= (@ — b) is divisible by nand (b — c)is divisible by n
= (@-b)+ (b —c)isdivisibly by n
= (a —c)is divisible by n
= aRc

Hence, R is transitive.
So, R is an equivalence relation.

Long Answer Type Questions

Q. 16 If A ={1, 2, 3,4}, define relations on A which have properties of being

(i) reflexive, transitive but not symmetric.
(i) symmetric but neither reflexive nor transitive.
(iii) reflexive, symmetric and transitive.

Sol. Given that, A={123 4
(i) Let R ={(11).(12),2 3).2.2),(19).(3 3}
R, is reflexive, since, (1, 1) (2, 2) (3, 3) liein R,.
Now, (12)eR, 2,3 R, = (13 R,

Hence, R, is also transitive but (1,2) e R, = 2, 1) ¢ R;.
So, it is not symmetric.

(ii) Let R, ={(12),2 M}
Now, (12)eR,, 2 1)eR,
So, it is symmetric.
(iii) Let Ry ={(12),21),(11),22),(33),(13),@31),2 3}

Hence, R, is reflexive, symmetric and transitive.
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Q. 17 Let R be relation defined on the set of natural number N as follows,
R={(x,y):xe N, ye N, 2x + y =41}. Find the domain and range of
the relation R. Also verify whether R is reflexive, symmetric and
transitive.

Sol. Given that, R={(x,y):xeN, yeN, 2x + y=41}.

Domain ={1,2, 3, ..., 20}
Range={1,357,..., 39}
R ={(,39), 2 37),(3 35),....19 3), (20, 1)}
R is not reflexive as (2,2) ¢ R
2x2+2#41
So, R is not symmetric.
As (1,39)eR but (39,1) ¢R
So, R is not transitive.
As (11,19 eR (19 3) R
But (11,3) 2R
Hence, R is neither reflexive, nor symmetric and nor transitive.

Q. 18 Given, A ={2, 3, 4}, B ={2, 5, 6, 7}. Construct an example of each of
the following
(i) an injective mapping from A to B.
(ii) a mapping from A to B which is not injective.
(iii) a mapping from B to A.

Sol. Given that, A={23 4}, B=1{2567}
(i) Let f: A — Bdenote a mapping
f={lx,y):y=x+3}
ie., f={@ 5), (3 —6), (4 7)}, which is an injective mapping.

(ii) Let g : A — B denote a mapping such that g ={@2,2),(3 5), (4, 5)}, which is not an
injective mapping.

(iii) Let h: B— A denote a mapping such that h={@,2), (5, 3), (6, 4), (7, 4)}, which is a
mapping from Bto A.

Q. 19 Give an example of a map
(i) which is one-one but not onto.
(ii) which is not one-one but onto.
(iii) which is neither one-one nor onto.
Sol. (i) Let f:N — N, be a mapping defined by f(x) = 2x
which is one-one.

For flay) = fx,)
= 2%y =2%x,
Xy =%,

Further fis not onto, as for 1 € N, there does not exist any x in N such that f(x) = 2x + 1.

(ii) Let f:N—>N, given by f(1)=f@2)=1and f(x)=x —1 for every x >2 is onto but not
one-one. f is not one-one as f(1) = f(2) = 1. But f is onto.

(iii) The mapping f : R — R defined as f(x) = 2, is neither one-one nor onto.
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. x -2
Q.20 Let A=R—{3}, B=R —{1}. If f: A—> B be defined by f(x) = S
x p—
V x € A. Then, show that f is bijective.
® Thinking Process
A function f:x — yis said to be bijective, if fis both one-one and onto.
Sol. Given that, A=R-{3}, B=R -{1}.
f: A — Bis defined by f(x):x—_i, VxeA
x —
For injectivity
Let o) = flx,) = H—2_%272
x, -3 x,-3
= (x; =2)(x, = 3) = (x, —2)(x; = 3)
= XX, — 3%, —2x, + 6=xx, —3x, —2x, + 6
= -3x, —2x, = —3x, — 2x,
= X=X, = X=X,
So, f(x)is an injective function.
For surjectivity
x -2
Let y = = x-2=xy-3y
x -3
= x(i-y)=2-3y = x=2"%
-y
= x = % eAVyeB [codomain]

So, f(x)is surjective function.
Hence, f(x) is a bijective function.

Q. 21 Let A =[-1, 1], then, discuss whether the following functions defined

on A are one-one onto or bijective.

() f)=" (i) g(x) = | x|
(iif) h(x) = x| x| (iv) k(x) = x?
Sol. Given that, A=1-11]
X
(i) f(x)= >
Let fle,) = flx,)
= il = %2 = X =%
2 2

So, f(x)is one-one.

x
Now, let ==

y 2
= x=2y¢gAVyeA
As for y=1eAx=2¢A

So, f(x)is not onto.
Also, f(x)is not bijective as it is not onto.

7
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(i) g(x)=|x|
Let g(xy)=9l(xy)
= I =[x,] = x=%x,
So, g(x)is not one-one.
Now, y=lx|] = x=xtyeAVyeA
So, g(x)is not onto, also, g(x)is not bijective.
(iii) h(x) = x| x|
Let hlaey) = hx,)
= xilxy| = x|, = x =1,
So, h(x)is one-one.
Now, let y = x| x|
= y=x2ecAVxeA
So, h(x)is onto also, h(x)is a bijective.
(iv) k(x)=x2
Let K(xy) = k(x,)
= xf:xg = x=%x,
Thus, k(x)is not one-one.
Now, let y=x?
= x=yeAVyeA

Asfory=—1x=+/-1¢A
Hence, k(x)is neither one-one nor onto.

Q. 22 Each of the following defines a relation of N
(i) xis greater than y, x, y e N.
(ii) x + y=10,x, y e N.
(iii) xy is square of an integer x, y € N.
(iv) x +4y =10, x, yeN
Determine which of the above relations are reflexive, symmetric and
transitive.
Sol. (i) xisgreaterthany, x, yeN
(x,x)eR
For xRx x >x is not true for any x e N.
Therefore, R is not reflexive.
Let (x,y)eR = xRy
x>y
but y >x is not true forany x, y e N
Thus, R is not symmetric.
Let xRy and yRz
x>yand y>z = x>z
= xRz
So, R is transitive.
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(i) x+y=10x,yeN
R={(xy);x+y=10x, yeN}
R={(1,9),28),3,7),(4,6),5,5),64),(7,3),8,2,9 D1 HeR
So, R is not reflexive.
(x,y)eR = (y,x)eR
Therefore, R is symmetric.
19eR O 1)eR = (NeR
Hence, R is not transitive.
(iii) Given ay, is square of an integer x, y € N.
= R = {(x, y): ay is a square of an integer «x, y € N}
(x,x)eR, Vx eN
As x2 is square of an integer for any x € N.
Hence, R is reflexive.

If (x, v)eR = (v,x)eR
Therefore, R is symmetric.
If (x, v)eR (v, 20eR

So, xy is square of an integer and yz is square of an integer.
Let ay=m’and yz=n? forsomem neZ
2 2
m
x=""andz="-

m?n®

XZ= /2 , which is square of an integer.

So, R is transitive.
(iv) x+4y=10 x,yeN
R=A{(x,y):x+ 4y=10x, y e N}
R={@22), (61}
11,83),...¢R
Thus, R is not reflexive.
(6,1 eR but (1,6)¢R
Hence, R is not symmetric.
(x,¥y)eR = «x+4y=10but(y,2)eR
y+4z=10 = (x,2)eR

So, R is transitive.

Q.23 Let A={1,2,3,...,9} and R be the relation in Ax A defined by
(@ b)R(c,d)ifa+d =b +cfor(a, b), (c,d)in A x A. Prove that R is an
equivalence relation and also obtain the equivalent class [(2, 5)].

Sol. Given that, A={12,3...,9} and (a b) Rc,d) if a+d=b+c for (ab)e AxA and

c,d)e AxA
Let(a b)R (a b)
= a+b=b+aVvVabeA
which is true for any a,b € A.
Hence, R is reflexive.
Let(a, b)R (c,d) a+d=b+c
c+b=d+a = (,d)R(@b)
So, R is symmetric.



10 NCERT Exemplar (Class XII) Solutions

Let (@ b)R(,d)and (c,d)R €, f)
a+d=b+candc+f=d+e
a+d=b+candd+e=c+f

(@+d)-d+e)=b+c)-c+1)

(@-e)=b-f
a+f=b+e
(@ab)RE,f)

So, R is transitive.
Hence, R is an equivalence relation.
Now, equivalence class containing [(2, 5)] is {(1, 4), (2, 5), (3, 6), (4, 7), (5, 8), (6, 9)}.
Q. 24 Using the definition, prove that the function f : A — B is invertible if

and only if f is both one-one and onto.

Sol. Afunctionf: X — Y is defined to be invertible, if there exist a function g = Y — X such that
gof = I, and fog = I,.. The function is called the inverse of f and is denoted by 7.

A function f = X — Y is invertible iff f is a bijective function.

Q. 25 Functions f, g : R — R are defined, respectively, by f(x) = x* +3x +1,
g(x) =2x — 3, find

(i) fog (ii) gof (iii) fof (iv) gog
Sol. Giventhat, f(x)=x°+ 3x +1,g(x)=2x -3
0] fog = H{g(x)} =fl2x - 3)

=@x-372 +3Qx—3)+1
=4x® +9-12x + 6x — 9+ 1=4x% — 6x + 1
(ii) gof = g{f(x)} = g(x? + 3x + 1)
=2(x% +3x+1)-3
=2x% + 6x +2-3=2x"+ 6x — 1
(iii) fof = F{f(x)} = f(x® + 3x + 1)
=%+ 3c+ 12+ 3%+ 3+ 1)+ 1
=x*+ 9x% + 1+ 6x% + 6 +2x% + 3x% + Ox + 3+ 1
=x*+6x°% + 146> + 15x + 5
(iv) gog =g{g(x)}=gRx - 3)
=2@x-3)-3
=4x-6-3=4x-9

Q. 26 Let * be the binary operation defined on Q. Find which of the
following binary operations are commutative
(i)ax*b=a-b,VabeQ (iiyaxb=a® +b% Va, beQ
(iii) a*b=a+ab, Va beq (iv)a*b=(a—-b)? VabeQ
Sol. Given that * be the binary operation defined on Q.

() axb=a-bVabeQandb*xa=b-a
So, a*b#bx*a [b-a=za-b]

Hence, * is not commutative.
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(ii) a*b=a’+b?
b*a=hb?+a’
So, * is commutative.
(iii) a*b=a+ab
bxa=b+ ab
Clearly, a+ab=#b+ab
So, * is not commutative.

(iv) a*b=(@-bP vabeQ
b*a=(b-a)l
(a- by =(b-ay
Hence, * is commutative.

11

[since, '+ is on rational is commutative]

Q. 27 If * be binary operation defined on R by a*b=1+ab, Va, b eR.

Then, the operation * is

(i) commutative but not associative.

(ii) associative but not commutative.
(iii) neither commutative nor associative.
(iv) both commutative and associative.

(i) Given that, a*b=1+ab,Va beR

a*b=ab+1=bx*a

So, * is a commutative binary operation.

Also, a*(b=*c)=ax*x(1+ bc)=1+ a(l+ bc)
ax(bxc)=1+a+ abc
(@xb)xc=(1+ab)*c

=1+ (1+ab)c=1+c + abc
From Egs. (i) and (ii),
a*(b=*c)=(@=*b)*c
So, * is not associative
Hence, * is commutative but not associative.

Objective Type Questions

Q. 28 Let T be the set of all triangles in the Euclidean plane and let a

.. (i)

relation R on T be defined as aRb, if a is congruent to b, V a, b € T.

Then, R is
(a) reflexive but not transitive (b) transitive but not symmetric
(c) equivalence (d) None of these

Sol. (c) ConsiderthataRb, ifais congruentto b, Va, b eT.

Then, aRa = aza,
whichistrue forall aeT
So, R is reflexive,
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Let aRb = az=b

= bza = bza

= bRa

So, R is symmetric. .. (i)
Let aRb and bRc

= azband bzc

= azc = aRc

So, Ris transitive. . (i)

Hence, R is equivalence relation.

Q. 29 Consider the non-empty set consisting of children in a family and a
relation R defined as aRb, if a is brother of b. Then, R is
(@) symmetric but not transitive
(b) transitive but not symmetric
(c) neither symmetric nor transitive
(d) both symmetric and transitive

Sol. (b) Given, aRb = ais brother of b
aRa = ais brother of a, which is not true.
So, R is not reflexive.
aRb = ais brother of b.
This does not mean b is also a brother of a and b can be a sister of a.
Hence, R is not symmetric.
aRb = ais brother of b
and bRc = bis abrother ofc.
So, ais brother of c.
Hence, R is transitive.

Q. 30 The maximum number of equivalence relations on the set A ={1, 2, 3}

@1 (b) 2 ©3 )5
Sol. (d) Giventhat, A={1 2,3}
Now, number of equivalence relations as follows
Ry ={(11.@22).(3 3)}
R, ={(1.1).2.2),(3 3).(1.2), @1}
Ry ={(11).2.2),(33).(1.3). (8N}
R, ={(11).2.2).(3 3),23).(32)}
Rs ={(12,3) &AxA= A%}
. Maximum number of equivalence relation on the set A ={1,2,3} =5

Q. 31 If a relation R on the set {1, 2, 3} be defined by R ={(1, 2)}, then R is

(a) reflexive  (b) transitive  (c) symmetric  (d) None of these

Sol. (b) Rontheset {1, 2, 3} be defined by R = {(1,2)}
It is clear that R is transitive.



Relations and Functions 13

Q. 32 Let us define a relation R in R as aRb if a > b. Then, R is

(a) an equivalence relation

(b) reflexive, transitive but not symmetric

(c) symmetric, transitive but not reflexive

(d) neither transitive nor reflexive but symmetric
Sol. (b) Given that, aRbifa=b

= aRa = a=awhichistrue.

LetaRb, a > b, then b >a which is not true R is not symmetric.

ButaRbandb Rc

= a=b and b>c

= azc

Hence, R is transitive.

Q. 33 If A={1, 2, 3} and consider the relation
R={(11),22), 33,12, 23)13)}

Then, R is
(a) reflexive but not symmetric (b) reflexive but not transitive
(c) symmetric and transitive (d) neither symmetric nor transitive
Sol. (@) Given that, A={12 3}
and R={(11,22),(33),12),@ 3,13}

1,1),@,2),(83) R
Hence, R is reflexive.
(1,2)eR but 2,1)¢R
Hence, R is not symmetric.
(12)eR and (2,3)eR
= (1,3)eR
Hence, R is transitive.

Q. 34 The identity element for the binary operation * defined on Q — {0} as
ab

a*b:?,Va,bEQ—{O}is
@1 (b) 0 (02 (d) None of these
® Thinking Process

For given binary operation * : AxA— A, an element e €A, If it exists, is called identity
for the operation*, ifax e=a=e* gV a €A.

Sol. (¢) Giventhat a* b= a2—b, VabeQ-{0}.

Lete be the identity element for *.

ae
are=—
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Q. 35 If the set A contains 5 elements and the set B contains 6 elements,
then the number of one-one and onto mappings from A to B is
(@) 720 (b) 120 (©0 (d) None of these
Sol. (¢) We know that, if A and B are two non-empty finite set containing m and n elements
respectively, then the number of one-one and onto mapping from Ato Bis
nlifm=n
Oifm=#n
Given that, m=>5andn=6
m#n
Number of mapping =0

Q. 36 If A={1,23,...,n} and B ={a, b}. Then, the number of surjections

from A into B is
(@ "P, (b)2" -2 (©2" -1 (d) None of these
Sol. (d) Given that, A={123 ....,ntand B={a, b}.

We know that, if A and B are two non-empty finite sets containing m and n elements
respectively, then the number of surjection from Ainto Bis

"C,, xm\ifn>=m

0ifn<m
Here, m=2

!

Number of surjection from A into Bis "C, x21=— "o
2l(n-2)!
- —2)l
:wx2!:n2 -Nn

2x1(n-2)

Q. 371f f : R — R be defined by f(x) ==, V x e R. Then, f is
X

(a) one-one (b) onto (c) bijective (d) f is not defined
® Thinking Process
In the given function at x=0, f(x)= o0. So, the function is not define.

Sol. (d) Given that, f(x) = l, VxeR
X

For x =0
f(x)is not defined.
Hence, f(x)is a not define function.

Q.381f f:R— R be defined by f(x)=3x*-5 and g:R— R by
X

g(x) = ——— Then, gof is
x°+1
3x2 -5 3x%-5
@ g b o~
9x" —30x° + 26 9x" —6x° + 26
2 2
© 3x 3x

—_ (d) ————
xt+ 202 -4 9x* +30x% -2
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X
2

Sol. (a) Given that, fx)=3x% -5 and g(x) =

x° + 1
gof = g{f(x)} = g(3x® - 5)
B 3x° -5 B 3x% -5
(Bx%2-5° + 1 9x* —30x% +25+ 1

B 3x% -5
9x* — 30x2 + 26

Q. 39 Which of the following functions from Z into Z are bijections?

@) f(x) = «° (b) f(x) =x + 2 (©) f(x) =2x + 1 d) fx) = x> +1
Sol. (b) Here, fx)=x+2 = flx;)="(x,)
X+2=x,+2 = x,=x%,
Let y=x+2

x=y-2eZ Vyex
Hence, f(x)is one-one and onto.

Q. 40 If f : R — R be the functions defined by f(x) = x> +5, then f *(x)is

1 1

@) (x + 5)3 (b) (x —5)3 © (5 -x3 (d)5-x
Sol. (b)) Given that, fx)=x®+ 5
Let y=x>+5 = x*=y-5

1 1

x=(y-5° = fx)'=(x-58

Q. 411f f : A— Band g : B— C be the bijective functions, then (gof) ™" is
@ flog™ (b) fog (© g lof ! (d) gof

Sol. (a) Giventhat, f: A— Bandg : B — C be the bijective functions.
(gofy ' =fTog™

3x +2
X 3 then

Q.427f f:R- {z} —> R be defined by f(x) =

5x —

@) f'(x) = f(x) (0) F @) =—fx) (0 (fohx =—x (d) F () = — f(x)

_3x+2

T 5x-3

_3x+2

 5x -3

3x+2=5xy -3y = x(3-5y)=-3y-2
x:3y+2 - f'1(x)=3x+2

5y -3 5x — 3
() = f(x)

Sol. (@) Given that, f(x)

Let
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X, ifx 1s rational

Q. 43 If f:[0, 1] — [0, 1] be defined by f(x) ={ o
1-x, ifx isirrational
then (fof )x is

(a) constant b)1+ x (€) x (d) None of these

Sol. (c¢) Giventhat, f:[0, 1] — [0, 1]be defined by
F) = X, if x is rational
()= 1-x, ifx is irrational

(fof)x = f(f(x)) = x

Q. 44 If f :[2, ©) — R be the function defined by f(x) = x® —4x +5, then
the range of f is
@R (b) [1, ) (© 1[4, «) (d)[5, =)
@ Thinking Process
Range of f={y €Y :y = f(x) for some in X}

Sol. (b) Given that, fx)=x% — dx + 5
Let y=x>—-4x+5
= y=x%—dx + 4+ 1=(x —2° + 1
= (x-2F=y-1 = x-2=y-1
= x=2+,y-1
y-120y>1
Range = [1, )

2x —1

Q. 45 If f: N — R be the function defined by f(x) = and g:Q—> R

be another function defined by g(x) = x + 2. Then, (gof )g is

@@t (b) 1 (c)g (d) None of these

Sol. (@) Giventhat, flx)=2"""

3
2x— -1

3_ 3| 2
(go'()e_g{f(zﬂ 97
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2x:x>3
Q.46 If f : R — R be defined by f(x)={x?:1<x <3
3x:x<1
Then, f(-1)+ f(2) + f(4)is
(@9 (b) 14 ()5 (d) None of these
2x:x >3
Sol. (@) Given that, fx)=4x% 1 1<x <3
3x:x <1

1)+ f@)+ f(4)=3(-1)+ @ + 2 x 4
=-3+4+8=9

Q. 47 If f : R — R be given by f(x) =tanx, then f '(1)is

(@ = (b){mH—E:neZ}
4 4
(c) Does not exist (d) None of these
Sol. (a) Given that, f(x) = tanx
Let y=tanx = x=tan'y
= iy =tan'x = f'()=tan'1
= —tan tan® = T [ tan = 1}
4 4 4

Fillers

Q. 48 Let the relation R be defined in N by aRb, if 2a +3b =30. Then, R = .....

Sol. Given that, 2a+ 3b =30
3b=30-2a
30 -2a

For a=3b=8

Q. 49 If the relation R be defined on the set A={1,2 3 4,5 by
R ={(a, b):|a® —b?|< 8}. Then, R is given by ......... .

Sol. Given, A={123 4 5}
R={(a b):|a® - b? <8}
R={(1,1),(12),(21),(22),(23),(372),(33),(43),(34),(44), (55}
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Q.50 1f f ={(1,2), 3,5), (4 1)} and g ={(2 3), (5, 1), (1, 3)}, then

gof = ......... and fog = .........
Sol. Given that, f={(12),(35), (41} and g ={(2 3), (51, (1 3)}
gof() = g{f(} =g@) =3
gof(3)=g{f(3)} =g(5) =1
gof(4)=g{f(4)} =g()=3
gof ={(1,3), (3 1), (4 3)}
Now, fog(@)={g@)} =f(3)=5
fog(8)=Hg(d)} =f(1)=2
fog(1) = Hg(M} =1(38) =5
fog ={@ 9),(52),(1 5)}
Q. 51 If f : R — R be defined by f(x) = —— ., then (fofof) () = ......... .
1+x

Sol. Given that, f(x) =

T e a4

Q.52 If f(x) =[4 — (x —7)*], then £ 1(x) = ... .

Sol. Given that, fx)={4—(x - 7)%}
Let y:[4_(x_7)3]
(-7 =4-y
(x-7)=(4-y"
= x=7+(@4-y"°

fla)y=7+(@-x)"?
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True/False

Q.53 Let R={(3,1),(1,3),(3,3)} be a relation defined on the set
A={1, 2, 3}. Then, R is symmetric, transitive but not reflexive.

Sol. False
Given that, R ={(3,1), (1, 3), (3, 3)} be defined on the set A = {1,2, 3}
(1LN)eR
So, R is not reflexive. 31eR (1,3 eR
Hence, R is symmetric.
Since, 31eR (1,3 eR
But LNeR

Hence, R is not transitive.

Q.54 1If f:R— R be the function defined by f(x)=sin(3x+2)V xR.
Then, f is invertible.

Sol. False
Given that, f(x) = sin(3x + 2), V x € R is not one-one function for all x € R.
So, fis not invertible.

Q. 55 Every relation which is symmetric and transitive is also reflexive.

Sol. False
Let R be a relation defined by
R={(1,2),@2,1),(1,1),(2,2}ontheset A={12,3}
It is clear that (3, 3) ¢ R. So, it is not reflexive.

Q. 56 An integer mis said to be related to another integer n, if mis a integral
multiple of n. This relation in Z is reflexive, symmetric and transitive.

Sol. False
The given relation is reflexive and transitive but not symmetric.

Q. 57 If A={0, 1} and N be the set of natural numbers. Then, the mapping
f:N — Adefined by f(2n —1) =0, f(2n) =1, Vne N, is onto.

Sol. True
Given, A={01}
fen-1)=012n)=1vneN
So, the mapping f: N — Alis onto.

Q. 58 The relation R on the set A ={1, 2, 3} defined as R ={(1, 1), (1, 2), (2,
1), (3, 3)} is reflexive, symmetric and transitive.
Sol. False
Given that, R={(1,1),(1,2), @ 1), 3, 3)}
@2)¢eR
So, R is not reflexive.
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Q. 59 The composition of function is commutative.

Sol. False
Let f(x) = x°
and glx)=x+1
fog(x)=7f{g(x)} =f(x + 1)
=(x+1° =x? +2x +1
gof(x) = g{f(x)} = g(x*)= x® + 1

fog(x) # gof(x

Q. 60 The composition of function is associative.

Sol. True

Let fx)=x gx)=x + 1

and h(x)=2x —1

Then, fo{goh(x)} = f[g{h(x)}]
=f{g@x -1}
=fRx —1+1)
=fRx)=2x

(fog) oh(x) = (fog){h(x)}

= (fog)@x —1)
=Hg@x -1}
=fRx -1+ 1)
=fRx)=2x

Q. 61 Every function is invertible.

Sol. False
Only bijective functions are invertible.

Q. 62 A binary operation on a set has always the identity element.

Sol. False
'+’ is a binary operation on the set N but it has no identity element.



Inverse Trigonometric
Functions

Short Answer Type Questions

Q. 1 Find the value of tan™ [tansgj +cos (cos 1?)

® Thinking Process
T T

Use the property, tan” 'tanx=x, xe(—; 5) and cos ™ '(cos ) = x, x€[0, 7 to get the

answer.

Sol. We know that, tan™" tanx = x; x (— g gj andcos™' cosx = x; x €[0, 7]

_1( 5n) _1( 137:)
tan tan E + COS COS —

6
=tan"'|tan [ E) - ( 71)
= - +cos'|cos|m+
6 6
=tan"' [ tan%j +cos™' (— cos%j [ cos(m + 0)=—cos 0]
=—tan” [tanﬁj +m- { - (EH
n—|cos™' cos
6 6
{tan ' (-x)=—tan'x;x eRandcos '~ x)=n —cos ' x; x e[~ 1, 1]}
o (ang]) o oo+ £
an | tan— |+ m—Ccos™ |coS| w+ —
6 6
—tan™' [tan%) - [cos‘1 (— cos%ﬂ [ cos(m + 6) = — cos 6]
=—tan™ [tan%) +m—m+cos (COS%) [ cos™ (—x)=n —cos ' x]
- Ti0+2
6

1 1
Note Remember that, tan ( ji—and cos 1(cos%j ;tﬂ

6
T T
(55} d—a’:‘[ 7

Since,

ox\;,
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4| —+/3
Q. 2 Evaluate cos | cos™’ —f + 20
2 6
Sol. We have, cos {cos”[_ \/EJ + n} =Cos {cos‘1 [cosin) + E} { cos > = _\/ﬂ
2 6 6 6 6 2
_ smom o ops! -
—cos( 5 + 6] {-cos™ cosx =x; x €[0 ]}
(%)
=cos| —
6
=cos(n)=-1

Q. 3 Prove that cot (2 —2cot ™ 3) =7.

Sol. We have to prove, cot| X —2cot 3| =7
4
T -1 -1
= (Z—2cot 3j=cot 7
- Y -
= (2cot B)ZZ_COt 7
= otan' L= gL
3 4 7
= otan 4 tanq; = %
1 2/3 1 1 T
= — s ttan - =—
1-(1/3) 7 4
= tan™ 23 ftan 2T
8/9 7 4
= ' Sy tan =T
4 7 4
s, 1
1.4 7 _T
= tan . § 1 =2
4 7
N a1 @1 4/28
@8-3)/28 4
= 25 T
= tanm —=—
25 4
= 1= tanE
4
= 1=
= LHS =RHS Hence proved.
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. _ 1 1 1 1l . -7
Q. 4 Find the value of tan™* (— ] +cot 1(} +tan 1{sm (H
5 5 2
1 1 -1 1 1 . — T
Sol. We have, tan (— ﬁj + cot [ﬁj + tan {sm (TH

=tan™' (tan%j +cot™ [Cot%j +tan~' (=)

{5 (5] 3]

=tan™ (— tanﬁj + cot™ (cotﬁ) + tan™ (— tanﬁj
6 3 4
T, T

tan”'(tanx) = x, x € (— = —),
2 2

cot™'(cotx) = x,x €(O,n)
and tan'(—x)=-tan'x

__E,E_T_2n+4n-3n
6 3 4 12
-on+4n  m

12 T 12

Q. 5 Find the value of tan (tan 23“]

Sol. We have, tan’(tan %Tj =tan™' tan(n - %j

= tan’(f tan%) [+ tan~'(-x) = — tan™" ]
—tantant=-T - tan™! (tanx) = x, x e( T n)
3 3 2'2

_ 2mw) 2m
Note Remember that, tan 1(tan?j¢?

. _ . T T 2n -T T
Since, tan”'(tanx) =x,ifx €| ——,— |and — ¢| —,—
2 2 3 2 2

Q. 6 Show that 2tan (- 3) = 7 +tan ™ (_:j
Sol. LHS=2tan (- -3)=- 2tan' 3 [ tan'(— x)= —tan 'x, x € R
11—32J |: _1q ,11—3(32 :|
=— 5 - 2tan” x =cos 5% 20
1+ 3 1+ «x
e (5 )| ()
=—|n-cos ( H {~vcos(-x)=m—cos"'x,x e[~ 1 1]}

=— T+ COS™ (j let cos™ (4) 9:>COS@=£:>’[309=§39 tan‘@}
5 5 5 4 4
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=—7+tan 1(%: -+ F —cot”[zﬂ

ST ot 3o
2 4 3

- an (;4) [+ tan™'(- x) = — tan~"«]
2 3

=RHS Hence proved.

Q. 7 Find the real solution of
an ' X (X +1) +sin T2 +x 41 = g

® Thinking Process
Convert the sin” '\ x* + x +1into inverse of tangent function and then use the property

_ _ o x+
tan 'x+tan 'y=tan ( y}

T—xy
Sol. We have, tan™' Jx (x + 1) + sin""y/x? + x + 1 :g (D)
|
Let sin'yx? +x+1=0 N—x2+x + 1
x +x+ 1
= sin@ = &
\ —xP—x
+x+ 1 i
- tanp-¥= rEr1 [ tan 6 = S'”e}
_x? cos 0

On putting the value of 8in Eq. (i), we get

xS+ x+ 1
! x(x+1)+tan‘1i—1t

tan™ =—
—P_x 2
We know that, tan'x + tan”'y = tan™ (WJ ay <1
T-ay
%+ x + 1
Jx (x + 1 e
tan”' x|
P ra+ +x+1 2
—Jx (x+1
—x - X
\/7 x +x+1
X%+ x +
—1(x? +x) m
= tan 5 :E
]
1- (x2+x)-7(x +2x+ )
—1(x° + x)
22+ x4+ A— (P x+ 1) n 1
= =tan—=—

H-y-@?+ax+1]Ja2+2) 2 0
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M-+ x+ D@+ x) =0

=
= —@?+x+N)=1 0o x2+x=0
= —x?-x-1=1 or =x(x+1=0
= x> +x+2=0o0r x(x+1)=0
-1z fi-4x2
e 2
= x=0 o x=-1

For real solution, we have x = 0, — 1.

Q. 8 Find the value of sin (Ztan - ;} +cos (tan " 2+/2).

Sol. We have, sin (2 tan™ %) + cos (tan”'2+/2)

1
e 1 1
=sin|sin”' 732 +COS (cos’1 fj - tan”'x =cos™
(1j 3 14 &2
1+ =
3
- 2tan'x =sin™ 5. —1<x <landtan™'(2v2)=cos™' 1
T+ x 3
2
—ainlan1l 3 1 .. AN e -
=sin|sin ik {- cos(cos x)=x;xe[-11]}
3
1+ —
9
—sin|sin [ 222 )|+ 1ogin sin‘1(§j L [ sin (sin”' x) = x]
3x10 3 5 3
_3,1_9+5 14
5 8 15 15

Q. 9 If 2tan *(cos0) =tan ' (2cosec®), then show that 6 = % where n is any
integer.

® Thinking Process

_ _ 2x
T 1
Use the property,2 tan” x=tan [ 5

] to prove the desired result.

T-x
Sol. Wwe have, 2 tan"'(cos 0) = tan"'(2 cosec 0)
= tan™ % =tan (2 cosec 6)
1-cos“ 6
2 tanx = tan | 2% 5
1-x
2
= ( 9()236) = (2 cosec 0)
sin“ 6
= (cot ©-2 cosec 0) = (2 cosec 6) = cot 6=1
= cot@=cot’ = ="
4 4
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Q. 10 Show that cos(Z tan " ;} =sin (4tan ! ;j

® Thinking Process
2

Use the property2tan™ ' x=cos ™ 1—7x2 and 2tan” ' x=tan' 2x 5 to prove LHS =RHS.
T+ x T—x
Sol. We have, cos(z tan™ %) = sin(ﬁltan‘1 %)
e
a0 .
= cos [cos™!| ——4 || = sin{Z 2tan”' f} w2tan” x =cos™!| ——
1) 3 1+ x
1+ | = -
7 -
48] 2 :
= cos |cos| 42 ||=sin|2-|tanT—3 . 2tan ' x = tan 1| 2%
0 1)? 1-x?
%] () ‘
(48 x49 T ,1(18)
= COS | COS =sin|2tan” | —
50 x 49 i 24
= cos |cos™ (%) = sin(2 tan™' §j
25 4
3
2 x—
= cos [cos‘1 (ZAH =sin|sin ' —4 [ otan ' x = sin -2 2}
25 1.2 T+x
16
24 (. 32
= “=sin|sinT ——
25 25/16
24 48 24 24
= —_—=— = —=—
25 50 25 25
LHS =RHS Hence proved.
. _ . 13
Q. 11 Solve the equation cos (tan " x) = sin (cot ! J
4
Sol. We have, cos (tan™" x) = sin (cot‘1 %)
41 ( 1 )
= cos | cos =sin|sin”' =
[ Jx2 1]
1 X
Let tan™ x = 6, = tan = 7
1 -
= COS 0 = ——— = 0, =cos
Jx? +1 x4+ 1
and cot 3 = 0, = cot @, = 3 5 4
4 4
= sin 0, :g = 0, =sin" g e ]
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1 4
= =
x> +1 O

{~ cos (cos™'x) = x, x €[ 1, 1] and sin (sin”' x) = x, x e [- 1, 1]}

On squaring both sides, we get

16 (x2 + 1)=25
= 16x° =9
2
= x2: Ej
4
3 -33
x=t-=— -
4 44

Long Answer Type Questions

\jl-’-xz +\\?1—xz :E+1cos’1x2.
1+x° —41-x

1+x 1-x
T B i Lt B
an [\H+x2—wl1—x2 v

lletx? = cos26 = (cos® 0 — sin? B)=1-2sin® 6 =2cos? H — ]

Q. 12 Prove that tan

Sol. We have,

= cos'x?=20 = 0= %cos‘1 x?

J1+ 2 = [T+ cos26
=m=\/§0039

and J1- 2% = fi-cos20
=1-1+2sin?0=+2sin 6

J2cos 0+ +25sin 0
LHS =t
an [\fcose \J2sin@

cos 0 + sin 9]

tan™ + tan O

1- tanE-tan 0
4

=tan”" | tan (E + 9) tan(x + y) = tanx + tany
4 1-tanx-tany

=RHS Hence proved.
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Q. 13 Find the simplified form of
_1(3 4 . ) {—37: 71}
cos | Zcosx+—sinx |, where x e | —, = |.
5 5 4 "4

Sol. Wehave, cos™ E cosx + gsin x} x e {—737: E}

44
3
Let Ccosy =—
B 5
sin _4
= y= 5 5 4
= y:cos’@: sin12 2 tan”(éj
5 5 3
cos™' [cos y- cosx +sin y-sin x]
=cos™' [cos (y—x)] [-cos (A—B)=cos A-cos B+sin A-sinB]|
4 4
—y-x=tan - —x cy=tan’ f}
Y 3 |: Y 3
. 18 . 13 . 177
Q. 14 Prove that sin * = +sin * = =sin "’ -,
17 5 85
) 8 43 477
. Wehave, sin'— +sin'S=sin'">
Sol 17 5 85
LHS = sin' 2 4+ sin ' 3
17 5
—tan 2 4 a3
2 17
.8 . 8 8
Let sinT—==0, = sin; =—
7 17 o,
= tan91—§ = 61=tan’1§ 15
15 15
and sin '3 = 0, = sino, = 3
5 5
= tan 6, RN 0, = tan '3
4 4
8 3
572 x+y
=tan™ % { tan'x + tan” y = tan‘( ﬂ
1-—x— T-ay
15" 4
32 + 45
—tan | B0 |17
=tan 6024 =tan (36) .
60 3
77 77
Let 0, =tan ' — = tan 0, = —
s 36 7 36 %
) 77 77 4
= SiN0; = ——mnx——s=—
5929+ 1296 85
0, = sin ' L
85

—sin 'L _RHs Hence proved.
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Alternate Method
.8 3 77
To prove, sin! = +sin 2 =sin =
7 5 85
Let sin‘1£=x 17
17 8
= sinx:i
17
2 15
= cosx=«/1—sin2x=\/1—[187j
_ [89-64 [225 15
V289 V289 17
3
Let sin 2=
5 y
= siny:g = sir12y:g 5
5 25 3
cos®y = -9
25
= coszy=(ﬂj2 = (:osy:ﬁ 4
5 5
Now, sin(x + y)=sinx-cosy+ cosx-sin y
_8 4 153
17 5 17 5
32 477
85 85 85
L 77)
= X+ y)=sin
(x+y) (85
.8 .3 77
= sin'—= +sin”' = =sin
5 85
. 13 63
Q. 15 Show that sin™* = +cos* > =tan™' —=.
5 16
) 5 3 63 )
. Wehave, sin'—=+cos'>=tan"'—> I (
Sol 13 5 16 0
Let s> - x
13
= sinx:i 13
13 5
and cos’x =1-sin’x
_q_25 _144 12
169 169
= cosx—,/vﬁ—E
169 13
sinx 5/13 5 .
tanx = = =— ()]
cosx 12/13 12
= tanx =5/12 ... (iii)
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Again, let

=

We know that,

Q. 16 Prove that tan ™’ % +tan ™! ; =sin”' —.

Sol. We have,
Let

=

tan

tan(x + y) =

5

12
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cos’éfy = oS yfE
5 5

: 2
siny =+/1-cos“y 5

siny = 16_4

5
Siny _4/5_4 (i)
cosy 3/5 3

=]

tany =

tanx + tan y
1-tanx-tany
5+4 15+ 48

36
36 -20

123 36

= tan(x+ y)=

x+y=tan’ &3
16

rtan ' 2 tan 1 8 Hence proved.
3 16

cos? x 16
coszac:E
17

08 % = ——

Ji7

sin? x = 1-cos?x=1-0 - 1

17 17

sinx =

%_L
3
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Again, let
=

=

=

=

We know that,

= tan

Q. 17 Find the value of 4tan ™

2
tan'Z =
9 y
tany=— = tany=—
y 9 y 81
4
2
secy—-1=—
y 81
seczy:i+1:§
81 81
cos2y=31 = cosy=—0
y 85 y /85
) 81 4
2 2
sin“y=1-cos“y=1-—=—
y y 85 85
siny = —=— (i)
Y= Uss
Sin(x + y) =sin x-CoS y+ COS x - Siny
_ 19 N 4 2
17 /85 17 /85
_ 17 W17 _ 1
V17485 J17-4J5 5
41
x+y)=sin"—
(x+y) NG
_‘]2 _11
+tan” = =sin Hence proved.
9 5
1 _
Z—tant——.
5 239

® Thinking Process

. _ _ 2x
Use the properties 2tan Tx=tan™ [

2

- - af x—
jandtan "x+tan"'y=tan™’ Xy to get
1—x T+ xy

the desired value.

1 1
. Wehave, 4tan'——tan"'—
Sol 39
=2.2tan"'= —tan™" 1
- 239
2
=2./tan™ % —tan™ 1 { 2tan” x = tan’( 2x - H
] (1] 239 1-x
L 5
| 2
—2tan | =5 ||—tan'
1 239
I 25
=2. tan_1 [ﬁj _ tan_1 i
" 24725 239
—otan ' 2 a1

12 239
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119 239
120 1

119 239
120x239-119
119%x239+ 120

w )

28680 - 119
28441 + 120
=tan"'(1)= tan” (’[anE)=E
4) 4
Q. 18 Show that tan(lsin ! 3} _4- V7
2 4 3
& +3ﬁ is ignored?
g1 3) 447
Sol. We have, tan (2sm 4)_ 3
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2x
1-x

[ 2tan'x = tan’(

)

2

x-y
1+ xy

{ tan'x—tan'y = tan™ [

_, 28561

28561

and justify why the other value

LHS = tan [1sin‘1 (gﬂ
2 4
Let L2 o6 sin3 =20
2 4
= sin26:§:> 72tan6 :g
4 1+tan®0 4
= 3+ 3tan?0 =8tan 0
= 3tan6—8tan 6+ 3=10
Let tan®=y
: 3y? —8y+3=0
- _+8+ /64— 4x3x3 _8+28
2x3 6
_2[4£47]
2.3
= tano< 4= Y7
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= 0 =tan™ [W}
3

{but 4+ N7

>

N —

3
4-7) 4-T7
3 |/ 3

T . 1. 1 3
.—, since max|tan| —sin" — || =1
2 2 4

= RHS

LHS = tan tan(

3

; T
Note Since, —zgsm Zgn/z

-t 1 . 43
= —<—sin Z<n/4
4720 47

-7 1 43 I
tan| — | <tan—| sin”'2 | <tan—
4 2 4 4

1T.43
= =1<tan|—sin — | <1
2 4

Q. 191fa,,a,,as,...,a,is an arithmetic progression with common difference
d, then evaluate the following expression.

tan | tan L +tan ! L +tan ! L
1+a,a, 1+a,a, 1+asa,

+...+tan ! _ 4
1+a,;a,

Sol. We have, a=a,a,=a+d,a;=a+2d
and d=a,-a =8a;-a,=a,—a;=.=4a,—a,_
Given that, tan| tan™ d + tan™ d
1+ aa, 1+ a,a,

+tan™ [ d ]+ .+ tan (dJ
1+ aza, 1+a,4-a,

4 a, -a , a,-a 4, a -a
=tan|tan' 22— ytan -2 %2 4 4 tan 'S Tt
1+a,-4 1+az-a, 1+a,-a,_

=tan[(tan'a, —tan 'a,) + (tan 'a; —tan'a,) +..+ (tan '@, —tan 'a, ;)]

= tan[tan'a, —tan™' a,]

—tan|tan! "% ctanx —tany = tan1| XY
1+a,-g 1+ ay

_ a4 g

= [ tan (tan~" x) = x]
1+a,-a
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Objective Type Questions

1

Q. 20 Which of the following is the principal value branch of cos™ x?

T T T
(@ [—5 : ﬂ (b) (0, ™) ©[0, ] @, m —{5}

Sol. (¢) We know that, the principal value branch of cos'xis [0, «t].

1
1
NEIEINSH

--|-m

3n

—onf-

Y

y=cos ' x

Q. 21 Which of the following is the principal value branch of cosec 'x?

-T T b T T -T T
o33 weal) i wEie
22 [0,z 2 22 22 o1
Sol. (d) We know that, the principal value branch of cosec”'x is {_?n g} -0
Y
A
S C-<.
| 3n
2
----------- -£--1}[------------
) 2112
X' < SOl x > X
2
------------- -4-_-7%----------
Y
YI

y=cosec' x
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Q. 22 1f 3tan ' x + cot ' x =, then x equals to
(@0

Sol. (b)) Giventhat,

=

=

=

=

(b) 1

() -1 (d)

N | —

tan'x+cot ' x=n 0!

2tan'x +tan'x +cot'x =7

tan

_ T
2tan'x =1 — =

2

-1

[ tan”'x + cot ' x = g}

2
tan'x = ~
2
2 2
xe:E -+ 2tan”'x = tan™’ xg,Vxe(—H)
1-x 2 1-
2x T
2:tan—
1-x 2
2 1
- = 1-2%-0
1-x 0
=1 = x=+1= x=1

Hence, only x = 1satisfies the given equation.
Note Here, putting x=—1in the given equation, we get

=

=

3tan (=) + cot (=) =m

sean! - B -n)]
tan”| an| — | |+ cot | cot| — | | =7
4 4
- T . AN
tan”'| —tan— |+ cot”'| —cot = | =n
4 4
Sananl |+ n-cot | cot X | =n
4 4

T

b
-3-—+n-—=m

4

T+ =1t = 0#7n

Hence, x=—1does not satisfy the given equation.

Q. 23 The value of sin™* {cos(

(a)

Sol. (d) We have,

3n

5

(b)

337:) )
D 1S
5

77

5

T -T

T 4"
(C)10 ()10

sin™! [COS%): sin‘{cos (675 + %H: sin‘{cos (%nﬂ [~ cos@@nm + 6) = cos 6]
sin”'| cos [E +
2 10

. ,1( . Tfj
=-=8In | SIn—
10

T

10

H: sin’(—sin%)
[ sin”(=x) = —sin”" x]

[ sin”' (sinx) = x, x € (_; gﬂ
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Q. 24 The domain of the function cos™ (2x — 1) is

@ [0, 1] (b) [-1, 1] (© 1,1 d)[0, ]
Sol. (@) Wehave, f(x)=cos™'(Px —1)
-1<2x —1<1
= 0<2x <2
= 0<x <1
x €[0,1]

Q. 25 The domain of the function defined by f(x) =sin ™ \/x — 1 is

@1I1, 2] (b) [-1,1] (1o, 1 (d) None of these
Sol. (@) - fx) =sin™ Jx — 1
= O<x-1<1 [ Jx—-120and-1<x -1<1]
= 1<x <2
xe[12]

Q. 26 1f cos(sin_1 2 +cos " xj =0, then x is equal to

1 2
(@) = (b) = ((9N¢) (d) 1
5 5
Sol. () Wehave, cos|sin™ 2 cos'x|=0
5
= Sin'2 + cos™'x = cos™ 0
5
= sin"'2 + cos~' x = cos~cos ™
5 2
12 1, T
= sin' S + cos'x =
5 2
SV SN 3
= cos™'x =— —sin
2 5
= cos! 5 = cos 12 [ ccos'x +sinx = E}
5 2
2
x==
5

Q. 27 The value of sin[2tan (0.75)] is

(@ 0.75 (b) 1.5 (©) 0.96 (d) sin1.5
i N g 13 075 0 _3
Sol. (c) Wehave, sin[2tan™'(075)] =sin (Ztan 4) [ 075 = 100" 4}
23 3/2
=sin|sin™ 49 =sin [sin’1 }
L9 25/16
16

=sin sin’w(@) =sin sin’(g) _2% 096
50 25 25
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Q. 28 The value of cos‘l(cos 3:) is

T 3 57 7T
ki3 b) 2" on d "
(@) B (b) 5 () 5 (d) P
Sol. (@) e have, cos™ [cos 32—nj
=cos™ cos(Zn - Ej { cos(Zrc - Ej = COSE}
2 2 2
=cos ' cos (gj = g {-cos'(cosx) = x, x €[0, n]}

_ 3 3
Note Remember that, cos 1(cos§j ¢7n

31
—¢(0,m)
2

Q. 29 The value of 2sec ' 2 + sin‘l(;j is

&

7n

(@ — (b) () (d) 1
6 6 6
Sol. (b)) We have, 2sec™'2 +sin™" % =2sec” sec% + sin’wsin%
=2 % + % [ sec”(secx) = x and sin™" (sinx) = x]
B dn+ 1 _ @
6 6

Q. 30 Iftan 'x+tan'y = 4575 then cot ' x +cot ! y equals to

2 3

@ (b) © (dn
5 5 5
Sol. () We have, tan'x + tany = ig
= T cotx+ Eocotly="1
2 2 5
= —(cot™'x + cot™'y) = 4—; - [ tan~ x + cot~'x = ﬂ
= cot™'x +cot Ty =— (_gj

= cot 'x +coty= g
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. 4| 1—a _
Q. 31 If sin”’ +cos”! =tan~! 2x , where a, x €]0, 1],
1+a® 1+a® 1 - x?
then the value of x is
a 2a
@0 (b) 2 ©a @

2
Sol. (d) Wehave, sin™ 2a 5 |+cos™ ! 82 =tan™ 2x 5
1+ a 1+ a 1-x

Let a=tan® = O=tan'a
. 2tane f1-tan®6 4 2x
sin | ———5 - |+cCos > |= tan 5
1+ tan“0 1+ tan“ 0 1-x
= sin"'sin20 + cos ' cos20 = tan™ 1 2x 5
- X
= 26+ 20 =tan" 2~
1-x
= atan'a = tan' 2% B
1-x
= 2.2tan'a=tan™ 27362
- X
= 2. tan- 22 S =tan” 2x - 2tan x = tan-! 2% p
1-a 1—x 1-x
. 2782
1 1-a _1 2x
= tan 5 = tan 5
] 2a 1- X
1-a®
_ 2a
1-a°
(7 .
Q. 32 The value of cot|cos™!| — || is
25
25 25 24 7
(@ — (b) = () =— (d) —
24 7 25 24
Sol. (d) We have, cot [003‘1 (;—SH
Let cos L —x
25
7
= cosx = = o5 o4

2
sinx = /1 -cos®x =,[1- (;—5)
7
_ [625-49 24
625 25
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s
cosx o5 7
cotx = — L9 _
* sinx 24 24
25
= x =cot™ (lj =cos™ (l)
24 25
cot (cos’1 1) =cot (cot’1 1) _
25 24 24
1 12 ).
Q. 33 The value of tan | —cos™* - |is
N
5+2
@2+ 45 (05 -2 (c)fz
1 2
.(b) We have, tan fcos‘1—j
Sol. (b) (2 2
1,2
Let —Ccos —=160
2 NG
2
4
= Cos —==20 = co0s20=—
7 75
2
1-2sin?0) = ——
( )JE
= 2s,in29—1—i
5
o1
= sin“0=——-—
2 5
) 1 1
= sinb=,|--—=
2 45
cos?f=1-sin’0
IR
T2 V5 2 5
= Ccos 0 = 1+i
R R
L
tan 0 = 2 */Bz V5 -2
1,1 \b5+2
2 45
= 0=tan™ £_2—lcos
J5+2 2
tan (1008’1 ij = tan tan™' V6-2
2 V5 J5+2
_|V/6-2 5-2
J5+2 J5-2
W5-27 &
= =V5-2
5-4

[ cot'—
24

d5++2

7 ,17}
=cos™ —

39

25




40

Q. 34 If| x| < 1, then 2tan " x + sin *

Sol. (@)

@ 4tan'x

We have,

Let

NCERT Exemplar (Class XII) Solutions

is equal to
1+x
(b) 0 = (d =
2
2tan”'x + sin™ 2x 5
T+ x
x=tan®
2tan"tan 6 + sin”' ﬂ [ tan™" (tanx) = x]
1+ tan“ 0
=20+ sin"'sin20 -+ sin2 G:ane
1+ tan® 6
=20+20 [ sin™ (sinx) = x]
=40 [ 0=tan"x]

=4tan'x

Q. 351f cos ' o +cos ' B +cos Tty =3m, then (B +7)+B(y +a) +y(o +P)

Sol. (¢)

equals to
(@0
We have,
We know that,

=

If and only if,

=
=
=

(b) 1 (06 (d 12

cos™ o+ cos”' B +cos "y =3n

1

0<cos ' x<m

Yo+ cos7'B+cosy =3n
cosla=cos'B=cosTy=n
cost=a=03=y
“l=a=p=y
a=B=y=-1
a(B+v)+ By + o)+ y(a+P)
() A (A=) =1 (=1-1)
=2+2+2=6

Q. 36 The number of real solutions of the equation

Sol. (@)

(@0
We have,

L

J1+cos2x =+2cos™! (cosx) in B n} is

(c) 2 (d) 0

(b) 1
J1+ cos2x = v2cos ' (cosx), [g n}

\1+2c0s?x —1=+/2cos ' (cosx)

V2cosx =+2cos™ (cosx)
cosx =cos™' (cosx)

COSX = x [ cos™ (cosx) = x]

which is not true for any real value of x.
Hence, there is no solution possible for the given equation.
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Q. 37 If cos™ x >sin " x, then

(a)%<xs1 (b)OSx<% (c)—1£x<% (d)x>0
Sol. (c) Wehave, cos™' x >sin”' x, where x e [-1, 1]
= x <cos(sin”' x)

41

= x <cos [cos ™ /1 — x2] {Iet sin'x=0 = sin0®= %}
[ cos 0 =+/1-sin?0 =41-x2 = B=cos™'4/1- xz}

= x<\/17x2

= ¥ <1-x% = 2x%<1
= Pl o x<i(ij
2 V2
Also, -1<x <1
—1£x£i
V2
>
f f f I !
—® -1 N2 1t

Alternate Method

T 1
E—sm x >sin” x

T R T[ P
Zsosin'y = 2 >sin Tx

2
i>x = i<ac <1
V2 N
We know that, sinx e {j E}
22
Fillers
Q. 38 The principal value of cos_l[—;) 1S wevvuennn .
Sol. - O<cos'x<m
_1( 1) _1( 21c) 2n
COSs —— |=C0S |COS— |=—
2 3 3
Q. 39 The value of sin _1(sin n) iS tevenne.
Sol. - —g <sin"'x Sg
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Q. 40 If cos(tan ! x + cot "1 +/3) =0, then the value of x s ......... .

Sol. We have, cos (tan”'x + cot™'4/3) = 0

= tan”'x + cot 'v/3 =cos™' 0

= tan”'x + cot'/3 = cos”cos%

= tan~'x + cot '3 = g

= tan'x = g —cot™'/3

= tan'x = tan"'V/3
x=+/3

Q. 41 The set of values of sec™ % i8S eevenenn. .

Sol. Since, domain ofsec™'x is R — (-1, 1).
= (=0, =] U [1, )

) ) 41
So, there is no set of values exist for sec ™' —

So, ¢ is the answer.

Q. 42 The principal value of tan /3 is ......... .
n'/3 =tan""tan (g)

5

Q. 43 The value of cosl(coslinj IS veeeeen. .

Sol. ¢
[ tan™! (tanx)=x, x € [— g gﬂ

Sol. We have, cos™! (cos%j =cos™ 008(475 + %Tj

-1 2n
=C0S COS—
3

_2n

3

_ 147 1471
Note Remember that, cos 1(COSTJ#&—

3

147

Since, 5 [0,

Q. 44 The value of cos(sin * x + cos ™

Sol.

cos (sin"'x + cos " x)

—cosX = 0
2

[ tan'x + cot T x = ﬂ

[ cos@nm + 8) =cos 6]

{-cos™" (cosx)=x, x €[0, 7]}

x), where|x| <1, is ......... .

osin™! S
. SIn - x + COS x—E
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-1 -1
sin” " x +cos " x 3.
Q. 45 The value of tan , when x = £ I E SN .
2 2
- -1
Sol. « . tan [Sm x + COS xJ — tan (n/2j
{ sin'x +cos ' x = —} 2 2
2
=tan—=1
-1 P 2x
Q. 46 If y =2tan ' x +sin > | then ......... <Y< s .
1+x
Sol. We have, y=2tan'x + sin”’ >
1+ x
y=2tan"tan 0 + sin’1% [letx = tan 0]
1+ tan® 6
= y =20+ sin 'sin26 -.~sin29:%
1+ tan“ 6
= y=20+20=460 [ 6=tan"x]
= y=4tan'x
—n/2<tan'x <m/2
—% <4tan'x <4n/2
= —2n<4tan'x<2n
= —-2n<y<2n [+ y=4tan " «]
_ _ 1 X = .
Q. 47 The result tan " x —tan ' y =tan Y |is true when the value of
1+xy
XY 1S verennnnn .
Sol. We know that, tan'x —tan'y =tan™ [H]
1+ ay
where, xy>—1
Q. 48 The value of cot *(—x) x € R in terms of cot " x is ......... :

Sol. We know that,
cot(-x)=mn —cot'x, x R

True/False

Q. 49 All trigonometric functions have inverse over their respective
domains.

Sol. False
We know that, all trigonometric functions have inverse over their restricted domains.
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Q. 50 The value of the expression (cos™* x)? is equal to sec? x.

Sol. False
2
[cos'x]? = {sec’1 l} #sec® x
X

Q. 51 The domain of trigonometric functions can be restricted to any one of
their branch (not necessarily principal value) in order to obtain their
inverse functions.

Sol. True

We know that, the domain of trigonometric functions are restricted in their domain to obtain
their inverse functions.

Q. 52 The least numerical value, either positive or negative of angle 6 is
called principal value of the inverse trigonometric function.

Sol. True

We know that, the smallest numerical value, either positive or negative of 0 is called the
principal value of the function.

Q. 53 The graph of inverse trigonometric function can be obtained from the
graph of their corresponding function by interchanging X and Y-axes.

Sol. True

We know that, the graph of an inverse function can be obtained from the corresponding
graph of original function as a mirror image (i.e., reflection) along the line y = x.

1

Q. 54 The minimum value of n for which tan" LS % ne N, is valid is 5.

s
Sol. False
N = n T
tan” —>— = — >tan—
T 4 T 4
= D1 [ tan™ = 1}
T 4
= n>m
So, the minimum value of n is 4. [-neNandn=314.]
.. . 1), &
Q. 55 The principal value of sin 1{cos(sm ! ZH is .
Sol. True
Given that, sin‘{cos(sin‘1 %H = sin‘{cos sin” (sin%ﬂ
= sin’{cos%} [ sin™' (sinx) = x]
__4+/3
=sin 22
2
.1 .. T
=sin"'sin= =

wla

3



Matrices

Short Answer Type Questions

Q. 1 If a matrix has 28 elements, what are the possible orders it can have?
What if it has 13 elements?

Sol. We know that, if a matrix is of order m xn, it has mn elements, where m and n are natural

numbers.
We have, m xn = 28
= (m, n)={(1,28), (2,14), (4, 7), (7, 4), (14, 2), (28, 1)}

So, the possible orders are 1x28,2 x14, 4 x7,7 x 4,14 x2,28 x 1.
Also, if it has 13 elements, then m xn = 13

= (m, n) ={(1,13), (13,1)}
Hence, the possible orders are 1x13,13 x1.

a 1 x

Q. 2 In the matrix A=| 2 V3 x? -y, write
0o 5 2
5

(i) the order of the matrix A.
(ii) the number of elements.
(iii) elements a,;, as; and a,,.

a 1 X
2
Sol. We have, A—|2 V3 -y
05 5

(i) the order of matrix A = 3x3
(ii) the number of elements = 3x3=9
[since, the number of elements in an m x n matrix will be equal to m xn = mn]
(iii) @y =x° —y, a5 =08, =1

[since, we know that a ;, is a representation of element lying in the

ith row and jth column]

ij
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Q. 3 Construct a,,, matrix, where

. N2
. (1-27) .. S
(i) a; = e, (ii) a; =|-2i +3]]
Sol. We know that, the notation, namely A = [a ,/]m «n indicates that A is a matrix of order mxn,
also1<i<mi1<j<ni,jel

(i) Here, A=[g;l,,

Y
= A=l 22/) A<i<2:1<)j<2 (i)
(-2 1
M T2
_(1-2x2f 9
12 p) 2
@ -2 x17
8oy = =0
21 2
@ -2 %2y
Aoy = =2
22 2
19
Thus, A= > o
0 220
(ii) Here, A =[a; ], =|-2i +3j|, 1<i <2, 1<) <2
a =1-2x1+3x1|=1
a, =|-2x1+3x2|=4 [ -1 =1]

ay =|-2x2+3x1|=1
ay, =|-2x2+3x2|=2
14

Q. 4 Construct a 3x 2 matrix whose elements are given by a;; = e’ =sin Jjx.
Sol. Since,A=[a;]., 1<i<mand1<j<nijeN
: A=[e"sinjxly; 1<i<3;1<j <2
= a, =" sinl-x =e sinx
a,, =€ -sin2- x=e" sin2x
a, =% -sin1.x =e**sinx
Ay =€2%-sin2-x =e**sin2x
ay =e**-sin1.-x =e*sinx
az, =e3%-sin2.x =e* sin2x
e*sinx e“sin2x
A=|e®sin x e®*sin2x
e¥sinx  e3*sin2x o
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Q. 5 Find the values of a and b, if A = B, where

A{a+4 3b 2a+2 b?+2

and B =
8 -6 8 b¥-5b

® Thinking Process

By using equality of two matrices, we know that each element of A is equal to
corresponding element of B.

a+4 3b 2
Sol. We have, A:[ } and B |28+2 b2+2
8 -6 2x2 8 b —5b P

Also, A=B

By equality of matrices we know that each element of A is equal to the corresponding

element of B, that is a; = by for all / and /.

: ay=by=a+4=2a+2=a=2
a,=b,=>3=b+2=b>=3b-2

and 8y, = by, = —6=b"-5b

= -6=3b-2-5b [ b% =3b-2]
= 2b=4= b=2

: a=2and b=2

Q. 61If possible, find the sum of the matrices A and B, where

A= 31 ande{x y 1.
2 3 a b c

® Thinking Process
We know that, two matrices are added, if they have same order.

Sol. We have, A=[‘@ 1} andB:{xyZ}
2 3l abse, .

Here, A and B are of different orders. Also, we know that the addition of two matrices A and
B is possible only if order of both the matrices A and B should be same.
Hence, the sum of matrices A and B is not possible.

1 -1 21 -1
Q.71fx= 3 andY = , then find
5 -2 -3 72 4

(i) X+ VY.
(ii) 2X — 3Y.
(iii) a matrix Z such that X + Y + Z is a zero matrix.

Sol. Weh X 3 1 -1 qy 2 1
ok o e _5 -2 _32><San _7 2 42><3

5+7 -2+2 -3+4 12 0 1

(i)X+Y7{3+2 141 —1—1}{5 2—2}
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) 3 1-11 [6 2 -2
(ii) - 2X=2 =
5-2 -3|7|10 -4 -6
. y_g[2 1-1]_[6 838
an %7 2 47216 12
6-6 2-3 —2+3] [0 -1 1
o T

10-21 -4-6 -6-12 -11 -10 -18
3+2 1+1 -1-1 52 -2
(iii) X+Y = =

5+7 -2+2 -3+4 12 0 +1
Also X+Y+Z= 000
‘ TP %000
We see that Z is the additive inverse of (X+Y) or negative of (X+Y).
-5 -2 2
Z:{_12 0 _J [ Z=-(X+Y)]

Q. 8 Find non-zero values of x satisfying the matrix equation
o2x 2 8 5x| _|(x*+8) 24
x|l 12 =2 .
3 4 4x| (10)  6x

Sol. Given that,
2x 2] 8 5 2
X X Lo X P (x“+8) 24
3 x] 4 Ax 10 6x

2x? 2x| [16 10x] [2x2+16 48
= + =
3x x°| [8 & 20 12x
- 2x° +16 2x+10x| [2x°+16 48
3x+8 x°+8x 20 12«
= 2x+10x = 48
= 12x = 48
48
X =—=
12

0 1 0 -1
Q.91f4 =L J and B = [1 0 },then show that

(A+B) (A-B)#A*-B>

0 1 0 -1
Sol. We have, A:[1 1}andB:{1 O}
A+ B) [O+O 1—1} [O O}
1+1 1+0 2 12X2
0-0 1+1 0 2
o[ 1o o il

Since, (A + B)- (A — B)is defined, if the number of columns of (A + B) is equal to the number
of rows of (A — B), so here multiplication of matrices (A + B)- (A — B)is possible.

0+0 0+0] [0 O
Now, (A+B)2X2~(A—B)2X2:[ }{ }

0 (D)
+0 4+1 0 5
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A2 =A-A
[0 1

B

[

[0 —1

Also,
0 1

[
0+1 0+1
O+1 1+1

ol

r0-1 040
_O+O -1+0

S

112 |o

)

and B’ =B-B

Thus, we see that

I

49

11
12

|
}
-l

0

=1

(i)

[using Egs. (i) and (ii)]

Hence proved.

I 3 2
Q. 10 Find the value of x, if [1x1] |2 5 1 =0.
15 3 2 X
1.3 2 1
Sol. We have, Nx1l,5/2 5 1 2 =0
153 25,5 1% 5
= [+2x+15 3+50+3 2+x+2],,, ; -0
X
3 x1
1
= [16+2x 5x+6 x+ 4] 4 {2 =0
X
3 x1
= [16+2x+ (5x + 6)-2+ (x + 4)-x) ;=0
= [16+2x+10x+12+x% +4x]=0
= [x2 +16x+28]=0
= [x2 +2x+14x +28]=0
= (x+2)(x+14)=0
. x=-2-14

5
Q. 11 Show that A {

3

2} satisfies the equation A% —-34-7I =0 and
5 3
-1 -2

hence find the value of A7'.

5 3
Sol. We have, A= 4 o

5 3

2 _ . =
Ac=A-A [ 1

JI5 =
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25-3 15-67 [22 9
:[—5+2 —3+4}:[—3 1}
5 3715 9
3A=3{—1 —2}{—3 —6}
10] [7 0
and 71:7{0 1}:[0 7}
AZ—SA—7I:{22 9}{15 9}_[7 0}
-3 1| |-3 -6| |0 7

22-15-7 9-9-0
| -3+3-0 1+6-7

“lo o

=0 Hence proved.
Since, A2 -BA-7I=0
= AT(A%)=B3A-TI1=AT'0
= ATA-A-BATA-TATI=0 [ A0 =0]
= IA-3I-7A" =0 [+ ATA=1T
= A-3I-7A" =0 [-ATT=AT"]
= —7TAT = -A+ 31

[-5 -3] [3 0] [-2 -3
‘{1 2}[0 3}‘{1 5}
Al -1 -2 -8
701 5
Q. 12 Find the matrix A satisfying the matrix equation

2ol AL

® Thinking Process

We know that, if two matrices A and B of order m x n and p xq respectively are
multiplied, then necessity condition to multiplication of A - B is n=p. So, by taking a
matrix of correct order we can get the desired elements of the required matrix.

Sol. We have F 1} A [_3 2} ol
’ Y 3 22><2 5 732><2 10 1,2x2
Let A @ b
,C d,2x2
2 1fa b][-3 27 [1 0]
{3 2Mc o’i|[5 —3}: 01
oa+c 2b+d][-3 27 [1 0]
= [Sa+2c 3b+2dM5 73}_0 1]
—6a-3c +10b+5d 4a+2c-6b-3d] [1 O]
= {—93—60+15b+10d Ga+4c—9b—6d}=_0 1)

= —6a—3c+10b+5d =1 0]
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= 4a+2c—-6b-3d =0
= —9a-6¢c+15b+10d =0
= 6a+4c—-9b-6d =1
On adding Egs. (i) and (iv), we get
c+b-d=2=d=c+b-2
On adding Egs. (ii) and (jii), we get
-5a-4c+9b+7d =0
On adding Egs. (vi) and (iv), we get
a+0+0+d=1=d=1-a
From Egs. (v) and (vii),
c+b-2=1-a=a+b+c=3
= a=3-b-c
Now, using the values of a and d in Eq. (iii), we get
-9@8-b-c)-6c+15b+10(-2+b+c)=0
= —-27+9b+9c -6¢+15b-20+10b+10c =0
= 34b+13c = 47
Now, using the values of a and d in Eq. (i), we get
4(3-b-c)+2c-6b-3(b+c-2)=0
= 12-4b-4c+2c-6b-3b-3c+6=0
= -13b-5¢c = -18
On multiplying Eq. (ix) by 5 and Eq. (x) by 13, then adding, we get
—169b — 65Cc = -234
170 b + 65¢c =235

b=1
= -13x1-5¢c =-18
= -5c =-18+13=-5=c =1
a=3-1-1=1andd =1-1=0
A 11
110
4 4 8 4
Q.13 Find4,if|[1]A=|-1 2 1|
3 -3 6 3
[4 (-4 8 4]
Sol. We have, 1 A=l-1 2 1
L= 13x -3 6 3_3x3
Let A=lxyz]
4 (-4 8 4
1 [xyzle=|-1 2 1
33><1 __3 6 3_3><3
4x 4y 4z] [-4 8 4
= x y z|=|-121

3x 3y 3z -3 6 3

(%)

[from Eq. (X)]
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dx=-4d=x=-14y=8
y=2 and 4z=4

z=1

A=[-121]

~J U

3 —4
21 2
Q.141fA[1 1 ande[l 5 4}, then verify (BA)? # B? A°.

20
1 dB{212}
an =
0 124,

3x2
2 12 3 -4
BA = 11

124
B 2XS2 03x2

776+1+4 78+1+O}7F1 77}

3 -4
Sol. We have, A=|{1
2

13+2+8 —4+2+0 13 -2
11 =711 -7
and (BA)- (BA) = 13 —oll13 o

= (BAY =

[121-91 -77+14] [30 -63
[143-26 -91+4 | [117 -87

AI B = B B—
SO, .
2x3 2x3

So, B? is not possible, since the B is not a square matrix.
Hence, (BA)? = B2 A2,

Q. 15 If possible, find the value of BA and AB, where
41

2 12
A= and B=|2 3|.

1 24
12

2 12 4
Sol. We have, A = and B=[2 3
1 2423
x 12

So, AB and BA both are possible.
[since, in both A-B and B - A, the number of columns of first is equal to the number of rows
of second.]

8+2+2 2+3+4 12 9
T4+ 4+4 1+6+8| |12 15
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41

d BA=|2 3 21

n =

a 124, .
123><2

4x2+1 4+2 8+4] [9 6 12
=| 4+3 246 4+12|=|7 8 16

2+2 1+4 2+8 4 5 10

Q. 16 Show by an example that for A= 0, B # 0 and AB =0.

Sol. Let a-|? Hioand 82| °|s0
ol. Le =lo o #0an =0 o *
Pr o Ll H d
=lo ol” ence proved.
14
. 2 40 .
Q. 17 Given, A = andB= |2 8|.is (ABY =B A"?
396
13
2 4 0 14
Sol. Wehave,A:{ } and B= (2 8
39 6],
. 13
3x2
ap_[2+8+0 8482407 [10 40
_{3+18+6 12+72+18}{27 102}
q gy | 1027 .
an ( ){40 102} ()
Al po|! 2] dA'= ig
50 ‘{4 83} anas =
2o 0 63><2

8+32+0 12+72+18| |40 102 (0

Thus, we see that, (AB)' =B’ A’ [using Egs. (i) and (ii)]

2 3 -8
Q. 18 Solve for x and y, xL} +y{ } +[ }:o.

2+8+0 3+18+ 6 10 27
on-| J-ls0 12

5 —11
Sol. We have, x[ﬂ + y{ﬂ + {_181} =0
2x] [3-y] [-8
- MR
2x 3y -8 0
- Lc 5y —11}{0}
2x+3y-8=0
= 4x + 6y =16 (1)
and x+5y—-11=0

= 4x + 20y = 44 ()]
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On subtracting Eq. (i) from Eq. (i), we get
Tdy=28=y=2
2x+3x2-8=0

= 2x =2 = x=1

: x=land y=2

Q. 19 If X and Y are 2 x 2 matrices, then solve the following matrix equations

forXand Y
2 3 -2 2
2X+3Y:4 0,3X+2Y: 1 _5f
Sol. We have,
2X+3Y:F 3} 0]
40
and 3X+2Y=[_12 _2} 0

On subtracting Eq. (i) from Eq. (i), we get
-2-2
(BX+2Y)—@X+3Y)=
1- -5-0

{ } ... (iii)
-5
On adding Egs. (i) and (i), we get

0 5
(BX+5Y) =
5-5

1 5 0 1 )
= X+Y)= 5{5 _5} {1_1} .. (iv)

On adding Egs. (iii) and (iv), we get )
-4
X=YV)+(X+Y)= O}

|-2-6
-2 0
= 2X =2
-1-3
[-2
X = 0
-1-3
From Eq. (iv),

2 1 2 0
Y = and X =
22 -1-3
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Q. 20 If A =[3 5] and B = [7 3], then find a non-zero matrix C such that
AC = BC.

Sol. Wehave, A=[3 5},,,andB=[7 3],.,

X
LetC = {y} is a non-zero matrix of order2 x 1.
2x1

AC =3 5] m_ [3x + 5]

and BC=[7 3] m — [7x + 3y]

For AC = BC,

[Bx + 5y]=[7x + 3y]
On using equality of matrix, we get
3x+ 5y =7x+ 3y

= 4x =2y
1

= =—
x=zYy

= y=2x

o

We see that on taking C of order2 x1,2 x2,2 x 3, ..., we get

c x x x X x X
_2x’2x ox | |2x 2x 2x|
k k k
C= , etc...
2k | |2k 2k

Q. 21 Give an example of matrices A, B and C, such that AB = AC, where A4 is
non-zero matrix but B # C.

In general,

where, k is any real number.

1 0] 2 3 2 3
Sol. Let A= ,B:{ }andC:{ } [-B#C]
10 0] 4 0 4 4
1 0l[2 3] [2 3
AB = =
o ol os
q AC—_1 0] [2 3 [2 3 .
an =10 O_.L 4}—{0 O} - (i

Thus, we see that AB =AC [using Egs. (i) and (ii)]
where, A is non-zero matrix but B = C.
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1 0
dC = , veri

(i) (AB) C = A(BC).

(ii) A (B + ()

1 2]
Sol. We have, A = {_2

= AB + AC.

o=ls e

0
10

1|
2 31 [2+6 3-8] [8 -5
M [ Ms } |-4+3 —6- 4} [1 —10}
8 51 0
and B —10}[ 1 o}
r8+5 0] [13 0 ,
“l-1+10 0}{9 0} -0
, 2 371 O
Again, (BC):,?’ _4}[_1 O}
2-3 0] [-1 0
T|3+4 0}2[7 0}
(1 2][-1 0
and A(BC):i2 1} {7 0}
[-1+14 0] [13 0 )
Tl4247 0}2{9 0} -
(AB)C = A(BC) [using Egs. (i) and (ii)]
) 2 371 0] [3 3
(ii) (B+C){3 _4}{_1 07:[2 _4}
1 23 3]
and A~(B+C):7_2 1[2 ]
(3+4 3-8 [7 -5
“|-6+2 —6-4]|-4 —10} (i)
r1 272 3
Also, AB:;2 17.[3 _4}
2+6 3-87 [8 -5
T|-4+3 —6-4] |- —10}
1 271 0] [1-2 0] [-1 0
and AC= 1{-1 07:[—2—1 o}:{—s o}
8 57 [-1 0
AB+AC:L1 _10}+{_3 0}
7 -5 .
- AB+AC:{_4 _10} (V)
From Egs. (iii) and (iv),
A(B+C)=AB+ AC
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x 0 O a 0 0
Q.231fP={0 y 0|andQ=|0 b 0}, then prove that
0 0 z
0

0 0 ¢
xa 0
PQ={ 0 yb 0 |=QP.

57/

x 0 O|la 0O xa 0 O
Sol. PQ {O y O} {O b O]—{O yb O] (i)
0 0 z||0 0 c 0 0 =z
a 0 Olf[x 0 0] [ax 0 ©
and QP={O b OHO y O ={0 by 0] ()]
0 0 c|[0 0 Z] 0 0 =z
Thus, we see that, PQ=QP [using Egs. (i) and (ii)]

Q.241If[2 1 3]|-1 1 0 || 0 |=4, then find the value of A.

0 1 1]-1

-1 0 1|1

Sol. Wehave, [213]-1 1 0| O
0o 1 1| -1

’

0

1

0

’

=A
-1 0 -
213] |-1 1 =[-2-1+0 0+1+3 —2+0+3]
1

0
-3 4 1]

Now, [—341]{ =A

1
A=[-341]| 0
1

=[-3+0-1=[-4]

534
.25 If A=[21],B =
Q [21] [876

A(B + () = (AB + AC).
Sol. We have to verify that, A(B + C) = AB + AC

53 4 -121
We have, A=[2 1], B={ } andC:[ }

-121
and C = , then verify that
1 02

87 6 102

Hence proved.
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5-13+2 4+1
AB+C)=P 1]Lan 740 6+2}
455
=k 1]{9 7 8i|
=[8+9 10+7 10+ 8]
=[1717 18] (i)
534
87 6}

=[10+8 6+7 8+6]=[18 13 14]
-12 1
and AC—[21]{1 0 2}
=[-2+1 440 2+2]=[-1 4 4]
AB+ AC =[18 13 14]+[-1 4 4]
=[17 17 18] (i)

Also, AB=]2 1]{

A(B+C)=(AB+ AC) [using Egs. (i) and (ii)]
Hence proved.
1 0 -1
Q.261f A={2 1 3|, then verify that A + A =(A +I), where I is 3x3
01 1
unit matrix.
1T 0 -1
Sol. We have, A:{Z 1 3]
01 1
AP =A-A
0 11 0 -1 1T -1 =2
=2 1 3|2 1 3|={4 4 4
101 1]j0 1 1 2 2 4
M1 -1 2] [1 0 -1
AL A=|4 4 4 {2 1 3]
2 2 4| [0 1 1
(2 -1 -3]
=6 5 7 0]
2 3 5
1 0 1] [1 0O 2 0 -1
Now, A+I=|2 1 3 +{O 1 O]:% 2 3}
01 1] ]00 1] |01 2
(1 0 <12 0 -1] [2 -1 -3
and AA+IL)=12 1 3|12 2 3|=/6 5 7 - (i)
01 1]jo1 2] |2 8 5
Thus, we seethat A2+ A= A(A+ ) [using Egs. (i) and (ii)]
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4 0

0o -1 2
Q.271fA= . 3 4} and B=|1 3|, then verify that
2 6
(i) AYy=A4
(ii) (AB) =B'A’
(iii) (kA) = (kA"). 40
0 -1 2
Sol. Wehave, A= [4 3 _4} and B= t Z]
(i) We have to verify that, A’= A
0 4
A=|-1 3
2 4
d a=|® TR H d
an = {4 3 _4} = ence proved.

aey[® 1

= “l9 -5

. [+ 2?2 3 11

an “lo3 sl 7|9 -5
24

= (AB) Hence proved.
(iii) We have to verify that, (kA)' = (kA”")

[0 -k 2k
Now, =k 3 —4k}
[0 4k
and KAY=| -k 3k
2k —aK|
[0 4k
Also, KA'=| -k 3K
2k 4K

= (KAY Hence proved.
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12 12
Q.281fA=[4 1|andB=|6 4|, then verify that
56 73

(i) QA + By =2AA +B.
(ii) (A — By =A’' - B.

12 12
Sol. We have, A=|4 1|landB=|6 4
5 6 7 3
2 4 12 3 6]
(i) RA+B)=18 2 |+|6 4|=|14 6
10 12 7 3 17 15]
. [3 14 17
and (2A+B):_6 5 15}
o 145] [167
Also, 2A+B:2{2 16_+[2 43}
(3 1417
=6 6 15}:(.2A+B)’ Hence proved.

121121 [o o
(i) (A-B)=|4 1|-|6 4|=|-2 -3
56| |73 |[-2 3

, [0 2-2
and (A-B)= 0 -3 3}
’ [1 45 167
Also, AB=1o 6}_[2 4 3}
[0 -2 -2
“lo -3 3}
=(A-B) Hence proved.

Q. 29 Show that A’ A and A A’ are both symmetric matrices for any matrix
A.

@ Thinking Process
We know that, for a matrix A to be symmetric matrix, A"=A. Also by using the result
(AB)'=BA', we can prove that A'A and AA" are both symmetric matrices for any matrix
A.
Sol. Let P=AA
Pr=(AA"Y
= A'(AYY [ (AB'Y= B'A1
=AA=P
So, A’Ais symmetric matrix for any matrix A.
Similarly, let Q=AA
: Q"= (AA)'= (AY(AY
=AAY=Q
So, AA’is symmetric matrix for any matrix A.
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Q. 30 Let 4 and B be square matrices of the order 3 x 3. Is (AB

reasons.
Sol. Since, A and B are square matrices of order 3 x 3.
AB? = AB- AB
= ABAB
= AABB
= A’B?

So, AB? = A’B? is true when AB = BA.

61

2 = A%B?? Give

[~ AB = BA]

Q. 31 Show that, if A and B are square matrices such that AB = BA, then

(A+B)’ = A’ +2AB + B

Sol. Since, A and B are square matrices such that AB = BA.

(A+ By

-1 3 15

Q.321f A{1 2},3{4 o

2
} Cz[ 0},a=4, andb = -2, then show

that
(i)
(ii) A (BC) = (AB) C
(iii) (a + b)B =aB + bB
(iv) a (C A) =aC-add
(v)
)
i)
)
x)

@an’
(vi) (bA)” bAT
(vii) (AB)T =BT AT
(viii (A—B)C AC - BC
(ix) (A-B)T =AT - BT
Sol. We have, A=

C =

. 1 2 6 0
(|)A+(B+C):{_1 3}{2 3}:

and (A+B)+C =

A+(B+C)=(A+B)+

=(A+B)-(A+B)
=A%+ AB+BA+ B
=A%+ AB+ AB+ B

=A?+2AB+ B?

1 -2

C

(1 2] 40
-1 3] |15

7 2

_1 6_

(5 2] [2 O
0 8_{1 —2}
S

16 =A+(B+C)

20 da=4b=-2
| _p|anda=4b=-

[+ AB = BA]
Hence proved.

Hence proved.
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(i) (BC):F OMZ 0}2[8 O}
1 5|1 -2 7 -10
and A(BC):{ }{7 _10}
[8+14 0-2 22 -20
T|-8+21 0- 3} { —30}
Also, (AB): 1 }{ } { }
(6 0
()¢ B 15}{1 2}
_[# _20}:A(BC) Hence proved.
13 -30
4 0
(iii) (a+b)B:(4—2)[1 5} [-a=4b=-2]
8 0
|2 10}
and aB+bB = 4B - 2B
(16 0 8 0
T4 20}[2 10}
8 0
BE 10}
=(a+b)B Hence proved.
_ 2-1 0-27 [1 -2
W) (C_A)={1+1 —2—3}_2 —5}
and a(C—A)=_4 _8} [-a=4]
18 —20
(8 0 4 8 4 -8
Also, ac-ah=l, —8}{—4 12}:{8 —20}
=alC-A) Hence proved.
W A [1 2}T [1 4}
-1 3 2 3
127
Now (ATY = » 3}
=A Hence proved.
(vi) (bAY {_2 _‘T [ b=-2]
2 -6
"o o7
T4 -6
1
and AT_[Z 3}
T (-2 2] u
bA" = 4 -6 = (bA) Hence proved.
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w21
R T

Now,

63
4+2 0+10 6 10
-4+3 0+15 -1 15

Lo o

= (AB) Hence proved.
s[4 T[22
(A_B)C:{fs 2]2 0}{74 74} 0
2 2][1 2] |6 4
Now, ac=|’ 2} 2 O} :F _4} .. (i)
-1 3] |1 -2 1 -6
4 0][2 0] [8 O
and BC = 1 5} L _2}:{7 _10} . (i)
ac_pc |48 _4_0} [using Egs. (i) and (iii)]
|1-7 -6+10
(4 —4
“|-6 4}
=(A-B)C [using Eq. ()] Hence proved.
1-4 2-07
) (A_B)T:Lq 3—5}

cos q
—sin q

Q.331fA={

cos
Sol. We have, A= [ q

A’ =A-A=

| —sin gcos g —cos gsin q

Hence proved.

= =(A-BY
sin g cos 2q

}, then show that A% = {
cos gq

sin 2g
—sin2q cos2q|

sin g
-sing cos g

cos g sing cos g sing
-sing cosqg | =sin g cos g
cos?q —sin’q

COS @ -Sin g +sin gcos g
—sin’q + cos®q

COS2 2sing cos
= 0seq g cosq [+ cos? 6—sin® 0 =cos2 0]
| -2sing cosg cos2q
[ cos2q

| —sin2q cos2q

sin2q ) )
[+ sin26 =2sin 6-cos 6] Hence proved.
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0 - 0 1
Q.34If A= x, = and x%=-1,
x 0 1 0
(A+B)? = A* + B4
__O —x B 0 1 >
Sol. We have, A__x O}B_L O}andx -1
At B) < 0 —x+1]
(A+B)= x+1 0 |
q A B2*7 0 —x+1][ 0 —-x+1
an BB =ei1 0 Jlxs1 0
3 1-x° 0 |
Lo 1-4?]
2_._O—xO—x __xz
O
g 82_88_0101_10
an P71 oll1 o701
Now LB - —x2 41 0 | 1-x2 0
’ 0 —x®+1 0 1-«°
=(A+ By
0o 1 -1
Q. 35 Verify that A> =, when A=|4 -3 4|,
3 -3 4
0o 1 -
Sol. Wehave, A=|{4 -3 4
3 -3 4
(o 1 —1]70 1 -1
A2=|4 -3 4||4 -3 4
13 -3 4][3 -3 4
1 0 0
=0 1 0|=1
10 0 1

Q. 36 Prove by mathematical induction that (4')" = (A
any square matrix A.

Sol. Let P(n): (AY" =(A"Y
P(1): (A) = (AY
= A= A" = P(l)is true.
Now, P(k): (A = (A,
where k e N
and Pk + 1) (AT = (AF+Ty

r (Class XII) Solutions

then show that

[using Eq. ()]

Hence proved.

[+ A% = A Al

Hence proved.

"Y where ne N for
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where P (k+1) is true whenever P (k) is true.
Pk + 1) (A (A = [AK Ty

]
(A“). (Ay =AY
(A- Ay =AY [+ (AY = (AKyand (AB) = BAT
(AT = (AR Hence proved.

Q. 37 Find inverse, by elementary row operations (if possible), of the
following matrices.
.1 -3
11
@5 7]

11 3
(i)
-5 7
® Thinking Process

To find the inverse of a matrix A, we know that A=IA is used for elementary row
operations. So, with the help of this method we can get the desired result.

_ 1 3
Sol. (i) LetA:[_5 7}

In order to use elementary row operations we may write A = IA.

s 7)o 1

137 710

= {o 22}:{5 JA [+ Ry = Ry + 5R]
M3 [ 10 1

= o 1¥:{5/22 1/22% {"%_)55'2}
0] [7/22 -3/22

- 0 1_:[5/22 1/22% [+ Ry =Ry = 3R, ]
(1 0] 1[7 -3

- 0 1_25[5 1}A

= I = BA, where B is the inverse of A.

1[7 -8
B=—
2215 -1

. 1 -3
(i) Le’[A:{_2 6}

In order to use elementary row operations, we write A = IA
1 -3 10
= {—2 6 } - {0 1} A
1 -3 10
= {O 0}:{2 1}A [ R, > R, +2R]

Since, we obtain all zeroes in a row of the matrix A on LHS, so A~ does not exist.
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4 8
Q.38 If[ i } ={ lﬂ then find the values of x, y, z and w.

Sol. We have,

Q.39IfA=E

Q.401fA{34

Sol.

z+6 x+y

xy 4
Z+6 x+Vy

By equality of matrix,

o 4]

x+y=6and xy=8
x=6-yand(6-y)-y=8

=
= vy —6y+8=0

= V2 —4y-2y+8=0

= (y-2)(y-4=0

= y=2ory=4

6-2=14

or 6-4=2

Also, z+6=0

= z=—-6andw=4

x=2y=4orx=4y=2,z=-6andw=14

3A + 5B + 2C is a null matrix.

Sol. Weh A ts d891
ol. We have, _712an =l g

Let C=

3A+5B+2C= 0

o o
Q

B

3 157 [45 57 [2a 2b] [0 O

- {21 36}{35 40}{&: 2d} 0 o}

48+2a 20+2b] [0 O

- {56+2c 76+2di| 0 o}

= 2a+48=0=> a=-2

Also, 2042b=0 = b=-10
56+2c=0 = c=-28
and 76+2d =0= d=-38

We have, A= {

A2 = A

I

—24 —10
" |-28 -38

20 24

|

3 -5
]
3 -5
A:{—4 2
29 -25

I

3 -5
4 2

5 9 1
} and B ={ } then find a matrix C such that
12 7 8

-5
) } then find A2 —5A4 —14I. Hence, obtain A°

|

[x=6-y]
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A2 _5A 141_[29 —25} {15 —25} {14 O}

—20 24 -20 10 0 14
:{o 0}
00
Now, A2 _BA-141=0
= A-A2_B5A-A-14AT=0
= A3 —B5A%2 —14A=0 [wAT=A]
= A3 = 5A = 14A
:5{29 _25}14{3 _5} [using Egs. () and (ii)]
20 24 -4 2

145 —125] [42 —-70
“1-100 120 |T|-56 28
[187 —195}

-156 148

Q. 41 Find the values of a, b, c and d, if
a b a 6 4 a+b
3 = + Z.
c d -1 2d c+d 3

3ab_a6 4  a+b
c d| =1 2d|T|c+ad 3

Sol. We have,

3a 3b a+4 6+a+b
- {SC Sd}:{c+d—1 3+2d}
= Ja=a+4= a=2,
3b=6+a+b
= 3Bb-b=8= b=4
3d=3+2d = d=3
and = 3c=c+d-1
= 2c=83-1c=1

a=2, b=4 c=1andd =3

2 -1 -1 -8 -10
Q. 42 Find the matrix Asuch that| 1 0 |[A=| 1 -2 -5
-3 4 9 22 15
2 -1 -1 -8 -10
Sol. We have, 1.0 A=|1 -2 -5
-3 4], 9 22 15| .

From the given equation, it is clear that order of A should be 2 x 3.

Let A_abc
“|ld e f
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2 -1 -1 -8 -10
a bc

10 {d . f}: 1 -2 -5

-3 4 |9 22 15

2a-d 2b-e 2c-f -1 -8 -10

= a+ 0d b+0-e c+0-f|=|1 -2 -5
-3a+4d -3b+4e -3c+4f] | 9 22 15
2a-d 2b-e 2c - f -1 -8 -10

= a b c =1 -2 -5

-3a+ 4 -3b+4e -3¢+ 4 9 22 15
By equality of matrices, we get
a=1b=-2,c=-5

and 2a-d=-1=>d=2a+1=3
= 2b-e=-8 =>e=2(-2)+8=4
2c-f=-10= f=2c+10=0
A_1 2 -5
‘[3 4 o}

12
Q.43 IfA:L J, then find A% + 24 + 71.

1 2
Sol. We have, A = [4 J

M 2771 2
A% = } [ } [ A2 = A-Al
1+8 2+2
B 4+48+1
a2 roas7r=| 2ty + |18 8
¥89 82 07 16 18

Q.441f 4 :{ cos o s a} and A~ ' = A’, then find the value of .

—sin o cos o

Sol. We have,

[cos a sina cosa -sina
= ) and A'=| |
| -sina cos a sin a cos a
Also, A=A
= AATT = AAY
[cosa sina cosa —sSina
= 1= . )
|—sina cosa sino.  cos a
1 0] |cos?a+sin’a 0
= = i 2 2
01] o sin? o + cos? o

By using equality of matrices, we get
cos?a+sina =1
which is true for all real values of a.
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0 a 3
Q. 45 If matrix |2 b —1|is a skew-symmetric matrix, then find the values
c 1 0
of a, band c.

® Thinking Process

We know that, a matrix A is skew-symmetric matrix, if A'=—A, so by using this we can
get the values of a, b and c.

0 a 3
Sol. LetA=|2 b -1
c 1 0
Since, A is skew-symmetric matrix.
. i ’f\': —A
0 2 ¢ 0 a 3
= a b 1|=-|2 b -1
|13 -1 0] c 1 0
[0 2 ¢ 0 -a -3
= a b 1|={-2 -b +1
|13 -1 0] |-¢ -1 O

By equality of matrices, we get
a=-2,c=-3and b=-b= b=0
a=-2b=0andc= -3

cos x sin x
—sinx cos x

Q.461f P(x)= {
=P(y) - P(x).

Sol. We have,
cos x sin x
—sinx cos x

}, then show that P(x)-P(y)=P (x +y)

[cos y siny
P(y) =
) | —siny cos y}
[cos x sinx cosy siny
Now, P(x)-P(y) = , .
|—sinx cosx| |-siny cosy
[cos x-cos y—sin x-siny COSx -Siny+ sinx -cosy
__—sin Xx- COS y—COS x-Siny —sinx-siny + cosx-cosy
[cos (x + y) sin(x + ) )
= o (1)
| —sin(x+Y) cos (x + )
. COS (X + y) =C0S x-COS y—sin x-sin y
and sin (x + y) =sin x-COS y+C0S x-sin y
[cos (x + y) sin(x+y) .
and POHY)__— sin(x + ) cos (x + y) (i)
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[cosy siny |[cosx  sinx
Also, P(y)-P(x) = . .
| —siny cosy| |—-sinx cosx
[cos y-cos x —sin y-sin x CoS y-sin x + sin y-cos x
| —sin y-cos x —sin x-cos y —sin y-sin x + COS y-COS x
_[cos(x+y) sin(x+y)
~|=sin(x+y) cos (x+ ) (i)

Thus, we see from the Egs. (i), (ii) and (iii) that,
P(x)-P(y) = P(x + y)= P(y)- P(x) Hence proved.

Q.471f A is square matrix such that A?=A, then show that
(I+A)>=74+1.

Sol. Since, A2 = Aand (I+A) - (I+A)=I° + A+ AT + A®
=I? +2AI+ A?
=I+2A+ A=1+3A
and T+ A)-(I+ AT+ A =T+ AT+ 3A)
= I? + 3AI + AI + 3A?
=1+ 4AI+ 3A
=I1+7A=7TA+1 Hence proved.

Q. 48 If A, B are square matrices of same order and B is a skew-symmetric
matrix, then show that A'BA is skew-symmetric.
Sol. Since, A and B are square matrices of same order and B is a skew-symmetric matrix i.e.,
B=-8
Now, we have to prove that A'BA is a skew-symmetric matrix.
g A'BA'= A'BA'= BA'A’ [~ AB'=B'A’]
=AB'A=A-BA =-ABA
Hence, ABA is a skew-symmetric matrix.

Long Answer Type Questions

Q. 49 If AB = BA for any two square matrices, then prove by mathematical
induction that (AB)" = A"B".
Sol. Let P(n): (AB)" = A"B"
P() : (AB)' = A'B'= AB= AB
So, P(1) is true.

Now, P (k): (ABY' = A"B keN

So, P(K)is true, whenever P(k+1) is true.

. P(K-H : AB)kH — Ak+1Bk+1 (I)
= AB" . AB' [+ AB = BA]
= ABF.BA = AKBK*1A

— Ak ~A~Bkﬂ 3AKHBKH

- (A.B)KH — Ak+1Bk+1

So, P(k + 1)is true for all n e N, whenever P(k) is true.
By mathematical induction (AB) = A"B" is true for alln e N.
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0 2y =z
Q. 50 Findx, yand z, if A=|x y —z|satisfiesA’=A"".
x -y z
0 2y z 0 x «x
Sol. Wehave, A=|x y -z|andA'=|2y y -y
x -y z z -z z

By using elementary row transformations, we get

A=A
0 2y z 100
= x y -z|=/0 1 0]A
x -y z| [0 0 1
0 2y z] [1 0 O
= x y -z|=|0 1 0JA
0 -2y 2z] |0 -1 1
2y z] [1 0 0
= x 3y 0|=/1 1 0|A
0 0 3z [1 -1 1
-x -y z 0 -1 0
= x3y0:1 11?A
0 0 z| |- — =
- 3 3 3
) B b
-x -y O 3 3 3
= 3y O|=| 1 1 0 A
0 0 z |1 1 1
-3 3 3
12 A
_ o 3 3 8
—x -
/ PR
0 0 z
) [ Lt B
L3 3 3]
o 1V 1
2 2
w00,y
0 0 z
11
L3 3 3.1
B
0 2x 2x
100 ’ |
= 010:3—6—g—A
00 1 o
L B
3z 3z 3z

71

[ Ry = R;—R,]

Ry > Ry + R,
and R, = R, + Ay |

"R, >R, -R,]

and Ry — %RS

[ Ry > Ry —R4]

[ R, >R, +Ry]
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- ] .
0 2x 2x
0 x «x
] B P A
3y 6y 6y [
1 -1 1
13z 3z 3z]
= i:x = :ii
2x NA)
1 1
= G—y_y = y_i%
and i:z = Z:J_ri
3z V3
Alternate Method
We have,
02y z 0 x «x
A=|x y -z|land A=|2y y -y
x -y z z -z z
Also, A= AT
= An'= AN b AAT =]
- AA'= T ) .
02y z||]0 x «x 100
= x y -z||2y y -y|[=|0 1 0
x -y z]lz -z z] |0 0 1]
4y? + 72 22 -7 22+ | [1 0 0]
= 22 -7 ¥+ P+ ¥ -y -Z2(=10 1 0
2y + 7 x? -y -7 X2y 10 0 1
= 2P -2 =02y =27
= ay? + 7% =
= 2.2+ 2% =1
zox L
3
y2=zf2:>y=+i
2 6
Also, Pty + P =
= x?=1-y? - 7% = ]
6 3
_4_3_1
6 2
= x=4_ri
V2
x:i,i,y:iri
2 6
and Z:J_ri
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Q. 51 If possible, using elementary row transformations, find the inverse of
the following matrices.

2 -1 3 2 3 -3
@Q|-5 3 1 Gi)|-1 -2 2
-3 2 3 1 1 -1

2 0 -1
i) [5 1 0
01 3

Sol. For getting the inverse of the given matrix A by row elementary operations we may write the
given matrix as

A=1A
2 -1.3/ |1 00
@5 3 1|=/0 1 O]A
-3 2 3] |0 01
2 -13 1.0 0
= {—3 2 4(=11 1 0lA ["R, =R, +R]
-3 2 3 00 1
2 -1 3 1 0 0
= -3 2 4|=|1 1 0|A [ R; = R;—Ry]
0 0 -1 -1 -1 1
-1 1 1 [2 1 0
= -3 2 4|=|1 1 0]A [+ R, =R+ R,]
0 0 -1 |1 11
-1 1 7] [2 10
= 0 -1 17|=|-5 -2 0|A [ R, >R, —3R,]
0O 0 1] |[-1 -1 1
-1 0 -10 -3 -1 0 { R >R +R, ]
= 0 -1 17|{={-5 -2 0]A
and Ry - —1-Ry
o o 1] |1 1 - -
oo 9o “* R, = R, + 10R,
= 0 -1 0|={12 156 -17|A {andR2»H2+17R3
o o 1] |1 1 -1 -
100 -7 -9 10 R, >R,
= 0 1 0f=|-12 -15 17|A Lmd R, -1,
00 1] |1 1 -1 -
-7 -9 10

So, the inverse of Ais|-12 —-15 17].
11
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2 3 -3] [1

(ii) - -1 -2 2|=|0
11 -1 |o

0o 1 -1 [t

= 0 -1 1]=|0
11 -] |o

01 1] [1

= 00 0]=2
11 1| |0

NCERT Exemplar (Class XII) Solutions

00

1 0[A

0 1

0 -2 "R, =Ry + Ry
1A {andR1—>R1f2RJ
0 1

0 -2

1 —2/A [ Ry, >Ry +Ry]
0 1

Since, second row of the matrix A on LHS is containing all zeroes, so we can
say that inverse of matrix A does not exist.

2 0 -1 (1 0 0
(iii) .~ 51 0|=|0 1 0lA
01 3| (001
2 0 -1 1 0 O]
= 31 1|=|-110]A [+ R, >R, —R,]
01 3 0 0 1]
(2 -1 T | _
1 (1) 2 2 (1) SA “Ro 2Ry =h,
= |- and Ry — Ry + R,
2 1 2] |1 0 1] -
2 0 -1 [1 0 0] )
5 5 Ry >Ry + R,
= 01 —|={— 1 0|A 1
2 2 and Ry — R, =,
41 1] |2 0 1] B
2 0 —51' '15 0 0]
= 01 J|= _? 1 0|A [* Ry = Ry —2R]
01 3] [0 0 1]
2 0 -1 1 0 O
5 -5 B
= 01 Z|=|5 1 0A [* Ry = Ry —R,]
00 S 4
L 21 L2 ]
1021 0o )
% 25 R 1R
= 01 2|-|5 1 oA 1o
0 1 5 ) andR3—>2R3
100 3 -1 1 '.'R1—>R1+1R3 ]
- 01 0/=|-15 6 -5A 2 )
001 5 -2 2 andR2—>R27§R3
3 -1 1
Hence,|-15 6 -5|is the inverse of given matrix A.

5 -2 2
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2 3 1
Q. 52 Express the matrix |1 -1 2| as the sum of a symmetric and a
4 1 2

skew-symmetric matrix.

® Thinking Process

We know that, any square matrix A can be expressed as the sum of a symmetric matrix
A+A A=A

and skew-symmetric matrix, ie, A = + , where A+ A" and A—A"are a
2

2
symmetric matrix and a skew-symmetric matrix, respectively.
(2 3 1]
Sol. We have, A=l1 -1 2
14 1 2]
2 1 4
A=13 -1 1
|1 2 2]
2 2 S
Ar A1 4 4 5 2
Now, ANy o o3l=2 43
2 2 2
5 3 4 5 3
= = 2
2 2
0 1 =3
A 10028 ]
and ; =2 0 1=—1o5
3 -1.0 -
3 1,
2 2
_ a7
o 1 —
2 2 g 2
At A AA 1o 4 814 o L
2 2 5 3 2 2
- = 2 _
2 2 3 1y
L2 2 J

which is the required expression.
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Objective Type Questions

0 0 4
Q. 53 The matrix P={0 4 0lisa
4 0 0
(a) square matrix (b) diagonal matrix
() unit matrix (d) None of these
Sol. (@) We know that, in agqugre rEatrix number of rows are equal to the number of columns,

so the matrix P =|0
4

4 O} is a square matrix.
0 0

Q. 54 Total number of possible matrices of order 3 x 3 with each entry 2 or 0
is

(@9 (b) 27
(c) 81 (d) 512
Sol. (d) Total number of possible matrices of order 3 x 3 with each entry 2 or 0 is2° j.e., 512.

2 4 7 Ty-13
Q.55 {x+y x}{ y 6},thenthevalueofouyis

S5x—7 4x y X+

@x=3,y=1 b)x=2,y=3

©Qx=2,y=4 (d)x=3,y=3
Sol. (b) We have, dx=x+6=>x=2

and dx=7y-13=>8=7y-13

= 7y=21 = y=3
: x+y=2+3=5

_ 4 x
) sin *(xn) tan _1(xj | eos Y(xn) tan 1()
Q.561f A=~ ") and B=— ",
. x _
T sin 1[) cot 1(TCx) T Sinl(xj _tanfl (TC.?C)
n T
then A — B is equal to :
(@1 (b) 0 (c) 21 (d) 5 I
L sin xm Jan®
Sol. (d) We have, A=| T T T
1 .1 X 1 1
—sin™ — — cot™ nx
T T T
Tosen Ltan' X
and B=| T n T
1 . 1 X -1 1
—sinm — —tan™ nx

T T Y
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1 1
—(sin"xm+cos 'xn) —(tan‘1 ¥ _tan fj
A _ B _ T T T T
1( . . 1
—(sm“ X _sin 5) —cot ' mx +tan nx
K n n T
M .
Lz 0 v sin'x+cosx=
_|m 2 2
1
0 — r andtan'x+cot 'x = ~
L b 2 2

Il
N —
—
o =
- O
[E——

By
2
Q. 57 If A and B are two matrices of the order 3 x m and 3xn, respectively

and m =n, then order of matrix (54 — 2B) is
(@ mx3 (b) 3x3
(©mxn (d)3xn

Sol. (d) A,,,, and B,,, are two matrices. If m = n, then A and B have same orders as 3 xneach,
so the order of (5A — 2B) should be same as 3 xn.

0 1
Q.581fA= L 0}, then A? is equal to

ro 1 [ 0] o 1 [ o
(a)L1 OJ (b)b OJ (C)LO 1J (d)LO 1}

0 1170 1] [1 ©
Sol. (d) - A2=A-A=[1 0H1 O}:[O J

Q. 59 If matrix A =[a;] .o, wherea; =1,if i # j=0and if { = j, then A% is

equal to
@I (b) A
(©0 (d) None of these

Sol. (@) We have, A=g;],,, wherea; =1,ifi #j=0and if i =
0 1
aoli o
and AQ_{O 1} {o 1}_{1 0}_1
1 0][1 o] [0 1

100
Q. 60 The matrix|0 2 0|isa
0 0 4

(a) identity matrix (b) symmetric matrix
(c) skew-symmetric matrix (d) None of these
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100
Sol. (b) Let A=|0 2 0
0 0 4
100
A=10 2 0|=A
0 0 4

So, the given matrix is a symmetric matrix.
[since, in a square matrix A, if A’=A, then A is called symmetric matrix]

0 -5 8
Q.61 Thematrix | 5 0 12|isa
-8 -12 0
(a) diagonal matrix (b) symmetric matrix
(c) skew-symmetric matrix (d) scalar matrix

Sol. (c) We know that, in a square matrix, if b; =0, when/ # j, then it is said to be a diagonal
matrix. Here, by, by, ... # 0, so the given matrix is not a diagonal matrix.

o -5 8
Now, B= 5 0 12

-8 -12 0

0 5 -8 0 -5 8

B=|-5 0 -12|=-| 5 0 12|=-8B

8 12 0 -8 -12 0
So, the given matrix is a skew-symmetric matrix, since we know that in a square matrix
B, if B'= — B, then it is called skew-symmetric matrix.

Q. 62 If A is matrix of order mxn and B is a matrix such that AB’ and B'A are
both defined, then order of matrix B is

(@) mxm (b) n xn (©)nxm (d)mxn
Sol. (d) Let A = [@jlmn and B = [b],.q
B= [b//]q xp

Now, AB'is defined, son=q

and BA is also defined, sop=m

Order of B'= [b;], «m
and order of B = [b;], «»

Q. 63 If A and B are matrices of same order, then (AB'— BA') is a

(a) skew-symmetric matrix (b) null matrix
(c)symmetric matrix (d) unit matrix

Sol. (@) We have matrices A and B of same order.

Let P =(AB - BA")

Then, P'=(AB - BA"Y = (AB)'— (BA")
= (B")(A)'- (A")'B" = BA'- AB’
= —(AB'—=BA)=-P

Hence, (AB'— BA') is a skew-symmetric matrix.
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Q. 64 If A is a square matrix such that A% = I, then
(A-I)° + (A+1I)* —7A s equal to

@A (b) I-A ©1I+A (d 3A
Sol. (@) Wehave, A2 =1

AT+ A+ P -TA=[A-D+ A+ D{(A- IV

+ A+ 12 —(A-D)(A+ D} -7A
[-a® + b® = (a+ b)(@ + b> —ab)]
=[QA){A® + I? —2AI + A’ + I? + Al - (A* - I°)}]-7A

=2A[[+IP+I1+1° - A2+ I%]-7A [ A% = Al)
=2A[6 - I]-7A

=8AI - 7AI [+ A=Al
=Al=A

Q. 65 For any two matrices A and B, we have
(@ AB=BA (b) AB = BA () AB=0O (d) None of these

Sol. (d) For any two matrices A and B, we may have AB=BA =1, AB #BA and AB =0 but it is
not always true.

Q.66 0n using elementary column operations C, - C, —2C, in the

. . . |1 -3 1 -1]|3 1
following matrix equation [ } =[ } { } we have
2 4 0 112 4
@ 1 5] [1 -1][3 -5 ) 1 -5] [1 -1][3 -5]
a{o 4_{—2 2J{2 0} {0 4}‘{0 1H—0 2J
1 [

1 =51 [1 =373 1 =51 [1 =113 -5]
(c){ {

2 0] o 1]]-2 4 2 0] o 1]]2 o]
Sol. (d) Given that, i;_ﬂ:ﬁ)_” [s ﬂ

) 1-5 1-1][3 -5
OnusingC, -»C, -2C, 5 ol7lo 1ll2 o

Since, on using elementary column operation on X = AB, we apply these operations
simultaneously on X and on the second matrix B of the product AB on RHS.

Q. 67 On using elementary row operation R, — R, — 3R, in the following

. . |4 2 1 2(({2 0
matrix equation = , we have
33 0 3|1 1

RS P | P B S P [
R e IS B e ] [

g
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4 2 1 212 0
Sol. (a) We have, {3 3}:{0 3}[1 1}

Using elementary row operation R, — R; — 3R,,

-5-7 1-71[2 0

33| |0 3|11
Since, on using elementary row operation on X = AB, we apply these operation
simultaneously on X and on the first matrix A of the product AB on RHS.

Fillers

Q. 68 ......... matrix is both symmetric and skew-symmetric matrix.

Sol. Null matrix is both symmetric and skew-symmetric matrix.

Q. 69 Sum of two skew-symmetric matrices is always ......... matrix.

Sol. LetAis a given matrix, then (- A) is a skew-symmetric matrix.
Similarly, for a given matrix — B is a skew-symmetric matrix.
Hence, - A — B=— (A + B)= sum of two skew-symmetric matrices is always
skew-symmetric matrix.

Q. 70 The negative of a matrix is obtained by multiplying it by ......... .

Sol. LetAis a given matrix.
-A=-1[A]
So, the negative of a matrix is obtained by multiplying it by — 1.

Q. 71 The product of any matrix by the scalar ......... is the null matrix.

Sol. The product of any matrix by the scalar 0 is the null matrix. i.e., 0-A = 0.
[where, A is any matrix]

Q. 72 A matrix which is not a square matrix is called a ......... matrix.

Sol. A matrix which is not a square matrix is called a rectangular matrix. For example a
rectangular matrix is A = [a;],, , where m = n.

Q. 73 Matrix multiplication is ...... over addition.

Sol. Matrix multiplication is distributive over addition.
e.g., For three matrices A, B and C,

(i) A(B+C)= AB+ AC
(i) (A+ B)C = AC + BC
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Q. 74 If A is a symmetric matrix, then A®isa ......... matrix.

Sol. If Ais a symmetric matrix, then Alis a symmetric matrix.
A=A
(A3) — Ay3
= AS

Q. 75 If A is a skew-symmetric matrix, then A%isa ......... .

Sol. If Ais a skew-symmetric matrix, then Alisa symmetric matrix.
A=—A
(A%) = (A'Y
= (- AP
= A?
So, A? is a symmetric matrix.

Q. 76 If A and B are square matrices of the same order, then
(i) (AB) =.........
(ii) (KAY =..oenvnnn (where, k is any scalar)
(iii) [k (A=B)] = .........
Sol. () (ABy=B'A’
(ii) (KA) =k A’
(iii) [K(A — B)]'= k(A" - B)

81

Q. 77 If A is a skew-symmetric, then kA is a ......... (where, k is any scalar).

Sol. IfAisaskew-symmetric, then kA is a skew-symmetric matrix (where, k is any scalar).

[ A'= - A= (KA) = k(A= -

Q. 78 If A and B are symmetric matrices, then
(i) AB-BAisa.........
(i) BA —2ABisa .........

Sol. (i) AB - BAis a skew-symmetric matrix.
Since, [AB — BA] = (AB) — (BAY
— BYA! _ AIB!

[~ (AB)

(KA)

— BYAY]

-=BA- AB [+A'= Aand B = B]

- [AB - BA]
So, [AB — BA]is a skew-symmetric matrix.
(ii) [BA 2 ABJis a neither symmetric nor skew-symmetric matrix.
(BA —2ABYy = (BA)Y — 2(ABY
= A'B - 2B'A’
=AB-2BA
— (@BA - AB)
So, [BA — 2 AB]is neither symmetric nor skew-symmetric matrix.
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Q. 79 If A is symmetric matrix, then B/ABis .........

Sol. If Ais a symmetric matrix, then B’ABis a symmetric metrix.

[B'AB] = [B(AB)
= (AB) (B [-(AB) = B'A’]
=BA'B
=[B8 A'B] [ A= Al

So, B'ABis a symmetric matrix.

Q. 80 If A and B are symmetric matrices of same order, then AB is symmetric
if and only if......... .
Sol. If A and B are symmetric matrices of same order, then AB is symmetric if and only if
AB = BA.
=BA=BA
= AB [-AB = BA]

Q. 81 In applying one or more row operations while finding A™' by
elementary row operations, we obtain all zeroes in one or more, then
A :

Sol. Inapplying one or more row operations while finding A~' by elementary row operations, we
obtain all zeroes in one or more, then A ~' does not exist.

True/False

Q. 82 A matrix denotes a number.

Sol. False
A matrix is an ordered rectangular array of numbers or functions.

Q. 83 Matrices of any order can be added.

Sol. False
Two matrices are added, if they are of the same order.

Q. 84 Two matrices are equal, if they have same number of rows and same
number of columns.
Sol. False
If two matrices have same number of rows and same number of columns, then they are said

to be square matrix and if two square matrices have same elements in both the matrices,
only then they are called equal.

Q. 85 Matrices of different order cannot be subtracted.

Sol. True
Two matrices of same order can be subtracted
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Q. 86 Matrix addition is associative as well as commutative.

Sol. True
Matrix addition is associative as well as commutative i.e.,
(A+B)+C=A+ (B+C)and A+ B=B+ A where A B and C are matrices of same order.

Q. 87 Matrix multiplication is commutative.

Sol. False
Since, AB # BA is possible when AB and BA are both defined.

Q. 88 A square matrix where every element is unity is called an identity
matrix.

Sol. False
Since, in an identity matrix, the diagonal elements are all one and rest are all zero.

Q.891If A and B are two square matrices of the same order, then

A+B=B+A.
Sol. True
Since, matrix addition is commutative i.e., A+ B=B+ A, where A and B are two square
matrices.

Q. 90 If A and B are two matrices of the same order, then A —B =B — A.

Sol. False
Since, the addition of two matrices of same order are commutative.
: A+ (-B)=A-B=-[B-Al#B-A

Q. 91 If matrix AB =0, then A = 0 or B= 0 or both A and B are null matrices.

Sol. False
Since, for two non-zero matrices A and B of same order, it can be possible that A-B=0=
null matrix

Q. 92 Transpose of a column matrix is a column matrix.

Sol. False
Transpose of a column matrix is a row matrix.

Q. 93 If A and B are two square matrices of the same order, then AB = BA.

Sol. False
For two square matrices of same order it is not always true that AB = BA.

Q. 94 If each of the three matrices of the same order are symmetric, then
their sum is a symmetric matrix.

Sol. True
Let A, B and C are three matrices of same order
: A=A B=BandC'=C
(A+B+C)y=A+B+C’
=(A+B+C)
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Q. 95 If A and B are any two matrices of the same order, then (AB) = A'B'.
Sol. False

(AB) = B'A'

Q. 96 If (AB) =B’ A’, where A and B are not square matrices, then number

of rows in A is equal to number of columns in B and number of
columns in A is equal to number of rows in B.

Sol. True

Let Ais of order mxn and B is of order p xq.

Since, (ABy=B'A’

A(mxn)B (p xq)is defined=n=p .. ()
and AB is of order m xq.

= (AB)is of orderqg xm (i)

Also, B'is of orderg x pand A'is of order n x m
B'A’is defined = p=n
and B'A’is of orderg x m. . (i)
Also, equality of matrices (AB)'= B'A’, we get the given statement as true.
e.g., If Ais of order (3 x 1)and B is of order (1 x 3), we get
Order of (AB)'= Order of (B'A")= 3 x 3

Q. 97 If A, B and C are square matrices of same order, then AB = AC always

implies that B =C.

Sol. False

If AB=AC =0, then it can be possible that B and C are two non-zero matrices such that
B=C.

- A-B=0=A-C
1 0] 00
et “lo of’B:L 3}
o o
and C= 3 1)
1 0170 0] [0 O
AB:fo 0] [1 3}:[0 o}
1 0170 0] [0 O
and Aczfo of'[:a 1}:[0 o}
= AB=AC butB#C

Q. 98 AA' is always a symmetric matrix for any matrix A.
Sol. True

- [AAT = (A) A= [AA]
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2 3
Q.991f A= 12 31 and B= |4 5| then AB and BA are defined and
2 1
equal.
Sol. False

Since, AB is defined.

AB;‘Q 3 izfm 20
114 2 |22 25

Also, BA is defined. )
2 3

BA=|4 5 [2 3_1}
- 1.4 2
2 1

(7 18 4

=13 32 6
|5 10 0

AB = BA

Q. 100 If Ais skew-symmetric matrix, then A?is a symmetric matrix.
Sol. True

=[-AF [-A=-A]
Hence, A? is symmetric matrix.

Q.101 (4B)™" = A" -B7?, where A and B are invertible matrices satisfying
commutative property with respect to multiplication.

Sol. True
We know that, if A and B are invertible matrices of the same order, then
(AB)" = (BA)™ [-AB = BA]
Here, (AB)" = (AB)™
= B'AT = ATBT

[since, A and B are satisfying commutative property with respect to multiplications].
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Short Answer Type Questions

Q.1

x2-x+1 x-1

x+1 x+1

2 -x+1 x-1 x° —2x+2 x -1

Sol. We have,

x+ 1 x+ 1 0 x+1
=% -2x+2)-(x+1) —(x—-1:-0
=x®-2x% + 26+ 2% —2x + 2
=x3-x%+2
a+x y z
Q.2 x a+y z
X y a+z
a+x y z a —-a 0
Sol.Wehave,| x a+y z |=|0 a -a
x y a+2z |x y a+z
a 0 0
=0 a -a
x x+y a+z

=a@®+az+ax+ay)
a’l@a+z+x+y)

[+C,=C -C,]
“ Ry >R -R,
and R, - R, — R

[-C, »C, +C]
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0 xy2 xz*
Q. 3|x°y 0 yzf
x’z zy2 0
0 xy2 xz° 0 x «x
Sol. We have, ¥’y 0 yZP|=x%PZly 0 vy
x?z 2 0 z z 0
[taking x2, y* and z° common from C,, C,, and C, respectively]
0 0 «x
=x22 |y —y vy [+ C, »C, —Cy]
z z O

= x?y?2% [x (yz + y2)]
=x°y?7% 2ayz=2x°y%7°

3x —x+y —x+z
Q.4 x—-y 3y z—-y
X—z y-—-z 3z
3x —x+y -x+2z
Sol. We have, x-y 3y zZ-y
xX—z y-2 3z

Applying, C;, »C, + C, + C,,

X+y+z —x+y —x+2
X+ y+2z 3y z-y
x+y+z y-2z 3z

1T x+y —x+2z
(x+y+ 2|1 3y zZ—y
1 y—-2z 3z

[taking (x + y + z)common from column C,]
1 —x+y —x+2Z
=x+y+2|0 2y+x x-Yy
0 x-z 2z+«x
[+ R, >R, —-R;andR; - R; —Ry]

Now, expanding along first column, we get
x+y+21[QRCy+x)2z+x)—(x —y)(x — 2)]
=(x+ y+ 2)(dyz + 2yx + 2xz + x° — x% + xz + yx — y7)
=(x+ y+ 2 (Byz+ 3yx + 3x2)
=3+ y+ 2)(yz+ yx + a2)
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X +4 X X
Q.5 x «x+4 «x
x X X +4
x+4 x x 2x+4 2x+ 4 2x
Sol. Wehave,| x x+4 «x |=| «x x+ 4 x [+ R, >R, + R,]
X x x+ 4 X x x+ 4

2x  2x 2x 4 4 0
=|lx x+4 x |+]lx x+4 x

X X x+ 4 X x x+ 4

[here, given determinant is expressed in sum of two determinants]
1 1 1 1 1 0

=2x|x x+4 x |+4|lx x+4 x

x x x+ 4 X x x+ 4

[taking 2x common from first row of first determinant and 4 from first row of second
determinant]

ApplyingC; - C, -C5 andC, - C, — C; infirst and applying C; - C, — C, in second, we

get
0 0 1 0 1 0
=2x| 0 4 x |+4|-4 x+4 X
-4 -4 x+4 0 x x+ 4

Expanding both the along first column, we get
2x [-4(-4]+ 4[4 (x+ 4-0)]
=2x x16+ 16 (x + 4)
=32x + 16x + 64

=16 (3x + 4)
a-b-c 2a 2a
Q.6| 2b b-c-a 2b
2c 2c c-a->b
Sol. Wehave, la—-b-c 2a 2a
2b b-c-a 2b
2c 2c c-a-b
a+b+c a+b+c a+b+c
= 2b b-c-a 2b "R, >R+ R, + Rj]
2c 2c c—-a-b

1 1 1
=@+b+c)|2b b-c-a 2b
2c 2c c—-a-b
[taking (a + b + c)common from the first row]
0 0 1
=@+b+c) 0 -(@a+b+c) 2b
@+b+c) (@+b+c) (c—a-b)
[+ C;—»C;-CyandC, »C, - Cj,]
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Expanding along R,
=(@+b+c)[1{0+ @+ b+c?}]

=(@+b+c)[l@a+b+c)]

=@+b+c)
yiz® yz y+z
Q.7 2% zx z+x|=0
x’y? xy x+y
Sol. We have to prove,
V2 yz y+z
?x% zx z+x|=0
x2y2 xy x4y
V22 vz y+z 1 x V72 xyz xy+axz
LHS =|2%x? zx z+x|=—|x°yZ® xyz yz+xy
z
x2y% xy x+y g4 x%y%z xyz xz+yz

[“R, > xR,R, >yR, Ry > zR,]
yz 1 xy+xz
1 2
=—(xyz|xz 1 yz+xy
xyz
xy 1 xz+yz
[taking (xyz) common from C, and C,]
yz 1 xy+ yz+ zx
=xyz|xz 1 xy+ yz+ zx|[C; > Cy + Cy]
xy 1 xy+ yz+ zx

yz 11
=xyz(xy+ yz+ zx)|xaz 1 1
xy 11
[taking (x y + yz + zx)common from C,]
=0 [since, C, and Cj, are identicals]
=RHS Hence proved.

y+z z y
Q.8 z z+x x |=4dxyz
y X x+y

® Thinking Process
First in LHS use C,—> C,+ C, + C; and then by using C,— C,—C, and R,—> R, —R;, we
can get two zeroes in column 1 and then by simplification we will get the desired result.

Sol. We have to prove,
y+z z y
z Z+ x x =4xyz

y X x+Yy
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y+z z

LHS z

y
y+z+z+

X

Z+ Z+ x+
Y+ x+x+
(y+2)
(z+ x)
(x+V)
y z
0 z+«x
y
0 z—«x
0 z+«x
y

=2 z

X

=2

X

=2 [y(xz - x°

=4xyz=RHS

a’®+2a 2a+1 1

a+2
3

Q.92 +1
3

1] =@-1)°
1

® Thinking Process
Here, by usingR,— Ry =R, and R, = R, —Rs in LHS, we can easily get the desired result.

Sol. We have to prove,

LHS =

a®+2a 2a+1 1
2a+1 a+2 1
3 3 1

a®+2a 2a+1 1
2a+1
3

a+2 1
3 1

a® +2a-2a-1
2a+1-3
3

@a-NH@a+1
2@-1
3

3

Z+ X

@-1
CE)
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y

X
x+Yy
y V4

X Z+X

y
z

y
x

x+y

[+C; »Ci+C, +Cy]
X

y

+ x x [taking 2 common from C,]

X x4y

y

x [-C, >C, —C,]
xX+y
- X

x [~ Ry = Ry — Ry

x+Yy
+xz+ x%)]
Hence proved.

(@a-1°

a+1-a-2 0

a+2-3 0
3 1
[+ R, =R, - Ryand R, - R, — Ry]
0 @+1h 10
Ol=@-1?| 2 10
1 3 31

[taking (@ — 1) common from R, and R, each]

=@-1f@+N-21=@-1°

=RHS

Hence proved.
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1 cosC cosB

Q. 10 If A+B +C =0, then prove that [cosC 1  cos A|=0.
cosB cos A 1

@ Thinking Process

We have, given A+ B+ C =0, so on solving the determinant by expansion, we can use

cos (A+B)=cos (—C) and similarly after simplification this expansion we will get the

desired result.

1 cosC cosB
Sol. We have to prove, |cos C 1 cos Al=0
cos B cos A 1
1 cosC cosB
LHS =|cos C 1 cos A
cos B cos A 1
=1(1-cos? A)—cos C (cosC —cos A-cosB) + cos B (cosC -cos A — cosB)
=sin® A —cos?C + cos A-cosB-cosC + cos A-cosB-cosC — cos?® B
=sin® A—cos?B+ 2 cosA-cosB-cosC —cos?C
=—cos (A + B)-cos (A-B) +2cosA-cosB-cosC — cos?C
[ cos? B —sin® A =cos (A + B)-cos (A — B)]

=-cos (- C)-cos (A—-B) + cosC (2cos A-cosB — cosC) [~ cos (- 6) =cos 0]
=—cosC (cosA-cosB + sinA-sinB -2 cosA-cosB + cosC)
=cosC (cosA-cosB —sinA-sinB —cosC)
=cosC [cos (A + B) —cosC]
=cosC (cosC —cosC)=0=RHS Hence proved.

Q. 11 If the coordinates of the vertices of an equilateral triangle with sides
of length ‘a” are (x,, y,).(x,, ¥,)and (x5, y3), then

2
X, Yy, 1

3a*
X, Yo 1] = o
X3 Y3 1
Sol. Since, we know that area of a triangle with vertices (x;, y,), (x5, ¥»)and (x5, y5), is given by
1 Xy 1
A= E x2 y2 1
X5 Y3 1
2
] Xy 1
= A2 =g|%2 v 1 .0
X3 Yy 1

We know that, area of an equilateral triangle with side a,
Aot a’ = ﬁaQ

21 2 4
=S (D)

= A’ ="g
16
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2
1x1 o1
From Egs. (i) and (ii), fa“:ZxQ Yo 1
x5 Y3 1
2
Xy 1
= x 1] =Za*
2 Yo 4
x5 Yz 1
1 1 sin30
Q. 12 Find the value of 0 satisfying| -4 3 cos20
7 -7 -2
1 1 sin360
Sol. We have, -4 3 c0s260/=0
7 -7 -2
0 1 sin360
= — 7 3 cos260/=0
14 -7 -2
0 1 sin36
= 7 -1 3 co0s20/=0
2 -7 -2
= 7[0-1(2 —2co0s26)+sin36(7 —6)]=0
= 7[-2(1-cos26)+sin36]=0
= —14+14c0s20 + 7sin36=0
= 14c0s20 + 7sin30 =14
= 14 (1-2sin?0) + 7 (3sin 6 — 4sin® 0) = 14
= —28sin® 0+ 14 + 21sin 6 — 28sin® 0 = 14
= —28sin®0 —28sin®0 + 21sin0 =0
= 28sin® 0 + 28sin” 0 — 21sinB =0
= 4sin®0 + 4sin®0 - 3sin0=0
= sin0 (4sin 0 + 4sin6 — 3)=0
= Either sin6 =0,
= O=nn or 4sin®0+ 4sin0-3=0
sinpo —4tA16+48 -4+ 64
B 8 B 8
_—418_7 -12
8 8 8
sing= 1, 3
2 2
If sinezlzsinﬁ,then
2 6
O=nm+ (12
( )6
) -3
Hence, sme:7
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Hence proved.

=0

[-Cy »C, -C,]

[taking 7 common from C;]

[expanding along R,]

[not possible because — 1 <sin 6 <1]
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b—x 4b+x 4b+x
Q.131f|4+x 4—x 4+x|=0, then find the value of x.
b+x 4b+x 4b—Xx

4-x 44+x 4+ x
Sol. Given, 4+x 4-x 4+x|=0
44+4x 4+x 4-x

12+x 12+x 12+ x

= d+x 4-x 4+x|=0 [~ Ry =Ry + Ry + Rg]
4+x 4+x 4-x

1 1 1

= (12+x)|4+x 4-x 4+x(=0 [taking (12 + x) common from R,]
4+x 4+x 4-x
0 0 1

= (12+x)|0 8 4+x|=0 [C,—>C -CyandC, »C, + C4]
2x 8 4-«x

(12 + x)[1- (- 16x)]=0
12+ x)(-16x)=0
x=-12,0

R

Q.141f a,,a,,a5,...,a, are in GP, then prove that the determinant
ar 41 ar 45 ar 49
a,,7 Q,,11 Q,15|isindependent of r.

Ay 11 Ay Gryn

® Thinking Process

We know that, nth term of a GP has value ar~ | where a = first term and r = common
ratio. So, by using this result, we can prove the given determinant as independent of r.

Sol. We know that, a ,,=ARC+D-T_ AR
wherer =r th term of a GP, A = First term of a GP and R = Common ratio of GP
ar +1 ar +5 ar +9
We have’ af+ 7 ar+ﬁ ar+15
ar+11 ar+17 ar+21

ARr ARr+4 ARr+8
_ ARr+6 ARr+1O ARr+14
ARr+WO AR/+16 ARr+20

1 AR* AR®
=AR"-AR"*6.AR"*1011 AR* AR®
1 AR® AR

[taking AR", AR" * 8 and AR’ *'° common from R,, R, and R, respectively]

= 0 [since, R, and R, are identicals]
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Q. 15 Show that the points (a +5, a —4), (@ — 2, a +3) and (a, a) do not lie on
a straight line for any value of a.
® Thinking Process

We know that, if three points lie in a straight line, then area formed by these points will
be equal to zero. So, by showing area formed by these points other than zero, we can
prove the result.

Sol. Given, the points are (@ + 5,a - 4), (@a—2,a + 3)and (a, a).

1a+5 a-4 1
A=—la-2 a+3 1
2
a a 1
| 5 -4 0
:E -2 3 0 [+ R, >R -RyandR, =R, -R,]
a a 1
—1[1(15—8)]
2
= :Z;tO
2

Hence, given points form a triangle i.e., points do not lie in a straight line.

Q. 16 Show that AABC is an isosceles triangle, if the determinant
1 1 1

A= 1+cosA 1+cosB 1+cosC =0.
cos? A +cosA cos’B +cosB cos’C +cosC

1 1 1

Sol. Wehave, A=| 1+cos A 1+cos B 1+cosC |=0
cos? A+cosA cos?B+cosB cos?C +cosC
0 0 1
A= cosA —cosC cosB —cosC 1+ cosC =0

cos? A+ cosA —cos’C —cosC cos? B+ cosB—cos?C —cosC cos®C + cosC
[. C »C,-CszandC, -»C,—-Cy]
= (cos A —cosC)- (cosB - cosC)
0 0 1
1 1 1+ cosC =0
cosA + cosC + 1 cosB+ cosC +1 cos?C + cosC

[taking (cos A — cosC) common from C, and (cos B — cosC) common from C,]
= (cosA —cosC)- (cosB —cosC)[(cosB + cosC + 1) — (cosA + cosC + 1)]=0
=  (cosA-cosC)-(cosB-cosC) (cosB+cosC +1-cosA-cosC-1)=0

= (cos A —cosC)- (cosB —cosC) (cosB—cosA)=0
ie., cos A =cos Corcos B=cos Corcos B=cos A
= A=CorB=CorB=A

Hence, ABC is an isosceles triangle.



Sol. We have,

Determinants
0 11
Q. 17Fnd A Y, ifA=|1 0 1/ and showthat A'=
1 10
01 1
A=|1 0 1
10

1

AM =-1, A12 =1, A13 =1, A21 =1, A22 ==

-1 1

adjA=| 1 -1
11 =1
and |Al=-1(=1+11=2
s adi A1 71
[Al 2
|
o1 1]fo
and AZ{1 0 1]-1
11 0][1
A2-3] A 2 1
=-l1 2 1|-
2 211 1 2
= AT

Long Answer Type Questio

1 2 0

95

A% 3]

1 Ay =1, Agy =1, A = Tand Agy = —1

11
-1 1
1 -1

[using Eq. (i)]
Hence proved.

ns

Q.181fA=|-2 -1 -2/, then find the value of A,

0 -1 1

Using A™', solve the system of linear equations x —_2y =10,

2x -y —z=8and -2y +z =17.

1.2 0
-2 -1 -2
0 -1 1

Sol. We have, A=

|A|=1(-3)-2(-2)+ 0=1#0

Now, A =—3 A, =2 Ay =2 Ay, =
_3 2 2|
adj(A)=|-2 1 1| =

—2, App =1 Agg =1 Agy = — 4 Ay, =2 and Agy = 3

42 3

-3 -2 -4
2 1 2
2 1 3
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A,1:ade
| Al
-3 -2 -4
:% 2 1 2
2 1 3
-3 -2 -4
= Al=l 2 1 2 (i)
2 1 3
Also, we have the system of linear equations as
x -2y =10,
2x—y—-z=8
and -2y+z=7

In the form of CX = D,

12 0l[x] [10
2 -1 -1||y|=
0 -2 1)z |7
1 -2 0 x 10
where, C=|2 -1 -1 X=|ylandD =| 8
0 -2 1 z 7
We know that, ATy =(AahHT
12 0
Cl=|-2 -1 —2|=A [using Eq. (i)]
0 -1 1
X=C"D
[-3 2 2][10
= yl=l-2 1 1]| 8
z| | -4 2 3] 7
(- 30+ 16+ 14 0
=| -20+8+7 |=| -5
|- 40+ 16+ 21 -3

x=0y=-5andz=-3

Q. 19 Using matrix method, solve the system of equations 3x +2y —2z =3,
x+2y+3z=6and2x -y +z=2.
® Thinking Process

We know that, for given system of equations in the matrix form, we get AX = B=>X=A""B
_adj(4)

Al

the desired result.

where A” and then by getting inverse of A and determinant of A, we can get

Sol. Given system of equations is
3x +2y-2z=3
x+2y+3z=6
and 2x —y+z=2
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In the form of AX = B,
3 2 -2||«x 3
1 2 3||ly|=1|6
2 -1 1|z 2
For A™", |[Al=|3(B)-2(1-6)+ (-2)(-5)|
=[15+10+10|=|35]|# 0
A1=5A,=5A;=-5 A, =0A,=7Apy=7 A;;=10A, =-11and A;; =4

T

5 5 -5 5 0 10
adiA=| 0 7 7/ = 5 7 -11
10 -1 4 -5 7 4
) 5 0 10
Now, atA g gy
[ Al 35
-57 4
ForX = A"'B,
x 5 0 101|838
vl=l 5 7 —11||s
z % -5 7 412
15+ 20 35 1
:i 15+ 42 - 22 :i 35| =|1
-15+ 42+ 8 % 35 1

x=1y=1and z=1

2 2 —4 1 -1 0
Q.201fA=|-4 2 —4/andB=|2 3 4|, then find BA and use this
2 -1 5 0 1 2

to solve the system of equations y+2z=7 x—-y=3 and
2x +3y +4z =17.

2 2 -4 1 -1 0
Sol. We have, A=|-4 2 -4landB=[2 3 4
2 -1 5 0o 1 2
1 -1 0|2 2 -4 |6 00
BA=1|2 3 4/ |-4 2 -4|=0 6 0|=61
0O 1t 2/|2 -1 5 |00 6
2 2 -4
ALY S| R ()
6 6 6 5 1 5
Also, x—-y=32x+3y+4z=17andy+2z=7
1 -1 0|« 3
= 2 3 4|ly|=|17
0 1 2]z 7
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x 1 -1 0|
yl=l2 3 4
z o 1 2
’ 2
:f -4 2 [using Eq. (i)]
6+ 34-28
=—| 12+ 34-28|=—| -6|=| -1
6-17 + 35
y=-1land z=4
a b c
Q.211fa+b+c#0and|b ¢ a|=0, then prove thata =b =c.
c ab
a b c
Sol. Let A=b ¢ a
c a b
a+b+c a+b+c a+b+c
=l b c a [+ Ry =R, + Ry + Ry]
c a b
1T 1 1
=@+b+c)lb c a
c a b
0 0 1
=@+b+c)lb-a c-a a [+ C—>C;-CyandC, »C,-C,]
c-b a-b b

Expanding along R,
=@+b+c)[fib-aj@a-b)-c-akc-b)]
=(@+b+c)lba-b?-a’+ab-c?+cb+ac —ab)

=_—1(a+b+c)x(—2) (-a® — b? —c? + ab + bc + ca)
=;1(a+b+c)[32+b2+c2—Zab—2bc—20a+a2+b2+c2]
7—1(a+b+c)[a2+b2—2ab+b2+c2—2bc+c2+a2—2ac]

=§(a+b+c)[(a—b)2+(b—c)2+(c—a)2]

Also, A=0
=§(a+b+c)[(a—b)2+(b—c)2+(c—a)2]:o
(@-b?+®b-cP+c-aPf=0 [ a+b+c =0 gien]

= a-b=b-c=c-a=0

a=b=c Hence proved.
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bc —a® ca-b® ab-c?

Q. 22 Prove that |ca —b?> ab—c? bc—a?|is divisible by (a +b +c) and

2

ab—c® bc-a® ca-b?

find the quotient.

bc —a® ca-b> ab-c?
Sol. Let A=|ca-b® ab-c?® bc-a°
ab-c? bc-a? ca-b?
bc—a’-ca+ b’ ca-b°—-ab+c?® ab-c?
=|lca-b?-ab+c? ab-c®-bc+a®> bc-a’
ab-c?-bc+a® bc—-a’-ca+b?® ca-b?

[ C,>C,~C,andC, —>Cyp—Cy]

(b-a)@a+b+c) c-b)la+b+c) ab-c?
=lc-b)@a+b+c) (@a-c)@a+b+c) bc-a>
(@-c)@a+b+c) (b-a)l@a+b+c) ca-b?

b-a c-b ab-c?
=@+b+cPlc-b a-c bc-a?
a-c b-a ca-b?

[taking (@ + b + ¢)common from C, and C,, each]

0 0 ab+bc +ca-(a®+b?+c?)
=(@+b+cPlc-b a-c bc —a®
a-c b-a ca - b?

[ R, =R, + Ry + Ry]
Now, expanding along R;,
=(@+b+c)Plab+bc+ca-(@ +b%>+c?)]c-b)b-a)-(a-c)]
=(@+b+c) (@ + bc +ca-a’-b?-c?
cb —ac — b? + ab —a® —c? + 2ac)
=(@+b+c) @ +b%>+c?—ab-bc-ca)
(@ + b? +c? —ac —ab - be)
=%(a+b+c)[(a+b+c)(az+b2 +c¢? —ab - bc —ca)]
[@=bf +(b-c)+(-af]

:1(a+ b+c)@® +b®+c®-3abc)[(a-b) + (b-cf+(c-aF]

Hence, given determinant is divisible by (a + b + ¢)and quotient is
@ + b® +c® -3abc)[@a-bY + (b -c) + ¢ —a)]
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xa yb zc a b c
Q.23 If x + y +2z =0, then prove that | yc za xb|=xyz|c a b|
zb xc ya b ¢ a

® Thinking Process

We have, given x+ y+2=0=> %"+ y’ + 2> =3xyz So, by using this in solving the given

determinant from both the sides, we can equate the obtained result from both the sides
to desired result.

Sol. Since,x + y+ z=0, also we have to prove

xa yb zc a b c
yc za xbl=ayz|c a b
zb xc vya b c a
xa yb zc

LHS=|yc za «b

zb xc ya

=xa(za-ya—xb-xc)—yb(yc-ya—xb-zb)+ zc (yc-xc — za- zb)
=xa (@%yz — x°bc) — yb (y?ac — b%xz) + zc (c%xy — Z°ab)

=xyza® — x%abc — yPabc + b3x yz + c3x yz - z%abc

=xyz@ + b3 +c¥)—abc (x* + y® + 2%

=xyz(@ +b® +c%) —abc (3xyz)

[ex+y+2z=0= x>+ y> + 22 - 3wy7

=xyz(@ + b® +c® - 3abc) .0
a b c a+b+c b c
Now, RHS=xyz|c a b|=xyzla+b+c a b [C »C +Cy +Cy4l
b c a a+b+c ¢ a
1 b c
=xyz(@+b+c)|1 a b [taking (@ + b + ¢)common from C,]
1 ¢c a
0 b-c c-a
=xyz(@+b+c)|0 a-c b-a
1 c a

[“Ry—>R -Rzyand R, > R, — R4]
Expanding along C,,

=xyz@+b+c)[Ib-c)(b-a)-(a-c)c —a)]
=xyz(@+b+c)(b?—ab-bc + ac + a° +c? —2ac)
(

=xyz(@+b+c)@ +b2+c?—ab-bc-ca)

=xyz (@ + b® +c® - 3abc) ...(if)
From Egs. (i) and (ii),
LHS = RHS
xa yb zc a b c
= yc za xb|=xyz|c a b Hence proved.
zb xc ya b c a
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Objective Type Questions

2x 5 6 .
Q. 241f = , then the value of xis
@3 (b)+3 ©+6 (d) 6
2x 5| |6 -2
Sol. (¢) 8 x =‘7 3‘
= 2x% - 40=18+ 14
= 2x2 =32+ 40
= x? 22236
2
x=*6

a-b b+c a
Q. 25 The value of (b —a c+a b|is
c-a a+b c

@a’+b+¢ (b) 3bc
(©a+ b+ -3abc (d) None of these
Sol. (d) We have,
a-b b+c a a+c b+c+a a
b-a c+a b|=|b+c c+a+b b [+C;—>C+C,andC, »C, +C4]
c-a a+b c| |[c+b a+b+c c
a+c 1 a
=@+b+c)lb+c 1 b [taking (@ + b + ¢)common from C,]
c+b 1 c
a-b 0 a-c
=@+b+c)| O 0 b-c [+R, >R, -RzandR; — R, — R4l
c+b 1 c
=@+b+c)[-(b-c)(@a-b)] [expanding along R,]

=@+b+c)lc-b)a-b)

Q. 26 If the area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is
9 sq units. Then, the value of k will be

(@9 (b) 3 (©-9 (d)6
Sol. (b)) We know that, area of a triangle with vertices (x;, y;), (x5, ¥»)and (x3, y5)is given by
] X oy 1
A= > X, Yo 1
Xy Yz 1
-3 0 1
A= 1 3 01

0 k 1
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Expanding along R,

9:%[—3 (k) — 0+ 1(3K)]

= 18 = 3k + 3k = 6k
k=18_3
6

Q. 27 The determinant
b®—-ab b-c bc—ac
ab-a® a-b b®—ab|equalsto
bc—ac c-a ab-a?
(@) abc(b - d(c —a(a—b) (b) (b — 9(c—a)a—-b)

©@a+b+db-9(c-ala-b) (d) None of these
Sol. (d) We have,

b?>—ab b-c bc-ac| |bib-a) b-c c(b-a)
ab-a®> a-b b’-abl=|la(b-a) a-b b(b-a)
bc-ac c-a ab-a?| [c(b-a) c-a a(b-a)
b b-c c
=(b-afla a-b b
c c-a a
[on taking (b — a) common from C, and C, each]
b-c b-c ¢
=(b-afla-b a-b b [+ C, »C, —Cy]

c-a c-a a
=0
[since, two columns C; and C,, are identical, so the value of determinant is zero]

sinx cosx cosx
Q. 28 The number of distinct real roots of [cosx sinx cosx|=0 in the

CoSXx CcoSx sinx
T T
4 4
(@0 (b

Sol. (c) We have,

interval -— < x < —1is

=

2 (€)1 )3

sinx CcOsx COSx
cosx sinx cosx|=0
COoSx COSx sSinx
ApplyingC; -»C, + C, + C,,
2C0Sx + Sinx COSx COSx
2cosx + sinx  sinx  cosx|=0
2cosx + sinx cosx  sinx
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On taking (2cosx + sinx)common from C,, we get
1 cosx cosx

= (2cosx + sinx)| 1 sinx cosx|=0
1 cosx sinx

1 cosx cosx
= (2cosx + sinx)|0 sinx —cosx 0 =0
0 0 (sinx —cosx)
[“R,>R,—R;and Ry > R; - R,]
Expanding along C;,
(2cosx + sinx) [1- (sinx —cosx)2]= 0
= (2cosx + sinx) (sinx — cosx)? =0
Either 2cosx = —sinx
1.
= cosx = ——sinx
2
= tanx = -2 ()
But here for—% <x s% , we get —1 <tanx <1s0, no solution possible
and for (sinx — cosx)? = 0, sinx = cosx
= tanx = 1=tan™
4

Y
=T
4
So, only one distinct real root exist.
Q. 29 If A, B and C are angles of a triangle, then the determinant
-1 cosC cosB

cosC -1 cosAlisequalto
cosB cosA -1
(@0 (b) -1 (©1 (d) None of these

-1 cosC cosB
Sol. (a) We have, |cosC -1 cosA
cosB cosA -1
ApplyingC; »aC, + bC, +c Cy,
—a+ bcosC + ccosB cosC cosB
acosC — b + ccosA -1 cosA
acosB+ bcosA-c cosA -1
Also, by projection rule in a triangle, we know that
a=bcosC + ccosB b =ccosA + acosC andc = acosB + bcosA
Using above equation in column first, we get
—-a+a cosC cosB| |0 cosC cosB
b-b -1 cosA|=|0 -1 cosA|=0
c—-c cosA -1 0 cosA -1

[since, determinant having all elements of any column or row gives value of
determinant as zero]
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cost t 1
Q.30 f(t)=| 2sint ¢ 2t then lim & is equal to
. t—0 tz
sint t t
(@0 (b) -1 (c) 2 (d)3
Sol. (@) We have,
cost t 1
flt)=|2sint t 2t
sint t t

Expanding along C,,
=cost (t? —2t%)-2sint (t° —t) + sint (2t% —t)
=—t2cost — (t2 —t)2sint + (2% —t)sint
= —t?cost —t2-2sint +t-2sint + 2t°sint
= —t?cost + 2tsint
flt) im (-t2cost) - 2tsint

rlinotT r|—>0 t2 +t|—>0 t2
=— limcost + 2 lim sint
t—>0 t—>0
=—1+1 [ Iimﬂ:mndcosO:q
t—>0 t
=0
Q. 31 The maximum value of
1 1 1
A= 1 1+sin® 1|is (where, 0 is real number)
1+cos0 1 1
1 3 243
(a) - (b) L] © 2 (d 243
o2 2 4
Sol. (@) Since,
1 1 1
A= 1 1+sin0 1
1+ cos0 1 1
0 0o 1
=| 0 sind 1 [+Ci—>C-CzandC, »C, - Cy4]
cos6 O 1

=1(sin 6-cos 0)
:1~23in ecosezisinZO
2 2

Since, the maximum value of sin20is 1. So, for maximum value of 6 should be 45°.
A= 1 sin2-45°
2

:1sin90°: .1=1
2 2

N —
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0 x—a x-b
Q.321f f(x)=|x+a 0
x+b x+c 0

(@) f(a) =0 (b) f(b) =0

Sol. (c) We have,
0 x —a
flx)=|x + a 0
x+b x+cC

0 0
= fla)y=| 2a 0
a+b a+c

x —c|, then

(c) f(0) =0

x—b

x—cC
0

a-b

a-c
0

=[@a-b){2a-(a+c)}]

H
(@]

0 b-a 0
fby=lb+a 0 b-c
2b b+c O
=—(b-a)[2b(b -c)]
=-2b(b-a)(b-c)=0

(d) None of these

0 —-a -b
fO)=la 0 -c
b c 0
=a(bc)-b (ac)
=abc —abc=0
2 A -3
Q.331fA=[0 2 5|, then A exists, if
1 1 3
(@ Ar=2 (b) L #2
(QA=-2
Sol. (d) We have,
2 X =3
A=10 2 5
11 3

Expanding along R,

We know that, A™" exists, if A is non-singular matrix i.e., |A| = 0.

|Al=2(6-5)—A(-5)—3(-2)=2+ 5h+ 6

2+50L+6#0
5= -8
k¢_—8

5

So, A™ exists if and only if A # _?8 .

105
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Q. 34 If A and B are invertible matrices, then which of the following is not

correct?
@ adjA=|Al-A™ (b) det (A" =[det (A)]"
©(AB) =BT A" dA+B)T=B"+A"
Sol. (d) Since, A and B are invertible matrices. So, we can say that

(AB) " = 5*1 A ()

Also, A (adj A)
IAI
= adj A=|Al- A (i)
Also, det (AY" = [det (A)]
1

= det (A)™ = GoL A
= det (A)-det (A)' =1 ...(iif)
which is true.
Again, (A+ By =madj (A+ B)
= (A+B)y ' =B+ A (V)

So, only option (d) is incorrect.

1+x 1 1
Q. 35 If x, y and z are all different from zeroand | 1 1+y 1 |=0,

1 1 1+2z
then the value of x " +y ' +z7'is
@ xyz b) 27y 'z © —x-y-z (d) -1
T+ x 1 1
Sol. (d) We have, 1 1+y 1 |=0
1 1 1+ 2z
ApplyingC; -C, -CzandC, -»C, - Cj,
x 0 1
= 0 y 1]=0
-z -z 1+ z

Expanding along R,
x[y(d+2+2z]-0+1(y2)=0
x(Y+yz+2)+yz=0
xy+xyz+xz+ yz=0
= x—y+x—yz+x—z+£=0 [on dividing (xyz) from both sides]
Xyz xyz xyz xyz
1 1 1

Uy

= —+—+—-+1=0
x Yy z
_ 11
x Yy z
Ty 7 =
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X xX+y x+2y
Q. 36 The value of | x + 2y x x+y|is

xX+y x+2y X

x xX+y x+2y
Sol. () We have, x+2y X xX+y
xX+y x+2y x

3x+y) x+vy y

=|38@x+y x y [+C;—>C+C,+CyandC; »Cy-C,]
3x+y x+2y -2y
T (x+y) vy
=3(x+ y |1 X y [taking 3 (x + y)common from first column]
1 (x+2y) -2y
0 y 0
=3+ y |1 x y [R, =R, —R,]
1 (x+2y) 2y

Expanding along R,
=3+ y)[-y(=2y -y
=32 3(x+y) =9 (x+Y)

Q. 37 If there are two values of a which makes determinant,

1 -2 5
A=[2 a -1|=86, then the sum of these number is
0 4 2a
(a) 4 (b) 5 (c)-4 (d)9
Sol. (c) We have,
1 -2 5
A=2 a -1/=86
0 4 2a
1(2a% + 4)—-2 (- 4a—20)+ 0= 86 [expanding along first column]

2a° + 4+ 8a+40=286
2a° +8a+44-86=0
a®+4a-21=0
a®+7a-3a-21=0
(@+7)@-3=0
a=-7and 3
Required sum =-7 + 3=-4

L A
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Fillers

Q. 38 If A is a matrix of order 3 x 3, then |34| is equal to ......... .
Sol. If Ais a matrix of order 3 x 3, then| 3A| = 3 x 3 x 3| A| =27 | A|

Q. 39 If A is invertible matrix of order 3 x 3, then|A™*|is equal to ......... .

Sol. IfAis invertible matrix of order 3 x 3, then|A™'| = ﬁ [since, | Al-|A7| = 1]

Q. 40 If x, y, z € R, then the value of | 3* +37)® (3 —37*)® 1|is
(4x +4—x)2 ( x _4—x)2 1

Sol. We have,

@F+27F @ -27F¢ A
(3% + 372 (3" -37%)P 1
(A + 4772 (@ -4 7 1
@-2%)2-27%) (¥ =272 1 . .
=2-3%)(-3%) (3" -3 1 [ (@+ b)” —(a—b) =4ab]
@-4)@-47) (4" 4P 1 [ Ci =Ci =Gy
4 T -27¢ 1
=|4 (3" -3¢ 1=0 [since, C, and C; are proportional to each other]
4 (4x _ 4—36)2 1

0 cos® sin6[
Q. 41 Ifcos20 =0, then|cos® sin® 0 | isequalto......... .
sin@ 0  cosO

Sol. Since, cos26=0

= cosQB:cosE = 26:3
= ="
4
sin— = iand cosE 1
V2 4 2
2
o L 1
2 2
11,
V22
1 1
0 =
2 V2

Expanding along R,
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Q. 42 If A is a matrix of order 3 x 3, then (4%)™" is equal to ......... .
Sol. IfAis a matrix of order 3 x 3, then (A%)™" = (A7)

Q. 43 1If A is a matrix of order 3x3 , then the number of minors in
determinant of 4 are ......... .

Sol. If Ais amatrix of order 3 x 3, then the number of minors in determinant of A are 9. [since, in
a 3 x 3matrix, there are 9 elements]

Q. 44 The sum of products of elements of any row with the cofactors of
corresponding elements is equal to ......... .
Sol. The sum of products of elements of any row with the cofactors of corresponding elements
is equal to value of the determinant.
4 8 G3
LetA =l|ay ay, ay
831 8z Agg
Expanding along R,
A =apAy + apAp + ahi
= Sum of products of elements of R, with their
corresponding cofactors

x 3 7
Q.451fx=-9isaroot of |2 x 2|=0, then other two roots are ......... .
7 6 x
x 37
Sol. Since, 2 x 2|=0
7 6 x

Expanding along R,
x(x?-12)-3@Rx —14)+7 (12 = 7x)=0

= x% —12x —6x + 42 + 84— 49x =0
= x% - 67x+126=0 (i)
Here, 126 x1=9x2 x7

Forx =2, 2% —67 x2 + 126=134-134=0
Hence, x =2 is a root.

Forx =7,7% — 67 x7 + 126 = 469 — 469 = 0
Hence, x =7 is also a root.
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0 xyz x-—2z
Q.46 |[y-x 0 y-z|isequalto....... .
zZ—-x z-Y 0

0 xyz x-2z| |Z-x xyz x-2Z
Sol. Wehave, [y-x 0 y-2z|=|z-x 0 y-z [C, »C, -C,4]
zZ-x zZ-Y 0 zZ-x z-Y 0
1 xyz x-2z
=(z-x)1 0 y-z
1 z-y O

[taking (z — x) common from column 1]

y=2)(Z=-y}-wz@Z-y)+x-2(z-Yy]
(-y+z-ayz+ x - 2)

A+x)Y 1+0¥ @1+22
Q.471f f(x)=|1+2)® 1+2)%® (1+x)*
1+ x)41 1+ x)43 1+ x)47

= A +Bx +Cx® +..., then Ais equal to ......... .

Sol. Since,
1 0+xP (1+«x)°
f)=1+ 27 1+ 202 0+ 21 1+x2° d+2)"=0
1 (1+x? (+x)P

[since, R, and R, are identical]
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True/False

Q. 48 (4°)™ =(A™)3, where 4 is a square matrix and |4 #0.
Sol. True
Since, (A")' = (A7)", where n e N.

Q. 49 (aA)" = EA_1 , where a is any real number and A is a square matrix.
a

Sol. False
Since, we know that, if A is a non-singular square matrix, then for any scalar a (non-zero), aA

is invertible such that
(@A) (1A4)= (a~1j (A-ATY
a a

=1
ie., (@A) is inverse of (1 A’1j or (@A) = 1A’1, where a is any non-zero scalar.
a a

In the above statement a is any real number. So, we can conclude that above statement is
false.

Q. 50| A" # |4, where A is a non-singular matrix.
Sol. Faise

| A" =| A", where A is a non-singular matrix.

Q.511f A and B are matrices of order 3 and |A|=5 |B|=3, then
|3AB| =27 x 5 x 3 = 405.

Sol. True
We know that, |AB| =| Al B]
. |3AB| =27 | AB|
_27|A-|B|
=27 x5 x3=405

Q. 52 If the value of a third order determinant is 12, then the value of the
determinant formed by replacing each element by its cofactor will be
144.

Sol. True
Let A is the determinant.
[Al=12
Also, we know that, if A is a square matrix of order n, then|adj A| =| A" '
For n=3]adj Al =|A|° "' =|A|?
=127 =144
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x+1 x+2 x+a
Q.53 |x+2 x+3 x+b|=0, wherea, b and c are in AP.
xX+3 x+4 x+c

Sol. True
Since, a, b andc are in AP, then2b =a +c¢
x+1 x+2 x+a

x+2 x+3 x+b[=0
x+3 x+4 x+cC

2x+4 2x+6 2x+a+cC

= x+2 x+3 x+b [=0 [ Ry =Ry + Rg]
x+3 x+4 X +C
2(x+2) 2(x+3) 2(x+b)

= x+2 x+ 3 x+b |=0 [-2b=a+C]
x+ 3 x+ 4 x+C

= 0=0 [since, R, and R, are in proportional to each other]

Hence, statement is true.

Q. 54 |adj A| =| A|% where A is a square matrix of order two.

Sol. False
If A'is a square matrix of order n, then
|adj A =| A"~
= ladj A| =] A]? 7" =] Al [ n=2]

sinA cosA sinA +cosB
Q. 55 The determinant [sinB cosA sinB +cosB |is equal to zero.
sinC cosA sinC +cosB

Sol. True
sinA cosA sinA+ cosB sinA cosA sinA sinA cosA cosB

Since, |sinB cosA sinB+ cosB|=|sinB cosA sinB|+|sinB cosA cosB
sinC cosA sinC +cosB| |sihnC cosA sinC sinC cosA cosB

sinA cosA cosB

=0+ |sinB cosA cosB

sinC cosA cosB

[since, in first determinant C; and C are identicals]
sinA 1 1

=cosA-cosB|sinB 1 1
sinC 1 1

[taking cos A common from C, and cos B common from C,]
=0 [since, C, and C, are identicals]
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x+a p+u I+ f
Q. 56 If the determinant |y +b gq+v m+g| splits into exactly k
z+Cc 1+w n+h
determinants of order 3, each element of which contains only one
term, then the value of k is 8.
Sol. True
x+a p+u I+f
Since, y+b g+v m+g
zZ+C r+w n+h
x p l a u f
=ly+b g+Vv m+g|+|y+b g+v m+g [splitting first row]
z+C r+w n+h zZ+C r+w n+h
x p l x p l
=l vy q m |+| b % g
z+C r+m n+h zZ+C r+w n+h
a u f a u f
+| vy q m |+| b % g [splitting second row]
z+C r+w n+h zZ+C r+w n+h

Similarly, we can split these 4 determinants in 8 determinants by splitting each one in two
determinants further. So, given statement is true.

a p x p+x a+x a+p
Q.571fA=|b q¢ y|=16thenA,=|q+y b+y b+q|=32
c r z r+z c+z c+r
Sol. True
a p «x
We have, A=lb q y|=16
cr z

p+x a+x a+p

and we have to prove, A=lg+y b+y b+q|=32

r+z c+2z c+r

2p+2x+2a a+x a+p

Ar=|2g+2y+2b b+y b+q [+C; >Cy+C, +Cy]
2r+2z+2c c+z CcHr

p x—-p a+p

=2/ y-q b+g

r z—-r c+r

[taking 2 common from C; and thenC; - C, - C,, C, - C, —Cyg]
[P x a+p| [p p a+p

=2|q y b+qg|-|g g b+q
_rzc+r r r cCc+r
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p x a+p
=2|g y b+q|-0
zZ CH+r

-

[since, two columns C, and C,, are identicals]
p x p

+2]9 ¥y q
rzr

Il

N
T v -~ Q35
< ® O T

=2 +0

=~ Q T N < R

C z

[since, C, and C are identical in second determinant and in first determinant, C, <> C,
and thenC; <> Cg]

=2 x16 [-A=16]

=32 Hence proved.

1 1 1

Q. 58 The maximum value of | 1 1 +5sin6 1 is 1
1 1 1+ cos6

Sol. True
1 1 1

Since, 0 sin6 O [~ R, >R, -—R;and R; - R; — R{]
0 0 cos6
On expanding along third row, we get the value of the determinant
. 1. 1
=Cc0s0-sinB=—-sin26=—
2 2

[when 6 is 45°which gives maximum value]



Continuity and
Differentiability

Short Answer Type Questions

Q. 1 Examine the continuity of the function f(x)=x> +2x° —1at x = 1.

® Thinking Process
We know that, function f will be continuous at x=g,if lim f(x) = lim f(x)=f(a).

x—a x—a’
Sol. We have, fx)=x% +2x° —1atx =1

: lim fx)= lim @+ h°+2(1+h?-1=2

x -1 h—0
and lim fx)= lim A—h® +20-hPF —-1=2

x -1 h—

lim fx)= lim f(x)

x -1 x—>1"

and f=1+2-1=2

So, f(x)is continuous at x=1.
Note Every polynomial function is continuous at any real point.

3x +5,1f x >2

Q.2f(x)={ ) at x =2.

x°, if x<2

3x + 5if x =2
Sol. We have, fle)=4 , ) atx =2.
x°, if x<2
Atx =2, LHL= lim (x)?
x—>2°
= lim @ -h?=Ilim (4+h*> - 4h)=4
h—-0 h—0
and RHL= lim (3x +5)
x—2F

= lim [3@2 + h)+ 5] =11
h—0

Since, LHL=RHL at x =2
So, f(x)is discontinuous at x = 2.
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1-cos2x .
— ,ifx=#0
Q. 3 fx) = 2 at x =0.
5, if x=0
ﬂ |fx¢0
Sol. We have, f(x) = x2 ' atx =0.
5 fx=0
Atx =0 LHL= lim 170982%
x>0 X
. 1-cos2(0-h)
= lm ————~
h >0 (0-h)y?
1-cos2h
= |im ——==~ —0)=
h[)no 12 [ cos (- 0)=cos 0]
_ P2
= lim w [-cos20=1-2sin? 6]
h—-0 h
. 2 .
— 2(sm2h) [ lim smh:q
h—0 (h) h—>0 h
=2
RHL= lm 1-C082%
x>0 x
. 1-cos2(0+ h)
h>0  (0+ h)
- lim 2870 _p [ lim S'”h:q
h—>0 h h—-0 h
and f0)=5
Since, LHL = RHL = f(0)
Hence, f(x)is not continuous at x = 0.
262 —3x -2 .
—ifx %2
Q.4 f(x)= x—2 atx=2.
5, if x=2
25" 3% -2 4 up
Sol. We have, f(x)= x -2 ' atx=2.
5, ifx=2
27 —
Atx =2, LHL = fim 2 =% -2
x—>2° x -2
— 2_ — —
_ i 2@-hP-3@-h)-2
h—0 @-h-2
i 8+2h° —8h-6+3h-2
T hoo0 —h
2
i 2P sh o h(2h-5)
h—0 —h h—0 —h
27 —
RHL= fim 2 —%%-2
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2@+h?-3@2+h-2

= lim

h—0 @+h-2
. 8+2h?+8h-6-3h-2

= |lim
h—0 h

2

_ im 2h +5h: im h(2h + 5):5

h—0 h h—-0 h
and f2)=5

LHL = RHL =£(2)
So, f(x)is continuous at x = 2.

x—4 .
1224 sy
Q.5 f(x)={2(x—4) at x =4.
0, if x=4
£ =4 i s
Sol. We have, flx) =<2(x — 4) atx = 4.
0, ifx=4
Atx =4, LHL = 1im 4*=4
x4 2(x - 4)
. |4-h-4| . [0-h]
= Im ——= Im ———
h—02[(4-h)—4] h—-0(8-2h-28)
—iim 222l ang f(4) = 0 =LHL
h—»0-2h 2
So, f(x)is discontinuous at x = 4.
|x|cosl, ifx#0
Q. 6 f(x) = x at x =0.
0, ifx=0
|x|cos1 if x#0
Sol. We have, f(x) = x’ atx =0
0, fx=0
. 1 , 1
At x =0, LHL = lim |x|cos —= lim |0 - h]|cos ——
x>0 X h-o0 0-h
= lim hcos (_—1)
h—0 h
= 0 x[an oscillating number between —1and 1] = 0
RHL = lim |x\cosl
x—->0" X
= lim |0+ h|cos
h—0 0+ h)
= lim hcos1
h—0 h
= 0 x [an oscillating number between —1and 1]= 0
and f(0) =0
Since, LHL =RHL = £(0)

So, f(x)is continuous at x = 0.
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118
|x —a| sin ,ifx#0
Q.7 fx) = x—a at x =a.
0, ifx=a
. I
|x —a|sin Jfx#0
Sol. We have, f(x) = x-—a atx=a
0, fx=a

Atx =a, LHL = lim |x —a|sin
x—a

= lim a—h—asin(1J
h—0 a-h-a

= lim - hsin (1j
h—0 h

= 0 x [an oscillating number between —1and 1] = 0

[ sin(- 0)=-sin 0]

RHL = lim |xa|sin( ! j
x—a

x—>at

. ) ) 1
= lim |a+ h—a|sin| ———— |= lim hsin—
h—0 a+h-a) h-o h

= 0 x [an oscillating number between —1and 1] = 0

fa)=0
LHL = RHL = f(a)

So, f(x)is continuous at x = a.

and

1/x

e .
—, ifx#0
Q.8 fx)={1+eV* at x =0.
lO, if x=0
1/x
L ifx=0
Sol. We have, flx)=41+ e atx =0
0, ifx=0
1x ol/0-h
Atx =0, LHL= lim = lim
* oo 11 eVt hh0q4el0n
Cim  im !
011 e "  Ahoe (146 M)
cim = ] [ =
hooeM i1 e 41wt o
1
:Tzo
0
1/x
RHL= lim .
x>0t 1+e'*
. g/0+h . i/h
= lim Vo+h -~ hl'in01+e1/n

_h»01+e
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1 1

= A e P i1 e 1
Sy
0+1
Hence, LHL=RHL atx = 0.
So, f(x)is discontinuous at x = 0.
2
X .
-, ifo<x<1
Q.9 f(x)=1 2 atx =1.

a?—3x+%,ﬁ1<x£2

X .
—, if 0<x <1
Sol. We have, f(x) = 2 3 atx =1
2x2—3x+§, if1<x <2
2 2
At x =1 HL= lim = jim 020
x 1" h—>0 2
im 1t =2h 1
T hoo 2 )
, 5 3
RHL= Im |2x° - 3x + —
x —>17 2
3
= I|m 2(1+ hy? +h)+§
> 3
= 2+2h"+4h-3-3h+ —|=—-1+
2
and f(1)=1—=1
2 2

o LHL =RHL =£(1)
Hence, f(x)is continuous at x = 1.
Q. 10 f(x) =|x| +|x —1]at x = 1.

Sol. We have, flx)=|x| +|x —1]atx =1
Atx =1, LHL = lim [|x|+|x —1]]
x =1

= lm [|[T-h|+[1-h-1]]=1+0=1
h—0
and RHL= lim [|x|+|x-1]]
x -1
:hlim0[|1+h|+|1+h—1|]:1+0:1
and f)y=[1]+1]0|=1

o LHL = RHL = f(1)
Hence, f(x)is continuous at x = 1.

Note Every modulus function is a continuous function at any real point.
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3x —8,ifx <5
Q. 11 f(x) = . at x =5.

2k, ifx>5
Sol. We h ¢ 73x78,ifx35t s
ot tie have, (x)_{Zk, ifx>50 "

Since, f(x)is continuous at x = 5.

LHL = RHL = f(5)

Now, LHL = lim (8x — 8)= ’lirrg) [3(5—-h)-8]
—

x—5"

= lm [15-3n-8]=7
h—0

RHL= lim 2k = lim 2k =2k =7 [ LHL = RHL]
x—5" h—0
and f(5)=3x5-8=7

2k=7 = k:Z
2

2°*1_16 .
Qo 12 f(x)= 436_16 ? lf xizatxzz.
k, if x=2
2* 2 16 " 5
Sol. We have, flx)=4 4% _16 ' R )

K, if x=2

Since, f(x)is continuous at x = 2.
: LHL =RHL =£(2)

x n2 _nd L(oX _
Atx=2 lim 22 22 = lim 4% 41
-2 4% — 4 x2 x) - (4)
_fim =4 [ a®—b® =(a+ b)(@a-b)]
x-2 (2% — 4) (2% + 4)
i _4_1
Cxo22% 14 8 2
But f2) =

J1+kx — /1 - kx

r1f-1< x<0

Q.13 f(x) = x _ at x =0.
2x +1 if 0<x<1
x—1'
T+ kx —1—kx
Wehave fel—)  _x if—1<x<0 R
Sol. We have, f(x) = o1 t 0excq Ax=0

x—1"
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and

Q.14 f()=

Sol. We have,

Atx =0,

Also,

121

LHL = lim —W
x—0" X
, JT+ke = JT—ke ) (1+ ke + J1—kx
= lim .
x0” x J1+ ke + \[T—ka
) 14+ ke — 1+ kx
= lim

w0~ [T+ kx + [T kx]
2kx

= |i
anc?* x4 /1+ kx + /11— kx
2k

= JT+kO-h+T-k(0-h)

= lim 2k —%—k
Thoo i—kh+ A+ kh 2
1020+
0-1
k=—1 [+ LHL= RHL = f(0)]
1-cos kx .
—,ifx#0
X sin x
at x =0.
1 .
=, ifx=0
2
12CoSkx e v 20
flx) = 1“'”’“ atx=0
-, fx=0
2
LHL = lim 1—cgskx: im 1—cosf<(0—h)
x>0~  xSinx h—0 (0—h)sin(0-h)
1-cos (- kh)
h—0 —hsin(=h)
= Jim 1= COSKN [ cos (- 0) = cos 6, sin(— 0) = —sin 0]
h—0 hsinh
1-1+2si2 10 0
= lim : { cos 0 =1-2sin? f}
h—0 hsin h 2
2sin2 K
=lim——2
h-0 hsin h
o kh . kh
» sin— sm? 1 K2h/4
= b kh kh “sinh™ p
2 2 h
2k? K2 sinh
s _n [im——=1
4 2 h—0 h
2
1(0) 1:>k— l:>k=+1 p



122 NCERT Exemplar (Class XII) Solutions

X .
——,ifx#0
Q. 15 Prove that the function f defined by f(x)= | x| + 2x°

k, if x=0
remains discontinuous at x = 0, regardless the choice of k.

—ifx#0
Sol. We have, flx) =1 [« + 2x
K, ifx=0
Atx =0, LHL= lim —— = jim ©-h _
x>0~ |x| +2x° h-0|0—h|+2(0-h)
= lim ——— = lim —— =
h—0 h+2h°> h—-0h(1+ 2h)
RHL= fim —* = jm —— 0*"
x>0t |x| +2x° h-0|0+ h|+2(0+ h)
. : h
= lim = lim =1
h—0 h+2h° h-0h(1+ 2h)
and f(0) = k
Since, LHL = RHL for any value of k.

Hence, f(x)is discontinuous at x = Oregardless the choice of k.

Q. 16 Find the values of a and b such that the function f defined by

x—4 .
+a,if x< 4
v -4
f(x)=<a+b, if x=4
x—4 .
+b,if x> 4
| — 4|
is a continuous function at x = 4.
x4 +aifx<4
[ — 4
Sol. We have, f(x)=3a+ b, if x =4
4 bitx >4
[ — 4
. x—4
Atx =4, LHL= Iim +a
x~>47|x—4|
4-h-4 _-h
=lm —+a=Ilm —+a
h—=0|4—h-4| h—0 h
=-1+a
RHL= tm ~=% 1 p
xa4+|x—4|
44+ h-4

= lim ———— + b= lim ﬁ+b:1+b
h—0 |4+ h- 4] h—0 h
fd)=a+b=-1+a=1+b=a+b
= -1+a=a+band1+b=a+b
: b=-1and a=1
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Q. 17 If the function f(x)= % then find the points of discontinuity of
X+

the composite function y = f{f(x)}.
Sol. e have, f(x) = !

X+ 2
= f{f(x)}
1 —
x+2 49

1 ko) (x +2)
1+2x+4 (Rx +5)

So, the function y will not be continuous at those points, where it is not defined as it is a
rational function.

Therefore, y =

* is not defined, when2x + 5=0
@x +5)
=5
2
Hence, yis discontinuous at x = _—5

X =

Q. 18 Find all points of discontinuity of the function f(t) = ! , Where

t2 +t -2
1

Sol. We have, = and t =
t2 4t -2 x—1

1

0= 1 1) 2
n _<
[x2+1—2xJ [xJ 1

_ 1

14+ x -1+ [-2(x - 1°]
[ (x% +1-2x) ]
B x% +1-2x
Cx-2x? -2+ 4

x% +1-2x
—2x2 +5x -2
o x=?
_—(2x2—5x+2)

(x — 17

Tex-NE-x)
So, f(t)is discontinuous at2x —1=0 = x=1/2

and 2-x=0 => «x=2
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Q. 19 Show that the function f(x)=|sin x + cos x| is continuous at x = .

Sol. We have, flx)=|sinx + cos x| at x = &
Let g(x)=sinx + cos x
and h(x)=|x|
: hog(x) = h[g(x)]

=h(sinx + cos x)

=|sinx + cos x|
Since, g(x)=sinx + cos x is a continuous function as it is forming with addition of two
continuous functions sin x and cos x.

Also, h(x) =|x| is also a continuous function. Since, we know that composite functions of
two contmuous functions is also a continuous function.
Hence, f(x)=|sinx + cos «] is a continuous function everywhere.

So, f(x)is contmuous atx =

Q. 20 Examine the differentiability of f, where f is defined by

Sol.

if0<x<?2
Fyo) Ml if0sx<2
(x—-1)x, if2<x<3

® Thinking Process
We know that, a function f is differentiable at a point a in its domain, if both Lf '(a) and

Rf'(a) are finite and equal,  where Lf'(c)=||m0f(aL)h_ﬂa) and

Rf'(C): lim f(a+h)_f(a)'
h—0 h
We h ; x[x], if0<x<2 P
e nave, () = (x—Tx if2<x<3 e
Atx =2, Lf@) = lim fe-n-re
h —0 —h
— lim @-hP-hl-2-12
h -0 -h
{~ [a—h]=[a—1],where a is any positive number}
. @2-h1-2
= lim
h -0 -h
2-h-2 . h
=i = |lm —=1
h —0 - h—0 —h
Rf'2) = lim w
h —=0 h
— lim R@+h-H2+h-2-1)-2
h -0 h
im d+h@+h-2
h —0 h
) 2+h+2h+h -2
T h50 h
2
—Iimh + 3h im h(h+3):3
h -0 h —0 h

o Lf'2) = Rf'(2)
So, f(x)is not differentiable at x = 2.
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x? sinl, if x#0
Q.21 f(x) = x at x =0.

0, if x=0
22 sin_, ifx#0
Sol. We have, f(x) = x atx =0
0, ifx=0
For differentiability at x = 0,
x“sin—-20
LF(0)= tim =10 _ x
x —0 X — x -0~ x -0
1 _
O—h2 R o .
. ( )Sm[O—hJ . hsm[ j
= lim = lim
h =0 0-h h =0 —h
) (1 . .
_hllgw0 + hsin [Ej [sin(-0)=-sin0]

= 0 x[an oscillating number between —1and1] = 0

sint-0
RO = fim & =MO x
x—-0t  x—-0 x 0" x—-0
(0 + h)? sin .
. 0+h . h“sin(1/h)
= |lim = lm ——
h -0 0+ h h -0 h
= lim hsin(1/h)
h -0

= 0 x [an oscillating number between —1 and 1] = 0

Lf'(0) = Rf'(0)
So, f(x) is differentiable at x = 0.

1+x, ifx<2
Q.22 fx)=] "N % a2
5—x, if x>2

Sol. Weh ¢ _1+x,if9c£2t >
ol. e have, f(x) = 57x,ifx>23 x =2.
For differentiability at x = 2,

Lf'@)= lim M= lim w

x—2" x -2 x =27 x -2
—im *2=M =8 2y
h —=0 2_h-=-2 h -0 —h
R = fim &) =10y, =93
x 2t x -2 x 2" x -2
i 5-@2+h) -3
h—0 2+ h-2
. 5-2-h-3 L=
= lim lim —
h -0 h—0+ h
=-1
LF'@) # RF'@)

So, f(x)is not differentiable at x = 2.
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Q. 23 Show that f(x) =|x — 5| is continuous but not differentiable at x = 5.

Sol. We have, flx)=|x — 5]

fo) = —(x—-5),ifx<b
(x) = x—-5 ifx=>5

For continuity at x = 5,
LHL= lim (—x+ 5)

x—>57

=1lmI[-(5-h = lim h=
Jm 0=+ 8] = im, =0

RHL= lim (x - 5)

x —>5%

= lm (5+h-5)= im h=0
—

h -0
f(6)=56-5=0
= LHL = RHL = f(5)
Hence, f(x)is continuous at x = 5.

Now, LF(5)= lim 1) =15)
x—5" x—-5

-x+5-0

x—5" x—5 -

-1

LF'(5) # RF'(5)
So, f(x) =|x — 5[ is not differentiable at x = 5.

Q. 24 A function f : R — R satisfies the equation f(x +y)= f(x)- f(y) for
all x, y € R, f(x)#0. Suppose that the function is differentiable at
x=0and f'(0) =2, then prove that f'(x) =2 f(x).

Sol. Letf:R — R satisfies the equation f (x + y) = f(x)- f(y), V x, y € R, f(x) # 0.

Let f(x) is differentiable at x = 0Oand f' (0) = 2.
N 0= im flxx) — 1(0)

= 2 = lim
= 2 = lim
= 2 = lim
= 2= lim
Also, filx) = lim
[ fx + y) =fx)- f(y)]

= lim — - 2f(x) [using Eq. (i)]
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Q. 25 25’

Sol. Let y = o8’
log y = log 2°°°°* — cos? x -log 2
On differentiating w.r.t. x, we get

ay _d 2
—log y.—=—1log 2-cos
a9 ax Tax Y ¥
= 1.9 =log2— d (cosx)?
y dx dx
= iy & _ =log2- [2cosx]~icosx
y dx dx
=log2 -2 cosx - (—sinx)
=log2-[ - (sin2x)]
¥ =—y-log2 (sin2x)
dx
_ peos?x log 2 (sin2x)
X
Q.26 =
X
8.75 X
Sol. Let y=—5 = logy=log —%
X X
d dy _d . 8
—logy-—=—1[log 8" —lo
= a9 g dx[g gx”]
1 dy d
—-——=—|x-l0g8 - 8-lo
= y o o X109 gx]

On differentiating w.r.t. x, we get

l~ﬂ=logB-1—8-l

y dx x
= 1.9 Iog8—§

y ax X

%= y(logB—ﬁj :8—8(I098—§j
dx x) «x x

Q. 27 log (x + /%% +a)
Sol. et =log (x + yx° + a)
%7—xlog (x + yx° + a)

dx

- - R a
(x+,lx2+a)dx[x+ el

—7[1+%(x2 +a)yVe ~2x}

_(x+ Jx? + a)

= L 1+ x
(x +4/x + a) Jx® +a
(Jx% +a+x) - 1

(x+Jx2+a)(x? +a) (2 +a)
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Q. 28 log[log (logx®)]
Sol. Let y =log [log (logx®)]
Y _ 9 liog (log logx®)]
dx

dx
S d (log - log x°)
loglogx® dx

L () 9 oy
loglogx® \logx® ) dx

S R -i(SIogx)— >
loglogx® logx® dx x -log (logx®) - log (x°)
Q. 29 sin/x +cos® Vx
Sol. Let y =sinvx + (cos vx

¥ _a sin(x"?) + g [cos (x"?)F
dx dx dx
—cosa’2. 942 4 pcos (x?) g [cos (x?)]
dx dx
_ cos (x'/2) 102 4 9 . cos (x1/2){7sm( ”2).ix”2:1
2 dx

— cosx - —— [~ 2cos (x"?)]-sinx"?- s

2Vx 2Vx
Zf [cos (Vx) - sin @x)]

Q. 30sin" (ax® +bx +c)

Sol. Let y=sin" (ax® + bx +¢)
a_d
dx dx

=n-[sin (ax? + bx + c)]"” -di sin (ax? + bx + ¢)
X

[sin (ax? + bx + ¢)]’

=n-sin”" ™" (ax? + bx + ¢)- cos (ax? + bx +c).di(ax2 + bx +¢)
x

=n-sin” " (ax? + bx + ¢)-cos (ax® + bx + ¢)- (2ax + b)
=n-(ax + b)-sin” " (ax® + bx + ¢)-cos (ax? + bx + ¢)

Q. 31 cos(tan /x + 1)

Sol. Let y =cos (tan \/x + 1)
g—yficos (tan {Jx + 1)=—sin (tan /x 1)‘di(tan1/x+1)
X X

d 1/2 { d 2 }
=—sin(tanx + 1)- -sec? + 1. — - —(tanx) =sec“ x
dx dx( )
=—sin(tan Jx + 1)- (sec \/x + 1)°- = (x + 1) 1/2-i(3c+1)
2 dx

2
2\/7 -sin(tany/x + 1)-sec” (yJx + 1)
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Q. 32 sinx? +sin? x +sin’ (x?)

Sol. Let y =sinx?® + sin® x + sin® (x?)
¥ _9 gn (%) + g (sinx)? + g (sinx?)?
dx dx dx dx
2 d 2 . d . . 2 d . 2
=C0S (x°)—(x°) + 2 sinx- — sinx + 2 sinx“ - — sinx
dx dx dx
=c0Ss x°2x +2 - sinx - cos x + 2 sin x° cos x° - dix2
X

=2x cos (x)° + 2-sinx-cos x + 2 sinx?-cosx? - 2x

2

=2xcos (x)° + sin2x +sin2 (x)°-2 x

=2xcos (x2) + 2x -sin2 (x%) + sin2 x

Q. 33sin!

1
Ax+1

Sol. Let y=sin"
Jx+ 1

Y _ 9 g
dx dx Ax+ 1
1 d 1 . 1
= e e = (sinT'x) = _
1 ( 1 j x (x + 1) 1-x
x+1
:;-i-(x+ 1)-1/2
x+1-1 dx
x+1
;
S 2 Bl W -
x 2 x
x+ )2 (1 _ -1 1
RS LN R N
x 2 2Nx (x+1
Q. 34 (sin x)*~
Sol. Let y = (sinx)**
= logy = log(sinx°* = cosxlog sinx
iIogy~ﬂ—i(cosx-logsimc)
ay dx dx
1 dy d . . d
= —.—— =Cc0sx - — log sinx + log sinx - —cosx
y dx dx dx
1 d . .
=C0Sx - —— - — sinx + log sinx - (— sinx)
sinx dx
=cot x -cosx —log (sinx) - sinx { cotx = C_Osx}
sin x
2
%: [CO,S X —sinx -log (sinx)}
dx sinx

2
. cos“x .
=sinx®*| === —sinx - log (sinx)
sinx



130 NCERT Exemplar (Class XII) Solutions

Q. 35sin™ x-cos" x

Sol. Let y=sin"x-cos x
@ _d
dx dx

= (sinx)” ~i(cosx)” + (cosx)” - g (sinx)™
dx dx

[(sinx)™ - (cosx)"]

) 4 d ) 4 d
= (sinx)" -n (cosx)"™ - = cosx + (cosx)” m (sinx)"”" - = sinx
dx dx
= (sinx)" - n(cosx)"™" (—sinx) + (cosx)" -m (sinx)" ' cosx
=—nsin™x-cos" " x-(sinx)+ mcos” x-sin™ " x-cosx

N 1 n
+m-sin” x. — -cos” x- cosx
cosx sinx

=—n-sin”x-cos” x-tanx + msin™ x - cos” x - cotx
=sinx -cos” x [~ ntanx + mcotx]

=—n-sin”x-sinx -cos” x-

Q.36 (x +1)%(x +2)*(x +3)*

Sol. Let y=(c+ 1% (x+27>%x+ 3)*
: log y =log {(x + 1 (x +2)°(x + 3)*}
=log (x + 1% + log(x + 2)° + log (x + 3)*

d dy d d d
and —logy-—=—[2l0 + 1) ]+ — [3lo +2)]+ —[4lo +3
& 9y o dx[ gx+1] dx[ g (x +2)] dx[ g (x + 3)]
1_%2 2 -i(x+1)+3- -i(x+2)
y dx (x+1) dx (x+2) d
1 d

2 3 4
= + +
x+1 x+2 x+3_

ay 2 3 4
=y + +
dx (x+1) x+2) (x+23)
2 3 4
+ +
L(x+1) (x+2) (x+3)

=@+ (x+2)° (x+23)?*

=@+ D2 (x+2° (x+23)?*
2 (x +2)( x+3)+3(x+1)(x+3)+4(x+1)(x+2)}

x+N(x+2)(x+ 3
7(x+1) (x+2)° (x + 3)*
(x+N(x+2)(x+3)
2 (x? + 5x + 6)+ 3(x2 + 4x + 3) + 4 (x? + 3x + 2)]
=+ N(x+27° (x+3°
Px® + 10x + 12 + 3x% + 12x + 9+ 42 + 12x + 8]
=(x+ 1) (x + 2 (x + 3)° [9x? + 34x + 29]
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4 (sinx +cosx T i
Q. 37 cos™ (j —S<x< =

V2 4 4
Sol. Let y = cos™ (wj
P _9 st [Mj
dx dx N
= -1 d (sinx + cosx]
1 (8 coss’ el 2
N

i(cos,x) _
dx 1- %2

1 1
\/4 _ (sin®x + cos® x + 2 sinx - cosx) V2
2

COSx —Sinx)

L
T [-sin2x 2

[~ 1-sin2x = (cosx —sinx)? = cos® x + sin x —2sinx cosx]
_ —1(cosx —sinx)

(cosx —sinx)

(cosx —sinx)
4 [1—=cosx =& T
Q.38tan™" |- —%, —Z<cx< =
l1+cosx 4 4
Sol. Let y=tan™ 1-cosx
1+ cosx
%:itan" 1-cosx
dx dx 1+ cosx
1 d [1-cosx "2 d =
= = w——(tan” x) = 5
1—cosx\? dx [1+cosx dx 1+ x
1+,)| ———
(1+cosx)
-1/2
3 1 1| 1-cosx d [1-cosx
q, 17COSX "2 |1+ cosx “dx | 1+ cosx
1+ cosx
-1/2
B 1 11| (1—cosx) ) (1-cosx)
1+cosx+1-cosx "2 | (1+cosx) (1-cosx)
1+ cosx
.(1+cosx)~sinx+(1—Cosx)~sinx
(1+ cosx)?
-1/2
_ (1+cosx) 1 (1-cosx)? sinx (1+ cosx + 1—cos x)
2 2| (1-cos’x) (1+ cos x)°

-1/2
(1+ cosx) 1 {(1—cosx)2} {sinx (1+cosx + 1 —cos;c)}
2 2

2| (1-cos?x) (14 cosx)?
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(1+ cos x)

2 sin x 1+ cos x)

B 1| (1=cos x)? " osing
_ .2[ } :

(1+cosx) 1 sin x 2sinx

2

2

2

(1-cos x) (1+ cos x)?
~ 2sin’ x 1 sin®x
4(1+cosx)(1-cosx) 2 (1-cos®x)

_1sinfx 1

S 2 sinfx 2
Alternate Method

Let y= ’[an”[1 Hzosx]
1+ cosx

1-14+2sin2 >
2

{ cosx =1-2sin’ X =2c0s? > —1}
2 2

On differentiating w.r.t. x, we get

Q. 39 tan" (sec x +tan x), _—:< x< %

Sol. Let y=tan" (secx + tanx)
dy d

L =~ tan' (secx + tanx)
dx dx
= ! - 9 (secx + tanx) [ i(tan’Uc): 2}
1+ (sec x + tanx)~ dx dx 1+«

-[secx - tanx + sec? x]

1+ sec? x + tan® x + 2sec x - tanx

1
= -sec x- (secx + tanx)

(sec? x + sec? x + 2sec x - tan x)
B 1
2 sec x (fan x + sec x)

y
-Sec x (secx + tanx) = )

bcosx +asinx) 2
acosx—bsinx]

Q. 40 tan™ [a cos ¥ —bsin xJ T x< g and %tanx>—1.

Sol. Let  y=tan" [ .
bcos x + asinx

acosx bsinx

_ a
tan bcosx bcosx | tan p ~tanx
N bcosx asinx |

+ 1+ —tanx

bcosx bcosx b

—tan”' 2 _tan ' tanx ctan ' x —tany=tan" | XY
b 1+ ay
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—tan ' 2%
b
g—y _ 9 (tan‘1 gj _a (x)
x  dx b dx
—0-1
-1
Q. 41 sec™ 3;,0<x<i
4x° —3x \/E

1
. Let =sec” | ————
Sol Y [4353 - SxJ

On putting x = cos 0in Eq. (i), we get

y=sec™ !

4c0s® 0 - 3cos 0

=sec”
cos 30

=sec™' (sec 30)=30

=3cos'x
%:i(soos’wx)
dx dx
=3. ml
-2
(3 x-x3) -1 x 1
Q. 42tan™ pERPl AVt <E< =
3 _3ax? 3 a 3
3a° x —x°
Sol. Let =tan | =
Y a® - 3ax?
Put x=atan® = 0= g

y—tan 3tan9 tan® 0
1-3tan® 0

=tan” (tan36) =360

=3tan ' =

%—3- d tan' ¥ = 3.

dx  dx a
1+

{ tan30 =

133

[ 6 =cos ' x]

3tan0-tan®0
1-3tan’ 0

{ 0=tan™’ f}
a
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Q. 43 tan™ %/1+x2 +\/1—x2_’ —1<x<1,x#0
) L\/1+x2—\/1—x2J’ ’
=tan™ er\/:
,/1+x —J1-x°

Put 2=c0s20
J1+cos20+ 1-cos20
+c0s20—,/1-cos2 0

=tan” (
[\/1+2003 01+ 1-1+ 2sin? e}

Sol. Let

\/1+2cos 01— \/171+2S|n 0
J2cos 0+ +2 sin GJ art {\E (cos 0 + sin O)}

V2 cos 6 —+/2sin6 V2 (cos 6 —sin 0)
cose+sme A cos 0
cos 0
4 (1+tan®
=tan" | ——
1-tan6
=tan"' tan (E+ ej tan(a+ b)= 2nartanb
4 1-tana-tanb
ST 0= D oogt g ['.'2(9:003‘1x2:>9=1cos‘1x2}
4 2 2
A9 (2], (1)
dx dx \ 4 dx \2
_O+1, 1 'ixz—l. -2x B —X
2 et o T2 e e

.. d ) . .
Find d—y of each of the functions expressed in parametric form.
X

1 1
Q. 44x=t+-,y=t-=
t t
1 1
Sol. x:t+tfand y=t--
d—x:i[t+1] and %:i[t—lj
at  dt t at dt t
= CL’C=1+(—1)r2 and %=1—(—1)r2
at at
= d—x:1fi2 and %:1+i2
at t at t
2 2
N dx _t7 -1 and dy t7+1
a2 a2

dy dy/dt t?+1/t7 %+ 1

dx dx/dt t2—1/t2 2 —1
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Q.45 x=¢° (6 +1), y=e® (e _1)
0 0

Sol.

x=e’ [9+1) andy=e™ (9—1)
0 0

dx_d ee-(6+lj
ao do 0

0° 0
(07 +1-0°+0
e 2
dy _dy/do _ 0
dx dx/d® (6 -1+0%+0
e 762
3 2
:ege( 0%+ 0 +e+1J

0% +0%+0-1

Q. 46 x =3c0os0 —2cos® 0, y =3sin® —2sin> O

Sol. -

and

Now,

e{ezm 92—1} 9{92+1—93+e
e - = —

92

|

x =3c0s0—2cos’0and y = 3sin 6 —2sin® 0

dx _d (3cos 0) — g @ cos® 0)
do  do do

=3.(—sin0)—2-3cos? 0-L . cos 0
ao

=-3sin0+ 6cos® Bsino

%=3003A—2~33in2 e‘i-sine
do ado

=3cos 0 — 6sin® 0-cos 0

dy dy/d®  3cos 6 -6sin” Bcos 6

dx dx/d0 - 3sin0+ 6cos20sin 0

3cos 0 (1 - 2sin? 0)

T 3sin6(—1+2cos? 0)

135
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. 2t 2t
Q.47smx:72,tany: :
1+t 1-t
. 2t .
Sol. - sinx = T2 ()
and tany = ] ft (D)}
d . dx df 2
—sinx- — = —
dx dr dt (1+1¢t2
(1+t2)-1(2z)—(2t).i(1+t2)
= cosSx — = dt 55 dt
at (+1t2)
2+t -2ot-ot 2427 —4”
(1+1t2y A+ 12y
dx  2(1-t3) A
= - Y= .
dt  (1+t2)? cosx
dx  2(1-t?) 1 2(1-t?) 1
= d @+ fiosmtx 0+0°F 2
1-sin“ x . ot
1412
= ox _ 2(1_” (%) _ 2 ...(iii)
at (1+1‘ (1-t?) 1+t2
Also, 9 any Y- i
dy at
d 2
1 -2t —(1-
Sec%(tdt TR
y 2\2
at 1-t2)
dy _2-2t%+4® 1
at 1-t22®  sec?y
_20+t%) 1 _20+1t%) 1
-t2? (1+tan’y) (1-t2y7 4t2
1+722
(-t%)
2 2\2
2 +1t%) (1-t2¢ 2 W)

TA-7F (4P 1+t?
dy _dy/dt _2/1+t%
dx dx/dt  2/1+t2

[from Egs. (iii) and (iv)]

Q 48 » 1+logt y=3+2109t

¢ t
_T+logt 3+ 2logt
=0 Srerel

Sol. - ;

and y =

> d d >
dx t.a(1+logt)—(1+logt).at
dt (%)
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t2.1—(1+|ogt).2t
t t -

_ _ (1+logt)-2t
t t
t —-1-2logt
:t—4[172(1+|0gt):t739

d d
t.— B8+ 2logt)-(8+2logt). —t
ay Lgrl gt)—( 9) 4

and puCAg
at t2

t-2~;—(3+2logt)-1

= -
2-3-2logt -1-2logt

- t2 NG
dy dy/dt _—1-2logt /t?
dx dx/dt -1-2logt/t®

Q. 49 If x =e®? and y =e*"%, then prove that & _

dx
Sol x :eCOSZi and y=e sin 2t
%’: — 3780082[ 280082[. %COSZZ‘
. d
=e%2 . (—gin2t)-— (2t
( ) p @t)
0% _ _pgoos2t ginoy
at
and %:%es‘” 2t _gsnat I iy
_en? gosot. Loy
‘ at
=2 SN2l cos 2t
dy dy/dt  2e"* .cos2t
dx dx/dt 2% .sin2t
_ e . cos 2t
€% 2t . sin 2t
We know that, logx =cos2t -loge =cos2t
and logy =sin2t -loge = sin2t
dy _—ylogx
dx «xlogy

[using Egs. (iv) and (v) in Eq. (iii) and x =€

_ylogx

x log y'

cos 2t

137

.. (i)

.. (i)

sin 2t]

Hence proved.

Q.50 1f x =asin2t (1+cos2t)and y =b cos2 t (1 —cos2 t), then show that

Sol. -

=asin2t (1+ cos2t)and y = b cos 2t(1 —cos 2t)
=a [sinZt . d (1+cos2t)+ (1+ cosZt)-gsinZt}
at at
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and

(

o)
ax Jy = wa
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=a {sinZt - (—=sin2t)- i2t + (14 cos2t)-cos 2t - i.2t:|
at at

=—2asin? 2t + 2acos 2t (1 + cos 2t)

Z—f: —2a[sin® 2t —cos 2t (1 + cos 2t)] 0
d—y: b {cos 2t - g (1-cos2t)+ (1-cos2t)- ioos 21‘}
at at at

=b {cos 2t - (sin2t) i21‘ + (1—cos 2t) (-sin2t)- 12@
at at

=b[2sin2t-cos2t +2 (1-cos2t)(—sin2t)]

=2b[sin2t -cos2t —(1—cos2t)sin2t] (i)
dy _dy/dt ~—2b[-sin2t-cos2t + (1-cos2t)sin2t]
dx dx/dt —2a[sin? 2t —cos 2t (1+ cos 2t)]
. T T T . T
—sin—cos — + | 1—-cos — |sin —
_9[ 2 2 ( 2] 2}
a Lo T b ( n)
sin® — —cos — | 1+ cos —
[ 2 2 2
_b 0+ {.‘sinﬁzmndcosﬁzo}
a (1-0 2 2
:9 Hence proved.
a

Q. 51 If x =3sin t —sin 3t, y =3 cos t —cos 3t, then ﬁndd—yattzﬁ.

Sol. -

and

(

ay
dx

dx
x =3sint —sin 3t and y = 3cost —cos3t
dx d

— =3-—sint —gsinSt
at at at

:SCost—cosSt~%3t:SCost—30033t .. ()
d—y:3~gcost —goos3t
at at at
= - 3sint +Sil’13t-g3l‘

at

%=3sin31—3tsint (D)}
at

dy _dy/dt _ 3(sin3t -sint)
dx dx/df 3(cost —cos 3t)

. 3n . T
sin — —sin —
3

) - 3 __0-43/2
=3 (cosﬁfcos SEJ 1—(—1)
3 3

2
_—3/2 /3 _

3/2 3 43
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Q. 52 Differentiate —— w.r.t. sin x.
sin x
X .
Sol. Let U=——andv =sinx
sinx
. d ad .
sinx- —x — x-— sinx
adu _ dx dx
dx (sinx)?
sinx — x COS x :
=== == )
sin® x
av d . .
and — = —sinx =Ccosx (D)}
dx dx
du  du/dx sinx —xcosx/sin’x
adv  adv/dx cosx
sinx — x cos x
_sinx -xcosx _ Ccos x
sin® x cos x sin® x cos x

COs x

[dividing by cos x in both numerator and denominator]
_tanx -«

sin® x

1+x% -1
Q. 53 Differentiate tan L

w.r.t. tan ' x, when x = 0.

X
Sol. Let u=tan™ 7~1+xx2—1 andv =tan'x
x =tan 0
- i J1+tan® 6 -1
tan 6
_ tan! (sec 6 —1)cos 0
sin o

—tan! 1—-cos 0
- sin 0

_ i 2
B M [ cosf=1-2sin0]
2sin6/2-cos 6/2

=tan™' {tang}
2

O L
2 2
W19 il 12 0
dx 2 dx 2 1+ x
and d—vzita’1x: 12 (if)
dx dx 1+ «x
du _du/dx
av  av/dx

_1/2(0+ %) (1+x?)

1
1/(1+x2) 20+x2) 2
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Find &y when x and y are connected by the relation given.
x

Q. 54sin(xy)+;=x2 —y

Sol. We have, sin@y)+ X =x2—y
y
On differentiating both sides w.r.t. x, we get
d , . d (x d -, d
—(sinxy)+ — | — |[=—x“ ——V
x dx \y) dx dx
y x d y
d de ~ " dx ady
= CoS xy- — + 2
W (xy) 7 x-
dy
y—x—_=
= oosxy[x iy+y—x}+72dx:2x—ﬂ
d dx % dx
= xcosxydy+ycosxy+l2—£% 2x—ﬂ
dx V2 Y2 dx dx
= dy[xcosxy—2+1}:2x—ycosxy—y2
dx y y
dy |2xy-y’cosxy-1 e
dx y xy?cosxy—x+

_(xy-y?cosxy-1)y
(xy? cosxy—x + y°)

Q. 55 sec (x + y) = xy

Sol. We have,sec (x + y)=xy
On differentiating both sides w.r.t. x, we get

j—xsec(xw):—x(xy)

= sec (x + y)-tan (x + )-i(x+ )—x~i + ~ix
Y Y o y)= dy ydx
= sec(x+y)-tan(x+y)-(1+dyj—xg y
dx dx
d_, Y
= sec(x+ y)tan(x + y)+sec (x + y)-tan(x + y). —=x +y
dx dx

= g—y[sec (x+ y)-tan(x + y)—x]=y—sec (x + y)-tan (x + y)
x

g_ y—sec(x + y)-tan(x + y)
dx sec(x+ y)-tan(x + y)—
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Q.56tan™" (x* + y*)=a

Sol. Wehave, tan™! (x2 + y?)=a
On differentiating both sides w.r.t. x, we get
—tan" (x2 + y¥)=—(a
(x=+y7) 3 (@)

X X
1 2, .2
= X+ =0
1+ (%2 + Y2 dx( )
= 2x+iy2~ﬂ:
a dx
= 2y-g—72x
dx
dy  2x —x
dx 2y y

Q.57 (x* + y?)? =

Sol. We have, (x® + y°)? = ay
On differentiating both sides w.r.t. x, we get

)

dx dx
d d d
5 (2 oy 9 2 o_.. a a
= (x+y)dx(x +y)xdy+ydxx
= 2(x? + y?)- (2x+2ydyj—x%+y
a. dx
= ooxoxsot oy Y iooniop oy ¥ Yy,
dx dx dx

%[4x v+ 4y —x]=y - 4x° — day?
dx
dy (-4 - 4wy®)

dr  (4x’y + 4y° — x)

dy dx
Q 58 If ax® + 2hxy +by? +2gx + 2fy +c =0, then show that =~ Y =1
dx dy
Sol. We have, ax® + 2hxy + by? + 2gx + 2fy +c =0 ()
On differentiating both sides w.r.t. x, we get
d oy d d d d d
= — (@h = (b =@ =@ =0
dx(ax )+dx( xy)+dx(y)+d (gx)+ (fy) dx(C)
= Zax+2h(x %+y1)+b2ydy+29+2fdy+0 0
d d d
= g—y [Rhx + 2by + 2f] = —2ax — 2hy — 2g
X

dy —2(ax+hy+9)
dx  2(hx+by+1)
:M ..(iD)
(hx + by + f)
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Now, differentiating Eq. (i) w.r.t. y, we get
d d d d
— (ax“) + — Rhay) + — (b 2 2y + — 0
dy(x) dy( ) dy(Y) (Qx) (73/) dy()

= a-2x - d—x+2h x—y+y—x +b-2y+29g - d—+2f+0 0
dy dy

= Z [Rax + 2hy + 2g 1= —2hx — 2by - 2f
y

N d7x=72(hx+by+f)=7(hx+by+f) . (i)
dy 2(@x+hy+g) (ax + hy + g)
dy dr _—lax+hy+g) —(hx+by+1) [using Eqs. (i) and (ii)]
dx ady (hx + by +f) (ax + hy + @)

—=1=RHS Hence proved.

Q. 59 If x =e*/¥, then prove that ¥ - *=Y

dx xlogx
Sol. We have, x=eV
g x = iex/y
dx dx
= 126 L xy)
dx
N _etly. Y- 1x2dy/dx}
y
= y2 =y e* .g.ex/y
dx
ay 2
«— . e
= o y y
dy _ye*” -y
dx x-e*
x/
_E7 -y ") {.-x:e"/y:Iogx:E}
ex/y X y
y
-y Hence proved.
x-logx
dy (1+1logy)?
Q. 60 If y* =e¥ ~*, then prove that = Y &
dx logy
Sol. We have, y*=e¥""
= logy® =loge’ =%
= xlogy=y—x-log, =(y—x) [ loge =1]
= logy == ()
X

Now, differentiating w.r.t. x, we get
9 ogy. Y -9 =2

@ dx dx «x
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e Ly -y-n Lo
1 ay ax y d

= — = *
y dx x?
ay
10')/_ x(a— )_(y_x)
- A
ydx x2
2
= x—-ﬂ_xdy—x—y+x
y dx d
2
= dy[x_ J——y
dx| y
A A
dx xzfxy x(x - )
Y o x
Txly-x) x x2 (Y-x)
x
2 _
_(1+logyf {,logy:y x.ogy:z_bnlogy:q
logy X x

Hence proved.

cos x)* 2
Q. 61 1f y = (cos x)(cosx)( """, then show that dy__ ytanx
dx ylogcosx —1

Sol. e have, y = (cos ) 1"
- y = (cos:c)y
: logy =log (cosx)y
= logy = ylog cosx
On differentiating w.r.t. x, we get
1 dy d dy
—-—=y-—Ilogcosx + logcosx-—
y dx dx dx
= 1ﬂ: Y ~icosx+logcosx~%
y dx cosx dx dx
= %F ~log cos;c} = ytanx
dx|y CoSx
o __ -ytanx
dx (1- ylogcosx)
y2 tanx

= W Hence proved.
x—

Q. 62 If xsin (@ + y) +sina -cos(a + y) =0, then prove that
dy sin’(@+y)

dx sina

Sol. We have,
xsin(@+ y)+sina-cos(@+ y)=0
= xsin(@+ y)=—sina-cos(a+ y)
_ —sina-cos(a + )

sin(a+y)
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= x = —sina-cot(a + y)
dx . 2
— =-—sina-[-cosec“(a+ y)]-—(@+ )
dy dy
. 1
= sina-—5—1
sin“(a + y)
sin(a + y)

=—— 7 Hence proved.
sina

Q. 63 If \/1 -x% + \/1 — y% =a(x — y), then prove that ;ly =
X

Sol. We have,

Ji—x2 +1-y2 =alx - y)

On putting x =sin a2 and y = sin B, we get

\/1 —sin®a + \/1 —sin?B = a(sin o — sin )

= cosa + CcosP = a(sin a —sinf)
= 200s 2P cos @ =P :a(ZoosaJrB.sina_B)
2 2 2 2
= cos =B _asin2=P
2 2
= cot > =P =a
2
= %=B _cot'a
2
= a-p=2cot'a
= sin'x —sin”y=2cot'a [x =sinaand y=sinf]

On differentiating both sides w.r.t. x, we get
1 1 dy
2dx 0

Ji-x? i fox
@ ’1—y2_ 1= 2
dx l1_x2_ 1-x?

2
Q. 64 If y =tan " x, then find ay in terms of y alone.

Hence proved.

dx?
Sol. We have, y=tan'x [on differentiating w.r.t. x]
g—y = ] ! 5 [again differentiating w.r.t. x]
x +x
2
Now, Iy _d gy g2y
dx® dx
=—1(1+ x?)? i(1 + %)
dx
3 1
(1+ )
—2tany

== [ y=tan'x= tany = x]
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_ - 2tany

(sec®yy
=2 M 02 y.cos?y

cosy

=—sin2y-cos®y [ sin2x = 2sinxcosx]

Verify the Rolle’s theorem for each of the functions in following questions.

Q. 65 f(x)=x(x - 1)?in [0,1]
® Thinking Process

We know that, Rolle’s theorem states that, if f be a real valued function, defined in the
closed interval [a, b], such that (i) f is continuous on [a, b]. (i) f is differentiable on ]a,

b[(iii) f(a) = f(b)
Then, there exists a real number c in the open interval ] a b [, such that f'(c)=0". Here,
we shall verify the Rolle’s theorem for the given function.
Sol. We have, f(x) = x(x — 1% in [0, 1].
(i) Since, f(x) = x(x — 1)? is a polynomial function.
So, it is continuous in [0, 1].

(i) Now, fx) = x-i(x —12 + (x - 1)2ix
dx dx
=x-20 - 1)1+ (x—1?
=2x2 —2x+x% +1-2x
= 3x? — 4x + 1 which exists in (0, 1).
So, f(x)is differentiable in (0, 1).
(iii) Now, f(0) = 0and f(1) = 0= £(0) = f(1)
f satisfies the above conditions of Rolle’s theorem.
Hence, by Rolle’s theorem 3¢ e (0, 1) such that
f'c)=0
3?2 -4c+1=0

=

= 3c?-3-c+1=0

= 3cc-1)-1c-1=0

= Bc-Nec-1=0

= c:%ﬂ:%e(OJ)

Thus, we see that there exists a real number ¢ in the open interval (0, 1).
Hence, Rolle’s theorem has been verified.
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Q. 66 f(x)=sin* x +cos* x in [O, 7;}
Sol. e have, f(x) = sin* x + cos”* x in {o, ﬂ (i)

(i) f(x)is continuous in {O, g}

[since, sin* x and cos* x are continuous functions and we know that, if g and h be
continuous functions, then (g + h) is a continuous function.]
(ii) f'(x) = 4(sinx)® - cosx + 4(cosx)® - (—sinx)

= 4sin® x-cosx — 4 sinx - cos® x

= 4sinx cosx (sin? x — cos? x) which exists in (o, gj (i)
Hence, f(x) is differentiable in (O, gj

(iii) Also, f(0)= 0+ 1=1and f[gj =1+0=1

= f(0) = f[gj

Conditions of Rolle’s theorem are satisfied.

Hence, there exists atleast onec e (O, g) such that f(c) = 0.

4sinc cosc (sinc —cos?c) = 0

= 4sinc cosc (—cos2c¢)=0
= —2sin2c-cos2c =0
= —sindc=0
= sindc =0
= dc =1
Y
= C=—
4
and EE(O,EJ
4 2

Hence, Rolle’s theorem has been verified.

Q. 67 f(x)=log (x* +2) —log3in[-1, 1]
Sol. We have, f(x) = log (x® + 2) - log 3.

(i) Logarithmic functions are continuous in their domain.
Hence, f(x) = log (x? + 2)—log 3is continuous in [~ 1,1].

oo 1
(i) f1x) = 7o

2x -0

=2 which exists in (- 1.1)
x4+ 2

Hence, f(x)is differentiable in (- 1, 1).
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(iii) f(=1) =log [(-1)? + 2] - log 3 =log 3 —log3 = 0 and
f(1)=log (1 + 2) —log 3=log 3 —log 3= 0
= f(=1) = (1)
Conditions of Rolle’s theorem are satisfied.
Hence, there exists a real number ¢ such that

fic)=0.
= 220 =0
c +2
= c=0e(-11

Hence, Rolle’s theorem has been verified.

Q. 68 f(x)=x(x+3)e/*in[-3,0]
Sol. We have, flx) = x (x + 3)e 2

(i) f(x)is a continuous function. [since, it is a combination of polynomial functions x(x + 3)
and an exponential function e /2 which are continuous functions]

So, f(x) = x (x + 3)e™*'2 is continuous in [- 3, 0]
(ii) - flx) = (x° + 3x)~ie’x/2 o2 9 (x® + 3x)
dx dx
= (x? + 3x)-e /2. (— %j +e 2. 2x + 3
=e 2 {Zx +3- % (x® + Sx)}

_x2 _
:eix/Z |:4x +6-—x 3x:|

2
—xj2 1 2
=e =[x+ x+ 6]
2
-1 —x/2 2
= —x-6
5 e [x —x — 6]
:%e’xm [x% - 3x + 2x — 6]
= _?1 e ™2 [(x + 2) (x — 3)] which exists in (- 3, 0).
Hence, f(x) is differentiable in (- 3, 0).
(iii) - f-3)=-3(-3+3e2=0
and f(0)=0(0+ 3)e™¥2=0
= f(- 3)=1(0)

Since, conditions of Rolle’s theorem are satisfied.
Hence, there exists a real number ¢ such that f(c) =0
=0

= 7%670/2 c+2) -3

= c=-2,3where -2 (-3 0)
Therefore, Rolle’s theorem has been verified.
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Q. 69 f(x) =+/4 —x? in[-2, 2]
Sol. we have, f(x) = \/7— 4 — 212
(i) f(x) = \/U is a continuous function.

[since every polynomial function is a continuous function]
Hence, f( )is continuous in [- 2, 2].

(i) f(x) = 2(4 x?) V2 (- 2x)

1

A\ 4-x? ’
Hence, f(x)is differentiable in (- 2, 2).

(iii) f(-2)=/(4-4)=0and f(2)= J(4 - 4) =
= f-2)= f(2)
conditions of Rolle’s theorem are satisfied.

Hence, there exists a real number ¢ such that f’(c) = 0.
1

4-c?
N c=0e(-22)
Hence, Rolle’s theorem has been verified.

=-x. which exists everywhere except at x = + 2.

= —C

Q. 70 Discuss the applicability of Rolle’s theorem on the function given by
) .
x“+1, if0<x<1
flx)= .
3-x, if1<x<2

2 .
Sol. We have, ) = {x +1if0<x <1

3—x, if1<x <2
We know that, polynomial function is everywhere continuous and differentiability.
So, f(x)is continuous and differentiable at all points except possibly at x = 1.
Now, check the differentiability at x = 1,

At x =1
LDH = fim &)=
xo>1” x—1
2
_ jim D=0+ 1) [ f) =22 +1, ¥ 0 <x <1]
x —>1 x =1
2
—imX -1_ im (x4 N(x—1)
x>l x—=1 x-1 x—1
=2
and RDH = fim @)= _ . B=x)f1+1)
x>1" X - x 1 (x—=1)

1
Cim 3TE 2 i 22
x->1 x—1 x—=1 x—1
o LHD # RHD
So, f(x)is not differentiable at x = 1.
Hence, polle’s theorem is not applicable on the interval [0, 2].
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Q. 71 Find the points on the curve y =(cosx —1) in [0, 2r], where the
tangent is parallel to X-axis.

® Thinking Process

We know that, if f be a real valued function defined in the closed interval (a,b] such that
it follows all the three conditions of Rolle’s theorem, then f'(c)=0 shows that the
tangent to the curve at x=c has a slope 0, i.e, it is parallel to the X-axis. So, by getting
the value of ¢’ we can get the required point.

Sol. The equation of the curve is y = cosx — 1.
Now, we have to find a point on the curve in [0, 27],
where the tangent is parallel to X-axis i.e., the tangent to the curve at x =c has a slope o,
wherec €] 0, 2x[.
Let us apply Rolle’s theorem to get the point.
(i) y=cosx — 1is a continuous function in [0, 2x].
[since it is @ combination of cosine function and a constant function]
(ii) y'=—sinx, which exists in (0, 2m).
Hence, y is differentiable in (0, 2n).
(iii) y (0)=cos 0—-1=0and y 2n)=cos2n —1=0,
y(0)=y@m
Since, conditions of Rolle’s theorem are satisfied.
Hence, there exists a real number c such that

fic)=0
= —-sinc=0
= c =mnor0, where © €(0,2n)
= X ="

o y=cosmt—-1=-2
Hence, the required point on the curve, where the tangent drawn is parallel to the X-axis is
(m, = 2).

Q. 72 Using Rolle’s theorem, find the point on the curve
y =x (x —4), x €[0, 4], where the tangent is parallel to X-axis.
Sol. Wehave, y=x (x — 4), x €[04]
(i) yis a continuous function since x(x — 4)is a polynomial function.
Hence, y = x (x — 4)is continuous in [0, 4].
(i) y'=(x — 4)-1+ x-1=2x — 4which exists in (0,4).
Hence, y is differentiable in (0,4).
(iii) y(0)=0(0-4)=0
and Y4)=4(4-4=0
= ¥(0) = y(4)
Sicne, conditions of Rolle’s theorem are satisfied.
Hence, there exists a pointc such that

f(c)=0in (0,4) [ flx) =y
= 2c-4=0
= c=2
= x=2;y=2Q-4)=-4

Thus, (2, — 4)is the point on the curve at which the tangent drawn is parallel to X-axis.
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Verify mean value theorem for each of the functions.

_ 1
Q. 8 flx)=

in [1, 4]

® Thinking Process

We know that, mean value theorem states that, if f be a real function such that
(i) f (2) is continuous on [a,b]
(ii) f(x)is differentiable on Ja,b[

Then, there exists a real number c €] ab| such that f’(c):M, thus we can
verify it for given function. -
Sol. e have, f(x) = . U oinp, 4
(i) f(x)is continuous in [1, 4].
Also, at x = % f(x)is discontinuous.
Hence, f(x)is continuous in [1, 4].
4
i) f(x) = — ————, which exists in (1, 4).
i) ()= - (1,4)
Since, conditions of mean value theorem are satisfied.
Hence, there exists a real numberc €] 1, 4 [ such that
1oy = TA= 1)
4 -1
LI
- -4 :16—1 4—1:15 3
(4c — 1) 41 3
-4 1-5 -4
= - - v__
(4c-17 45 45
= (4c -1 =45
= 4c -1=+ 35
= c= 3€+ ! e(14) [neglecting (- ve) value]

Hence, mean value theorem has been verified.

Q.74 f(x)=x*-2x* —x+3in [0, 1]
Sol. We have, f(x)=x® —2x2 —x + 3in [0, 1]
(i) Since, f(x)is a polynomial function.
Hence, f(x)is continuous in [0, 1].
(i) f(x) = 3x? — 4x — 1, which exists in (0,1).
Hence, f(x)is differentiable in (0,1).

Since, conditions of mean value theorem are satisfied.

Therefore, by mean value theorem 3¢ € (01), such that
(1) - 1(0)
flc)= —~
© 1-0
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M-2-1+3]-[0+ 3]

= 3c? —4c-1=
1-0

= 302—40—1=_1—2

= 3c?-4c+1=0

= 3? -3 -c+1=0

= 3cc-1)-1c-1)=0

= Bc-Nec-1)=0

= c=1/3,1,where%e(0,1)

Hence, the mean value theorem has been verified.

Q. 75 f(x) =sinx —sin2x in [0, 7]

Sol. We have, f(x) = sinx — sin2x in [0,x]
(i) Since, we know that sine functions are continuous functions hence f(x) = sinx — sin2x is
a continuous function in [0,].
(i) f(x)=cosx —cos2x -2 =cosx — 2 cos2x, which exists in (0, «).
So, f(x)is differentiable in (0, ). Conditions of mean value theorem are satisfied.

Hence, 3¢ € (0, n)such that, f(c) = L_g(o)
T
sint —sin2xt —sin0+sin2-0
= COSC —2C0s 2C =
n—0
0
= 2Cc0s2Cc —cosc = —
T
= 2.(2cos?’c—1)—cosc =0
= 4cos’c-2-cosc=0
= 4c0s’c -cosc-2=0
1+ /1 2
= cosc = 3 :1i\/@
8 8
4 (1+£+/33
c =cos
8
+
Also, cos™ [1 - :@j €0 m

Hence, mean value theorem has been verified.

Q. 76 f(x) =+/25—x% in [1, 5]

Sol. We have, f(x) = 425 - x2 in [1, 5]
(i) Since, f(x) = (25 — x%)"? where 25— x% >0
= x?<+5= -5<x <5
Hence, f(x)is continuous in [1, 5].

(ii) (x) = 1 @5 x2) "2 . —2x=——% _ which exists in (1, 5).
2 25— x?

Hence, f(x)is differentiable in (1, 5).



152

NCERT Exemplar (Class XII) Solutions

Since, conditions of mean value theorem are satisfied.
By mean value theorem 3¢ < (1, 5) such that

f,(c):f(5)—f(1):> ¢ _0-+24
5-1 \/25_02 4
c? 24
= = —
25-¢c? 16
= 16¢? = 600 — 24 ¢?
= T
40
- c=++/15
Also, c=+15¢(15)

Hence, the mean value theorem has been verified.

Q. 77 Find a point on the curve y = (x — 3)?, where the tangent is parallel to

Sol.

the chord joining the points (3, 0) and (4, 1).
@ Thinking Process

We know that, if y= f(x) be a function defined on [a, b] which follows mean value
theorem, then there exists atleast one point c in (g, b) such that the tangent at the point
lc, f(¢)) is parallel to the secant joining the points [a, f(a)] and b, f (b)]. So, we shall use
this concept.

We have, y = (x — 3)2, which is continuous in x,=3and x, = 4ie, [3, 4].
Also, y'=2(x — 3)- 1=2(x — 3)which exists in (3, 4).

Hence, by mean value theorem there exists a point on the curve at which
tangent drawn is parallel to the chord joining the points (3,0) and (4,1).

Thus, ey =W =19)
4-3
e\ e\
= 2c-3=U"Y ~B=3
4-3
= 2c-6=1"9_ o7
1 2
2 2
Forx:Z, y:(z_g) :(lj :l
2 2 2 4

So, g %) is the point on the curve at which tangent drawn is parallel to the chord joining

the points (3, 0) and (4, 1).

Q. 78 Using mean value theorem, prove that there is a point on the curve

Sol.

y =2x* —5x +3 between the points A(1, 0) and B(2, 1), where
tangent is parallel to the chord AB. Also, find that point.

We have, y = 2x2 — 5x + 3, which is continuous in [1, 2] as it is a polynomial function.

Also, y'= 4x — 5, which exists in (1, 2).
By mean value theorem, 3ce (1, 2) at which drawn tangent is parallel to the chord AB,
where A and B are (1, 0) and (2,1), respectively.
f2) - (1)
flc)=————
c) -
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(8-10+3)-(2 -5+ 3)

= 4c-5= ]
= 4c-5=1
C:§:§e(1,2)
4 2
2
Forx:g, y:2(§j —5(§j+3
2 2 2
_ xg—E+3:9_15+6:0
4 2 2

Hence, (g Oj is the point on the curve y = 2x> — 5x + 3 between the points A (1, 0) and

B (2, 1), where tangent is parallel to the chord AB.

Long Answer Type Questions

2 .
Q. 79 Find the values of p and g, so that f (x):{x t3x+pifasl is

gx +2, if x>1
differentiable at x = 1.
2 .
Sol. We have, f (x) = * +3x+p’llfxg1is differentiable at x = 1.
gx + 2, if x>1
Lf ()= lim M
xo1” x—1
2
~ im (x“+3x+p-01+3+p)
x 17 x—1
— lim [(1—h)2+3(1—h)+p]—[1+3+,o]
T o0 A-h-1
o [1+h? —2h+3-3h+ p]-[4+ p]
T hoo —h
2
i P =8h+pra-a-pl_ . hih-5]
h—0 -h h—>0 —h

= lim ~[n-5]=5

f(x)—f(1): Gx+2)-(1+ 3+ p)

Rf*(1)=lim lim
x>1" X - x—>1" x -1
i e +2- (@4 p)
h—0 1+ h-1
_ im Gtgh+2-4-p] . gh+@-2-p)
h—0 h h—0 h
= qg-2-p=0=>p-q=-2 ()
= lim an = O: [for existing the limit]
h—>0 h
If Li'(1) = Rf’(1), then 5=q

= p-5=-2=>p=3
: p=3andqg =5
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Q.801fx™-y" =(x+y)™ ", prove that
2

. d .. d
G) ¥ =Y and i) Y =0
dx x dx’
Sol. We have, Ty =+ )" ()
(i) Differentiating Eq. (i) w.r.t. x, we get
& o.mon 7& m+n
dx(x y )—dx(x+y)
= xm-gyyn-g—iJryn-:—xxm:(m+n)(x+y)m*”’1£(x+y)
= Moyt +y mx™ V= (m+n)(x+ y" " (1+g—yj
X
= g—i[xm~nyn’1—(m+ n)~(x+y)m*”’1]:(m+ N+ y)™ "y ma™
N4 m
= g—y (™" — (m+ A + YT = (M n)- (4 et - YT
X X
m+n)@+y)" " y" Ty mx”
dy _ (x +y) x
- m
L T L
y (x+y)
xm+n@+y) " " —@x+y)y "y mx”
_ (x+y)x
(x+nay —ym+n)x+ "
(x+y)-y
xMm+n)-x"-y" —m@x+y)y £7
Ty &C+)}//)m+n) moyn [+ y)" " =y
(x+y)-y
X"y " Imx + nx—mx —myl-(x + y) y
™y nx+ny—-my—nyl-(x+y)-x
=% (i)
Hence proved.
(ii) Further, differentiating Eq. (i) i.e., g—y =Y on both the sides w.r.t. x, we get
X X
dy
d2y:x dx y
dx? x?
Y_
:x x {ﬂzl}
x2 dx x

=0 Hence proved.
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Q. 81 If x =sint and y =sin pt, then prove that

d? d
(1—x2)—y —x—y+p2y =0.

dx? dx

Sol. We have, x =sint and y = sin pt

ax _ cost and & _ cos pt-p

t at

dy _dy/dt _ p-cospt 0

dx dx/dt  cost

Again, differentiating both sides w.r.t. x, we get

=

2 Ccos t-i(p-oospt)d—t—pcospt—costd—t
a7y _ at dx at dx
dx? cos? t
. . at
[cost- p-(—sinpt)- p— pcospt-(— smz‘)]d—
_ X
cos?t
[- o? sinpt -cost + psint- cospt]- ——
B cost
cos®t
d?y - p’sinpt-cost + pcospt -sint i}
= —5 = 3 ()]
dx cos’t
Since, we have to prove
d’y dy
1-x?)—L —x L+ pPy=0
(-x )dx2 xRy
2 . .
. - t-cost + pcospt -sint]
LHS = (1 — sin?t) L= PSP
( ) cos’t
_sing. PEOSPL | o?sinpt

— pcospt -sin t-cos’t + p’sinpt - cos®t

1 [(1-sin®t)(- p®sinpt-cost + pcos pt -sint)
~ cos®t

2 o 3 : 2
1 — p°sinpt-cos”t + pcospt -sint - cost .
= { prsinp peosp }[ﬂ—smzt = cos?t]

~cos®t |- pcospt -sint - cos?t + psinpt - cos’t
" cost
=0 Hence proved.
. dy . T |
Q. 82 Find the value of -2 ,if y =x + .
dx 2
x% +1
Sol. We have, y=x@r 4 5 0)
x% +1
Taking u=x""%andv = >

log u = tanx logx .. (i)
2

> x°+1

ve = (i

5 (iii)

and
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On, differentiating Eq. (i) w.r.t. x, we get

1 du 1 2
—.— =tanx-— + logx-sec”x
u dx x
du {tanx P }
= —=u + logx - secx
dx x
=yl [taﬂ + Iogx~se02x} (V)
X
Also, differentiating Eq. (iii) w.r.t. x, we get
ov. TV 1oy Vo 1y
dx 2 dx 4v
dv 1 x-2
= diz B 2% = >
x 4.\/x +1 2x? +1
2
- av_ x (V)
dx 2 (x% + 1)
Now, y=u+vVv
dy _du _ av
dx dx dx
= xlanx {taﬂ+logx-seczx}+L
x 2(x% + 1)

Objective Type Questions

2
Q. 83 If f(x)=2x and g(x) = x? +1, then which of the following can be a

discontinuous function?

@ f(x) + g (x) (b) f(x) — g(x)
(©) f(x)- g (%) (d) g
f(x)

Sol. (d) We know that, if f and g be continuous functions, then
(a) f+ g is continuous (b) f — g is continuous.

(c) fg is continuous (d) — is continuous at these points, where g(x) # 0.
g
ﬁ +1 2
Here, M -2 T 2
f(x) 2x 4x
which is discontinuous at x = 0.
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. 4—x*
Q. 84 The function f(x) = — s
4x — x

(a) discontinuous at only one point

(b) discontinuous at exactly two points

(c) discontinuous at exactly three points

(d) None of the above

) .2

Sol. (c¢) We have, flx) = doxt (4= 27)

4 - x°  x(4-x?)
(4-x2) B 4 x?

Tx@?-x?) xR+ x)@-x)

Clearly, f(x)is discontinuous at exactly three points x = 0, x = -2 and x = 2.

Q. 85 The set of points where the function f given by f(x) =|2x — 1| sin x is
differentiable is
1

R b)R—| =
(@) (b) (2)

(©) (0, ) (d) None of these
Sol. (b) We have, f(x)=[2x —1]|sinx

Atx = % f(x) is not differentiable.

Hence, f(x) is differentiable in R — (1j

h
1 (1
‘2(7+h)—1 sm[7+hj—0
) 2 2
= lim
h—0 h
[2h |- sin (1+2hj
= lim 2 =2-sin—
h—0 h
G
and Lf(—): lim —~2 2
2 h—0 —h
-1
2(1—/7) —sm(l—hj—o
) 2 2
= lim
h—=0 —h
|0 —2h|-sin (i—h) 1
= lim 2 =-2sin (fj
h—0 - h 2

()iLfQ

So, f(x)is not differentiable at x =
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Q. 86 The function f(x) =cot x is discontinuous on the set

@{x=nn:neZ} b){x=2nn:neZ}
(c){x=(2n+1)§;neZ} (d){x=nz—n;neZ}

Sol. (@) We know that, f(x) = cot x is continuous inR —{nn:neZ}.
Since, f(x)=cotx = Z?;; [since,sinx =0atnn,neZ]

Hence, f(x) = cot x is discontinuous on the set{x = nn : n € Z}.

Q. 87 The function f(x) =e®l is
(a) continuous everywhere but not differentiable at x =0
(b) continuous and differentiable everywhere
(c) not continuous atx =0
(d) None of the above

Sol. (a) Letu (x)=|« andv (x)=€"
f(x) = vou(x) = v[u (x)]
=v]x|=el"
Since, u(x)and v (x) are both continuous functions.

So, f(x)is also continuous function butu (x) = | x| is not differentiable at x = 0, whereas
v(x) =e” is differentiable at everywhere.

Hence, f(x)is continuous everywhere but not differentiable at x = 0.

Q. 88 If f(x) =7 sin 1 where x # 0, then the value of the function f at
x

x =0, so that the function is continuous at x =0, is
(@0 (b) =1
(€)1 (d) None of these

Sol. (@) -+ f(x)=x2sin (%) where x = 0

Hence, value of the function f at x = 0, so that it is continuous at x = 0is 0.

mx+1, ifx<’
Q.891f f (x) = 2 is continuous at x = =, then
sinx +n, if x> % 2

@m=1,n=0 (b)mz’;lﬂ
mT Y
(Qn=— (dym=n==
2 2
mx + 1, if x SE
Sol. (c) We have, f(x) = is continuous at x = g

(sinx + n), if x >g
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kg

LHL = fim (mx+1):h|im0[m(g—hj+1}:%“
= -

x—>?
and RHL= lim (sinx +n)= Iim [sin [£+ h)+n}
e h—0 2
X = —
2
= lim cosh+n=1+n
h—0
LHL = RHL {to be continuous at x = ﬂ
= m~E+1:n+1
2
T
n=m-—
2

Q. 90 If f(x) =|sin x|, then

(a) f is everywhere differentiable
(b) f is everywhere continuous but not differentiable at x =nn,n € Z
(c) fis everywhere continuous but not differentiable at x = (2n + 1) kid ,ne”Z
(d) None of the above 2
Sol. (b) We have, f(a) =|sin x|
Let f(x) = vou (x) = v [u(x)] [where,u (x) =sinx and v (x) =] x|]
=V (sinx) =|sin x|
where, u(x)and v (x) are both continuous.
Hence, f(x) = vo u(x)is also a continuous function but v(x) is not differentiable at x = 0.
So, f(x)is not differentiable wheresinx =0=>x=nmn, neZ
Hence, f(x)is continuous everywhere but not differentiable at x = nx, n e Z.

1-x? :
Q. 91 If y =log x ,thend—yls equal to
1+ x° dx
453 - 4x 1 —4x°
(a)1—x4 (b)1—x4 (C)4—x4 (d)1—x4
2
Sol. (b) We have, y =log [1 - sz
1+ «x
dy 1 d[(1-a°
dx  1—x2 dx |1+ x2
1+ x°2
_(+x%) (1+2%) (-2x) - (1-2%)-2x
(-2 A+ 22
=72x[1+x2+17x2] — 4dx

(A—x2)-(1+x2) 11—z
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Q. 92 If y = /sinx + y, then Zy is equal to
X

Cos X Ccosx sinx
a (©)
2y —1 1-2y 1-2y
Sol. (a) - y = (sinx + y )"
% = % (sinx + yy V2. % (sinx + y)
R SRS N )
dx 2 (sinx + y)"/? dx
= 22 _ 1 (cosx + %]
dx 2y dx
- ay 1 1 _ Cosx
dx 2y 2y

dy cosx 2y _ COSx
dx 2y 2y—1 2y-1

Q. 93 The derivative of cos™ (2x% — 1) w.r.t. cos ™ x is
-1

@) 2 (b)
2.1— x?
(b) 2 d)1- x?
X

Sol. (@) Letu=cos™' (2x2 —1)andv =cos '«

sinx
2y —1

[ (sinx+y

av + -1 —4x
— = S4x =
dr[1-ex® -1 S @t +1-
B — 4x B - 4x
-4t + 4 Jax® (1- P
2

1-x

1

o _
dx 1-x?

and

dx _du/dx -2/1-«°

v dv/dx ,1/\/1,362

2
Qo 94 Ifx :tz and y :t3, then di-z iS equa'l to
dx
@2 (b) > ©>
2 4t 2t
Sol. () Wehave, x=t?and y=t3
d—x:21‘e:1ndd—y:3t2
at at
dy dy/dt 8t® 3

dx dx/dt 2t 2

4x2)

)1/2 —

vl
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On further differentiating w.r.t. x, we get

d% _3.d, o
dx? 2 dt dx
3 1
2 2t
3
T4t

161

[..ﬁ_i}
“dx 2t

Q. 95 The value of ¢ in Rolle’s theorem for the function f(x) = x* — 3xin the

interval [0, \/§] is

3
1 b) -1 —
(a) (b) (c)2
Sol. (a) fle)=0
= 3¢ -3=0
= 02:§:1
3
= c =+ 1 where1e(0,/3)
: c=1

()

W=

[ f(x) = 3x% — 3]

Q. 96 For the function f(x)=x + 1 x €[1, 3], the value of c for mean value
X

theorem is
(@1 (b) 3
(@2 (d) None of these
f(b) —
Sol. ) - fc)= (b) - f(a)
b-a
3
= 1-—=
c 3-1
10
c? -1 €’2
= =
c? 2
c?-1 4 2
= 5 — _=
c 3x2 3
= 3c? - 1)=2c?
= 3c2-2c2=3
= c?2=3=c=+3

c=+3¢(13)

1
cfx)=1-—
(x) 2
andb=3a=1
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Fillers

Q. 97 An example of a function which is continuous everywhere but fails to

be differentiable exactly at two points is

Sol. | x| +|x — 1] is continuous everywhere but fails to be differentiable exactly at two points

x=0andx =1
So, there can be more such examples of functions.

Q. 98 Derivative of ¥ w.r.t. x* is ......... .

Sol. perivative of x? wrt. x% is 33
x

Let u=x?andv=x°
d—u:2xand ﬂ = 3x?
dx dx
du 2x 2

= —_ 2
dv  3x% 3x

Q. 99 If f(x) =|cos x|, then £ (2) is equal to

Sol. If f(x)=|cos x|, then ' [%)

T
O<x<§,cosx>0.

f(x)=+cosx

......... .

f (x) = (—sinx)
= I"(Ej=—sinE -l |: sm—:i}
4 4 2 4 2
Q. 100 If f(x) =|cosx - sin x|, then f’(;cj is equal to ......... .
Sol. - f(x) = |cosx — sinx|,
N V31
f[s)_ 2

We know that, % <x <g, sinx >cosx

.cosx —sink <01/.e, f(x) = —(cos x — sin x)
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Q. 101 For the curve Vx +./y =1, dy at G 1jis ......... .

dx 4
dy 1 1).
Sol. Forthecurve Vx +.Jy =1 = at (f,fj is—1
dx 4 4
We have, Vx + 4y =1
ft L_',i%_o
2Jdx 2y dx
& __Jy
- dx  x
1
(@), -7
dx (lylj 1
44 5
True/False

Q. 102 Rolle’s theorem is applicable for the function f(x) =|x-1|in[0, 2].

Sol. False
Hence, f(x)=|x - 1|in [0, 2]is not differentiable at x =1 (0, 2).

Q. 103 If f is continuous on its domain D, then | f |is also continuous on D.

Sol. True

Q. 104 The composition of two continuous function is a continuous
function.

Sol. True

Q. 105 Trigonometric and inverse trigonometric functions are differentiable
in their respective domain.

Sol. True

Q. 106 If f - g is continuous at x =a, then f and g are separately continuous
at x =a.
Sol. False
Let f(x)=sinx and g (x)=cot x
f(x) - g(x) = sinx - 2%

sinx
which is continuous at x = 0 but cotx is not continuous at x = 0.

=C0sSx



Application of Derivatives

Short Answer Type Questions

Q. 1 A spherical ball of salt is dissolving in water in such a manner that the
rate of decrease of the volume at any instant is propotional to the
surface. Prove that the radius is decreasing at a constant rate.

@ Thinking Process
First, let V be the volume of the ball and S be the surface area of the ball and then by

_dv .
usmgd— oc S, we can prove the required result.
t

Sol. We have, rate of decrease of the volume of spherical ball of salt at any instant is oc surface.

Let the radius of the spherical ball of the salt be r.

Volume of the ball (V) = % mr’

and surface area (S) = 4mr®
ﬂocs = i(ﬂﬂ?fajm4m’2
ot a3
2
= Age d e o O 41tr2
8 at at  4mr
- % =k-1  [where, k is the proportionality constant]
= g x
at

Hence, the radius of ball is decreasing at a constant rate.

Q. 2 If the area of a circle increases at a uniform rate, then prove that
perimeter varies inversely as the radius.

Sol. Let the radius of circle =r And area of the circle, A = r?

gA = d r?
at at
= dA —2nr-g .. ()

a7 at
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Since, the area of a circle increases at a uniform rate, then

A _
at
where, k is a constant.
From Egs. (i) and (ii), 2nr- % =K
ar  k k (1)
= _ = = — .| =
a 2nr 2mn \r
Let the perimeter, P=2nr
aP d dpP
—=—2W = ——=2n
at  dt at
_on K1k
2n r r
dP 1
= — oC —
at r

165

.. (i)

...(ii)

ar

at

[using Eq. (iii)]

Hence proved.

Q. 3 A kite is moving horizontally at a height of 151.5 m. If the speed of kite

is 10 m/s, how fast is the string being let out, when the kite is 250 m
away from the boy who is flying the kite, if the height of boy is 1.5 m?

Sol. We have, height (h) = 151.5m, speed of kite (v)=10 m/s

Let CD be the height of kite and AB be the height of boy.

Let DB=xm=EAand AC =250m
ax =10m/s
dt
From the figure, we see that
EC =151.5-1.5=150m A
and AE =«x
Also, AC =250m 1.5m
In right angled ACEA, B
AE? +EC? = AC?
= x? + (15077 = y2
= x2 + (150)° = (250)°
= x? = (250 - (150)?
= (250 + 150) (250 — 150)
= 400 %100

x =20 x10=200

From Eq. (i), on differentiating w.r.t.t, we get
2% - dx +0= Zyd—y
at at
= 2y dy =2x ox
at at
dy _x dx
a oy dt

_ 200, 10=8m/s
250

So, the required rate at which the string is being let out is 8 m/s.

F c
151.56m
E
G
H D"
()
E:Z—f:Wm/s}
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Q. 4 Two men A and B start with velocities v at the same time from the
junction of two roads inclined at 45° to each other. If they travel by
different roads, then find the rate at which they are being separated.

® Thinking Process

By drawing figure such that men start moving at a point C, A and B are separating points,
then draw perpendicular from that point C to AB to get D. Now, get the value of ZACD in

terms of xand y, then by using%get desired result. [let AC=BC =x and AB=y]
t

Sol. Let two men start from the point C with velocity v each at the same
time.
Also, /BCA = 45°
Since, A and B are moving with same velocity v, so they will cover
same distance in same time.
Therefore, AABC is an isosceles triangle with AC = BC.
Now, draw CD L AB.
Let at any instantt, the distance between them is AB.
Let AC=BC=x and AB=y
In AACD and ADCB,

ZCAD = ~ CBD [ AC = BC]
ZCDA = 2 CDB = 90°
o ZACD = «DCB
or 4ACD=%><4ACB
= ZACD = % x 45°
= ZACD =%
. n AD
sin—=—
8 AC
- sin®_Y/2 [+ AD=y/2]
8 x
= Y_ xsin =~
2 8
. T
= =2x-Sin—
y=zcx 8
Now, differentiating both sides w.r.t.t, we get
ay . m o dx
L =2.sin—-—
at 8 dt
=2-sin£v |—~.'v=d—ﬂ
8 L ot ]
2 -2 _ o A2-42
=2v- sin— =
2 8 2

= /2 — /2 vunit/s

which is the rate at which A and B are being separated.
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Q. 5 Find an angle 6, where 0< 0 < % which increases twice as fast as its sine.

Sol. Let 0increases twice as fast as its sine.

= 6=2sin0
Now, on differentiating both sides w.r.t.t, we get
ae do

—=2-C080-— = 1=2co0s 6
ad at

T
=c0sO = cosO=cos—

o N[

_r
3

So, the required angle is %

Q. 6 Find the approximate value of (1.999)°.

Sol. Let x=2
and Ax = - 0001
Let y=x°
On differentiating both sides w.r.t. x, we get
ﬂ = 5x*
dx
Now, Ay:g~Ax:5x4><Ax
dx

=5x2% x[-0001]

=— 80 x 0001 =— 0080
(1999° = y+ Ay

=2% 4+ (- 0.080)

=32 - 0080 =31.920

[+ 2 - 0.001=1.999]

Q. 7 Find the approximate volume of metal in a hollow spherical shell whose
internal and external radii are 3 cm and 3.0005 cm, respectively.

Sol. Letinternal radius =r and external radius =R

~.Volume of hollow spherical shell, V = gn (R® =13

= V= % 7 [(30005)° —(3)°]
Now, we shall use differentiation to get approximate value of (3.0005)°.
Let (30005° =y + Ay
and x =3 Ax = 00005
Also, let y=x°
On differentiating both sides w.r.t. x, we get

& = 3x?

dx

Ay:ﬂ x Ax = 3x? x 0.0005

dx

=3 x 3° x 0.0005
=27 x 0.0005 = 0.0135
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Also, (3.0005)° = y + Ay
=3%+00135=27.0135
V= gn [27.0135 - 27.000] [using Eq. (i)]

= % 7 [0.0135]= 47 x(0.0045)
=00180n cm®

Q. 8 A man, 2 m tall, walks at the rate of 1§ m/s towards a street light

which is 5 1 m above the ground. At what rate is the tip of his shadow

movjng and? at what rate is the length of the shadow changing when he
is 3g m from the base of the light?

Sol. Let AB be the street light post and CD be the height of mani.e., CD =2 m.

LetBC=xm,CE=ym andd—x:jm/s
at 3
From AABE and ADCE, we see that
AABE ~ ADCE [by AAA similarity]
16
AB _BE 3 _x+Yy

DC CE 2 y

- 16_x+y
6 v
= 16y = 6x + 6y= 10y = 6x
3
= -
y 5%

On differentiating both sides w.r.t.t, we get
%_édi_ﬁ.(_&j
da 5 dt 5 3
[since, man is moving towards the light post]

:g-(_—Sj:Jm/S
5 3

Let Z=x+Yy
Now, differentiating both sides w.r.t.t, we get

dz dx ady [5 )
—=—4 —=—|—+1
dt dt dt 3
=—§=—2gm/s
3 3

Hence, the tip of shadow is moving at the rate of 2% m/s towards the light source and

length of the shadow is decreasing at the rate of 1 m/s.
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Q. 9 A swimming pool is to be drained for cleaning. If L represents the
number of litres of water in the pool t seconds after the pool has been
plugged off to drain and L =200 (10 — t)°. How fast is the water running

out at the end of 5 s and what is the average rate at which the water
flows out during the first 5 s?

Sol. Let Lrepresents the number of litres of water in the poolt seconds after the pool has been
plugged off to drain, then
L=200(10 -ty

.. Rate at which the water is running out = — dL

dt
aL
~= = -200-2 (10 ~t)- (-1
o ( )-(=1)

=400(10-1)

Rate at which the water is running out at the end of 5 s
=400(10 - 5)
=2000L/s =Final rate

Since, initial rate = — (%j =4000 L/s

at Jr-o

' Initial rate + Final rate
Average rate during 5 s =

2
_ 4000 + 2000
2
=3000L/s

Q. 10 The volume of a cube increases at a constant rate. Prove that the
increase in its surface area varies inversely as the length of the side.

Sol. Let the side of a cube be x unit.
Volume of cube (V) = x
On differentiating both side w.r.t. t, we get
v _ 3x? dx

3

= =k [constant]
at at
N dx _ _k_ )
dt 3x?
Also, surface area of cube, S = 6x?
On differentiating w.r.t. t, we get
as dx
— =12x-—
at ot
as k . .
=12x using Eq. (i
= dt Pl [using Eq. ()]
12k ( )
= -
dl‘ 3x
dS 1
= _
dt x

Hence, the surface area of the cube varies inversely as the length of the side.
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Q. 11 If x and y are the sides of two squares such that y = x — x?, then find
the rate of change of the area of second square with respect to the
area of first square.

® Thinking Process

First, let A ;and A, be the areas of two squares and get their values in one variable and
then by using dA,/ dt and dA, | dt get the value of dA, | dA,

Sol. Since, x and y are the sides of two squares such that y = x — x2.

Area of the first square (A,) = x?
and area of the second square (A,) = y° = (x — x

a4, _d (x—x2)2:2(x—x2)[d—x—2x-d—xj

atdt ot ot
dx 2
=—(1-2x)2(x —
dt( x)2(x - x%)
and A _d o5y 9
at ot at
dx 2
%_dAz/dt_a-ﬂfo)(foZx)
OA,  dA /dt op. 0%
at
_(1-2x)2x(1-x)
B 2x
=(1-2x)(1-x)

=1—x —2x + 2x°

=2x% - 3x + 1

Q.12 Find the condition that curves 2x=y? and 2xy =k intersect
orthogonally.

® Thinking Process

First, get the intersection point of the curve and then get the slopes of both the curves at
that point. Then, by using m,- m,==1, get the required condition.

Sol. Given, equation of curves are 2x = 2 ()
and 2xy =K ()]
- yo [from Eq. (ii)]

2x
Py
From Eq. (i), 2x = (—j
2x
= 8x® = k?
N 3 — 1 k2
8
1,23
= —k
2
K Kk
y= o= _ /3
X 2. k2/3
2

: . ) (1
Thus, we get point of intersection of curves which is (E k'3, kVBJ.
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From Egs. (i) and (ii),

ay
2=2y—~
y dx
and 2[35%4.)/1}:0
X
- dy _1
dx vy
and (%) — ;2)/ — X
dx 2x x
ay 1
- [dxj(uz/q k1/3) T kY8 [saym]
2
_ /3
and (%j _ K e [say m,]
dx (1k2/31 kﬂa) 1
2 2
Since, the curves intersect orthogonally.
ie., my-my =—1
1 -
= W.(—zk 3y =+
= —2Kk %8 = A
2
= W =1
= k2/3 =2
k? =8

which is the required condition.

Q. 13 Prove that the curves xy =4 and x + y? =8 touch each other.

® Thinking Process

First, find the intersection points of curves and then equate the slopes of both the curves
at the obtained point.

Sol. Given equation of curves are

=4 ()
and x2+y*=8 (D)
= x - ¥ +y=0
dx
and 2x+2y% =0
dx
= [
dx x
and ¥ = 2
dx 2y
ay -y
= —=—==m sa
dx x ! [say]
and & _-=x_ m, [say]
dx y
Since, both the curves should have same slope.
-y _—-Xx 2 2
—=— = -y =-x
x y

= x? = y? ..(iii)
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Using the value of x2 in Eq. (i), we get

yV+y =8
= y2 =4d=y=%2
4
Fory=2,x=—-=2
y x 5
4
andfory=—2,x=—2=—2
Thus, the required points of intersection are (2, 2) and (- 2, — 2).
For (2, 2), m="Y-"2__4
x 2
and m, === 2
y 2
. my =m,
For (-2,-2), m == -2
x -2
and m, =% = -2
y -2

Thus, for both the intersection points, we see that slope of both the curves are same.
Hence, the curves touch each other.

Q. 14 Find the coordinates of the point on the curve ~/x +./y =4 at which
tangent is equally inclined to the axes.

Sol. We have, Nr + . Jy=4 ()
- X2 N2 g
- LS S B B 2

Since, tangent is equally inclined to the axes.

¥ _,
dx

= —\ﬁ:i1
x

= X:1:>y—x
X

From Eq. (i), Jy+Jy=4

= 2y =4

= 4y =16
y=4andx =4

Wheny=4,then x =4
So, the required coordinates are (4, 4).
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Q. 15 Find the angle of intersection of the curves y =4 — x? and y = x°.

Sol. We have, y=4-x
and y=x?
= % =-2x
dx
and & =2x
dx
= m =-2x
and m, =2x
From Egs. (i) and (ii), x° =4 - x?
= 2x% =4
= 2=2
= x =12
- y=x2=(£2)7 =2
So, the points of intersection are (+/2, 2)and (-~/2, 2)
For point (+ +/2, 2), m=-2x=-2-2=-22
and m, = 2x= 22

_mi-m| _|-2v2 - 22| |- 42|
e mm, [1-2v2-242| | -7 |

6 =tan' [MJ
7

and for point (+/2,2), tan 6

Q. 16 Prove that the curves y® =4x and x® + y? —6x +1=0 touch each

other at the point (1, 2).

Sol. Wehave, y? =4xandx? + y?> —6x + 1=0
Since, both the curves touch each other at (1, 2) i.e., curves are passing through (1, 2).

ay
2y-— =4
y dx
and 2x+2y%=6
I
- & _ 4
dx 2y
and I _6-2x
dx 2y
- (2).,-4-
dx 1,2) 4
and (%) _6-2-1_4_,
dx (1,2) 2.2 4
= my=1and m, =1

Thus, we see that slope of both the curves are equal to each other i.e., m; = m, =1at the

point (1, 2).
Hence, both the curves touch each other.
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are parallel to the line x + 3y =4.

Sol. Given equation of the curve is

3w -y> =8
On differentiating both sides w.r.t. x, we get
6x — Zy% =0
dx
dy 6x 3x
= e A A ol
dx 2y y
3x
= m=—
y
-1 -y
and slope of normal (m,)=—=—
m 3x

Q. 17 Find the equation of the normal lines to the curve 3x? — y? =8 which

[say]

.. (i)

Since, slope of normal to the curve should be equal to the slope of line x + 3y = 4, which is

parallel to curve.

. 4-x —x 4
For line, y= =>4
3 3 3
= Slope of the line (m;) = %
My =M;
. y_ 1
3x 3
= - 3y=-3x
= y=x (D)
On substituting the value of yin Eq. (i), we get
3x? —x° =8
= x2=4
= x=%2
Forx =2, y=2 [using Eq. (iii)]
and forx = -2, y=-2 [using Eq. (iii)]

Thus,the points at which normal to the curve are parallel to the line x + 3y = 4 are (2, 2) and

(-2,-2).
Required equations of normal are
y-2=my(x -2) and y+2=m,(x +2)

= y—2=€(x—2)and y+2=€(x+2)
= 3y-6=-x+2 and 3y+6=-x-2
= 3y+x=+8 and 3y+x=-8

So, the required equations are 3y + x = + 8.

are parallel to the Y-axis?

Sol. Given, equation of curve which is

x4+ yP—2x—4y+1=0
= 2x+2yg7274ﬂ:0
dx dx

Q. 18 At what points on the curve x° + y? —2x —4y +1=0, the tangents
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=

=

=
=

Yoy _ay-0_ox
dx
dy 2(1-x)

dx 2(y-2)

1-x

y_
y_

N o ol=

5=
o=
y:

For y =2 from Eq. (i), we get

R R U

So, the required points are (— 1,2)and (3, 2).

%2 422 2% —4x2+1=0
x?-2x-3=0

x> -3x+x-3=0
x(x—3)+ 1(x-3)=0
(x+Nx-3)=0
x=—-1,x=3

Since, the tangents are parallel to the Y-axis i.e., tan 6 = tan90° = %
X

175

Q. 19 Show that the line X +% =1, touches the curve y =b-e™/® at the

point, where the curve intersects the axis of Y.

a

y

Sol. We have the equation of line given by . b =1 which touches the curve y=b-e /2 at
a

the point, where the curve intersects the axis of Yi.e., x = 0.

So, the point of intersection of the curve with Y-axis is (0,b).

y:b.efo/a =p

Now, slope of the given line at (0, b) is given by

=

=

Also, the slope of the curve at (0, b)is

Since,

11,
a b dx
g:q b
dx a
b 1, b
dx a a
ﬂ:b.e—x/a.j
dx a
%:jefx/a
dx a
(g) — ﬂe_o — j — m2
dx (0, b) a a
m, =m —j
1 2 a

[say]

[say]

Hence, the line touches the curve at the point, where the curve intersects the axis of Y.
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Q. 20 Show that f(x) =2x +cot * x + log(y/1 + x° — x) is increasing in R.

® Thinking Process

If f'(x) =0, then we can say that f(x) is increasing function. Use this condition to show
the desired result.

Sol. We have,

f(x) = 2x + cot™'x + log(W1+ x° — x)

oo [ I )
f(x)—2+[1+x2]+(\/1+x2_x)kz\/1+x2 2x 1J

P 1 (x — 41+ x?)
1+ 22 (\/1+x2—x) \/1+x2
1 1

1P 1+ x2
C2+2x® —1- 1+ x® 1+ 2x7 -1+ 47

1+ x° 1+ x°

=2

For increasing function, f'(x) >0

=

LUl

2 2
1+ 2x T+ x 0

1+ x°
1+ 2x% > 1+ «?
1+ 2x27° >1+ «?
1+ 4x* + 4x2 >1+ x2
4x* + 3x2 >0
x2(4x? + 3)20

which is true for any real value of x.
Hence, f(x)is increasing in R.

Q. 21 Show that fora > 1, f(x) = \/3sin x — cos x — 2ax + b is decreasing in R.

® Thinking Process

If f'(x) <0, then we can say that f(x)is a decreasing function. So, use this condition to

show the result.

Sol. Wehave,a>1,

f(x) = /3sinx — cosx —2ax + b
f'(x) = v/3cosx — (- sinx) — 2a
=+/3cosx + sinx - 2a

=2 ﬁcosx + 1~sir1x —2a
2 2

-COSx + sir1£~simc1 -2a
6 )

[-cos(A - B)=cosA-cosB + sinA-sinB]

= 2[(003% - x) - a}
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We know that, cosx e[-1,1]
and ax1
So, Z[COS(% - xj - a} <0
: f'(x)<0

.I;lence, f(x)is a decreasing function in R.
Q. 22 Show that f(x) =tan *(sin x + cos x) is an increasing function in (O, Z]

Sol. We have, f(x) = tan”Y(sinx + cosx)

f'(x)= %-(oosx —sinx)
1+ (sinx + cosx)

]
1+ sin® x + cos® x + 2sinx-cosx

= ;(cosx —sinx)

(cosx —sinx)

2 + sin2x)
[ sin2x = 2sinxcosx andsin® x + cos? x = 1]
For f'(x) > 0,
m -(cosx —sinx) >0
= cosx —sinx >0 { (2 +sin2x) >0 in(O,%ﬂ
= cosx >sinx

which is true, if x e (o, %)

Hence, f(x)is an increasing function in (O, %)

Q. 23 At what point, the slope of the curve y =—x® +3x? +9x — 27 is
maximum? Also, find the maximum slope.

Sol. We have, y=—x>+3x% + 9x - 27
g—y = — 3x2 + 6x + 9 =Slope of tangent to the curve
X
2
Now, Y er+o
X
For i(%] =
dx \dx
-6x+6=0
-6
= x=—=1
-6
2
d(ng = 6<0
dx { dx
So, the slope of tangent to the curve is maximum, when x = 1.
Forx =1, (%j =-3.1+6-1+9=12
ax Jix = 1)

which is maximum slope.
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Also, for x=1y=-—1+312+9.1-27
=-1+3+9-27
=-16

So, the required pointis (1, — 16).
Q. 24 Prove that f(x) =sin x + +/3 cos x has maximum value at x = %

Sol. We have, f(x) = sinx + /3cosx
: /() = cosx + ~/3 (- sinx)
= cosx —~/3sinx

For f'(x) = 0, cosx = +/3sin x
1 b
= tanx = — = tan—
J3 6
T
= X =—
6

Again, differentiating f'(x), we get
f'(x) = — sinx — v/3cosx

T Y T
At x ==, f(x) = —sin— — +/3cos =
6 ) 6 6
1 J3
=——-43.X=
2 3 2
:—1—§:—2<0
2 2
Hence, atx = % f(x) has maximum value at% is the point of local maxima.

Long Answer Type Questions

Q. 25 If the sum of lengths of the hypotenuse and a side of a right angled
triangle is given, then show that the area of triangle is maximum,

when the angle between them is g

Sol. Let ABC be a triangle with AC = h, AB=x and BC = .
Also, ZCAB=10
Let h+x=k ()

cos 0 ="
h

x =hcos6
h+ hcos 6 =k [using Eq. (i)]

Uy
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= h(1+cos 0)=k
= h= Kk ()]
1+ cos6)
Also, area of AABC = %(AB -BC)
1
A=—.x-
o *Y
= 1hcos 0 - hsin 6 [ sinf = X}
2 h
1

=_—hsin0-cos
2

2
= %Siﬂ 0-cos 0

_Vr2sinze ... (iif)
4

.k
1+ cos 6

2
A:1 L -sin20
4{ 1+ cos 6

2 .
N A:/L. sin26 . (i)
4 (1+ cos 0)

dA  K*[(1+cos6)-cos2 0-2 —sin20-2(1 + cos6)- (0 —sin O) ]

do 4 (1+ cos0)*

3 k2{2(1 + cos0)[(1+ cos 0)-cos2 0 + sin26 (sin 6)}

4 (1+ cos)*
K2 2 -
=— —————[(1+ cos0)-cos26 + 2sin” 6-cos 6]
4 (1+ cos 0)
k2
= m[a + cos 0)(1—2sin? B) + 2sin® 0-cos 6]
+ Cos
2
= 2(1}(76)3[1 +c0s0 —2sin? § — 2sin® 0-cos O + 2sin® 0-cos 6]
+ cos
k2
= m[(1 + COS 9) - 2Sil’12 9]
k2
= mﬁ +c0s0 -2 + 2cos? 0]
+ cos
k2
:m(20082e+cose—1) (V)

Since,

LS(ZCOSZG +cos0—1)=0
2(1+ cos0)

2c0s20+cosf-1=0

2c0s?0 + 2cos0 —cosO—1=0

2cos0 (cosb+ 1)—1(cos6+1)=0

(2cos6 —1)(cosb+ 1)=0

Uy Ul
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cos@:%oroos@:—1

Again, differentiating w.r.t. 8in Eq. (v), we get

d (dAj
de\ do

de?

e:g [possible]
0=2nmt+tn [not possible]
T
="
3
_ ) ]
d /(73(20032 0+ cos 0 —1)
do| 2(1 + cos 6)
d?A d[k*@cos®-1)(1+cos6)| d[k® @cos6-1)]
do| 2(1+ cos 0)° Tde| 2 (1 +cos 0)°
k2 [ (1 + cos 0) - (— 2sin 0) — 2(1 + cos 0)- (— sin 0)(2cos 6 — 1) |
2| (1+ cos0)*
K2 7(1+ cos 0)-[1+ cos 0](-2sin 6) + 2sin 6 (2cos 671ﬂ
2| (1+ cos 0)*
k? [ —2sin 0 — 2sin 0-Ccos O + 4sin 0-cos 0 —2sin 0 |
2| (1+ cos 0)°
K?[ = 4sin 0 - sin20 + 2sin20 | k*[sin20 - 4sin 0 |
2| (1+ cos 0)° 2| (1+cos 0’
[ 271 TE—| J3 «/é—l
2|sin= > —asin | 2] = - |
_ 3 3|_K|2 " 2 |
2 (1+cos jSJ Z‘L( )SJ
K*[-3J3-8 e f
2| 227

which is less than zero.

Hence, area of the right angled triangle is maximum, when the angle between them is %

Q. 26 Find the points of local maxima, local minima and the points of

Sol. Given that,

inflection of the function f(x)=x" —5x* +5x° —1. Also, find the
corresponding local maximum and local minimum values.

flx) = 2% — Bx? + 5x® —1

On differentiating w.r.t. x, we get

For maxima or minima,

=

Uy 4l

f'(x) = 5x* — 20x° + 1542
fix)=0

5x* —20x% + 1522 =0

5x?(x? — 4x + 3)=0

Bx?(x? = 3x —x + 3)=0
5ac?[x(x — 3) = 1(x — 3)]=0

5x2°[(x — 1)(x - 8)]=0
x=013
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Sign scheme forg—y =5x%(x — 1)(x — 3)
X

— o0+ + -, +t 4
T T

0 1 3

So, y has maximum value at x = 1and minimum value at x = 3.
At x = 0,y has neither maximum nor minimum value.
Maximum value of y=1-5+ 5-1=0
and minimum value = (3)° - 5(3)* + 5(3)° — 1
=243 -81x5-27 x5-1=-298

Q. 27 A telephone company in a town has 500 subscribers on its list and
collects fixed charges of ¥ 300 per subscriber per year. The company
proposes to increase the annual subscription and it is believed that for
every increase of ¥ 1 per one subscriber will discontinue the service.
Find what increase will bring maximum profit?

Sol. Consider that company increases the annual subscription by ¥ x.
So, x subscribes will discontinue the service.
Total revenue of company after the increment is given by
R (x) = (500 — x) (300 + x)
=15 x10* + 500x — 300x — x?
= — x% + 200x + 150000

On differentiating both sides w.r.t. x, we get
R'(x)=—-2x + 200

Now, R'(x)=0
= 2x =200= x =100
R"(x)=-2<0

So, R (x)is maximum when x=100.
Hence, the company should increase the subscription fee by ¥ 100, so that it has maximum
profit.

Q.28 1f the straight line xcoso +ysino =p touches the curve

2 2
X .
—+ y—z =1, then prove that a® cos? o +b? sin®a = p°.
a b
Sol. Given, lineisx cos a + ysina =p (D)
x2 y2
and curveis — + =5 =1
a b
= b%x? + a%y? = a’b? (i)

Now, differentiating Eq. (i) w.r.t. x, we get
b? -2x+a2~2y~%=o
dx

dy  -2b%x - axb®

- = = ... (i
dx  2a% ya® &
From Eq. (i), ysino=p—xCosa
= y=-xcota+ L
sin a

Thus, slope of the line is (- cot a).
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2

So, the given equation of line will be tangent to the Eq. (ii), if {— % sz =(-cot o)
a

= . r ; A
a“cosa bTsina
= x = ka® cos o
and y=b2ksina
2
So, the line xcosa+ ysina= p wil touch the curve x—z
a

(ka® cos o, kb sin ).
From Eq. (i), ka® cos® o + kb%sin a. = p
= a® cos® a + b?sin® a:%

o?
= (@° cos® a + b®sin® a) = ra
From Eq. (ii), b%k?a’ cos? o + a’k?h?sin® o = a®b?
= k? (@®cos® o + b?sin®a) =1
= (@ cos® a + b?sin a) = kiz

On dividing Eg. (iv) by Eq. (v), we get
a’cos®a + b?sin® a = p?
Alternate Method
We know that, if a line y = mx + ¢ touches ellipse Z—j + Z—z =1 then
the required condition is c? =a’m® + b?

Here, given equation of the line is
XCOSa+ ysina=p

— X COS o
- _p-xcosa
sin a
=—xcota + _’O
sin a
= C:.L
sin o
and m=—cot a
2
P} —22 (Ccotw? + b2
sina
2 2
Cos“ a
= p7=a27+bz

sin? o sin o
= p? = acos?a + b2sina

[say]

2
+g—2 at point
~(iv)
(V)

Hence proved.

Hence proved.
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Q. 29 If an open box with square base is to be made of a given quantity of
card board of area c? then show that the maximum volume of the box

3
1S —— cu units.

6f

® Thinking Process

. ) ‘ dav . av
First, let the sides of box in x and y then find T in terms ¢ and x. Also, for d—zo get
x x

2

the value of x and if dx\z/ < 0 at the value of x, then by putting that value of x in the

equation of V, get the desired result.

Sol. Letthe length of side of the square base of open box be x units and its height be y units.

Area of the metal used = x° + 4ay

= x? + 4ay =c? [given]
2 2
c”—x )
= y= " (D)
Now, volume of the box (V) = x%y
= V=x? (CZ _ xzj T
4x
1 X i
2 2
=—x(C°-x x
4 ( ) a “—x —>
1 c%x — x°)
On differentiating both sides w.r.t. x, we get
Z—V=%(cz—3x2) .. (i)
X
Now, Z—V:O = % =23
X
2
= =S
3
= X = < [using positive sign]
R
Again, differentiating Eq. (i) w.r.t. x, we get
ﬂ 1 (-6x)=—x<0
dx2 4 2
d®v 3 ( c j< 0
dx2 at c 2 \/§
Thus, we see that volume (V) is maximum at x = %
1(, c ¢
Maximum volume of the box, (V =—|Cc"—=-—F—
( )x*% 4 ( V3 SJEJ
_ 1 (@38®-c®)_1 2c¢®
4 33 4 33
3
= ——CUu units

643
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Q. 30 Find the dimensions of the rectangle of perimeter 36 cm which will
sweep out a volume as large as possible, when revolved about one of
its sides. Also, find the maximum volume.

Sol. Let breadth and length of the rectangle be x and y, respectively.

T

y

l

0 O
< X >
Perimeter of the rectangle = 36 cm
= 2x+ 2y =36
= x+y=18
= y=18-x ()]

Let the rectangle is being revolved about its length y.
Then, volume (V) of resultant cylinder =  x% - y

= V=mx?-(18-x) [ V = nr?h][using Eq. ()]
=18m? — e = 1 [18x° — &%)

On differentiating both sides w.r.t. x, we get

Y (36x — 3x?)
dx
Now, ﬂ =0
dx
= 36x = 3x°
= 3x% - 36x =0
= 3(x?-12x)=0
= 3x (x-12)=0
= x=0x=12
x=12 [, x=0]
Again, differentiating w.r.t. x, we get
d?v
— =mn (36 - 6x
o ( )
2
= % =n(36-6x12)=—36n<0
"), i

At x =12, volume of the resultant cylinder is the maximum.
So, the dimensions of rectangle are 12 cm and 6 cm, respectively. [using Eq. (i)]
.. Maximum volume of resultant cylinder,
(V)e—1p = [18-(12) - (12)°]
=n[12% (18 - 12)]

=nx144 x6
=864 & cm®
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Q. 31 I the sum of the surface areas of cube and a sphere is constant, what is
the ratio of an edge of the cube to the diameter of the sphere, when
the sum of their volumes is minimum?

Sol. Let length of one edge of cube be x units and radius of sphere be r units.
o Surface area of cube = 6x°
and surface area of sphere = 47r?

Also, 6x? + 4nr® =k [constant, given]
= 6x2 =k — 4mr®
2 k - 4TCf2
= x? =
6
1/2
[k — 4| :
= X = 6 o (l)
Now, volume of cube = x°
4
and volume of sphere =3 r’

Let sum of volume of the cube and volume of the sphere be given by

o2
S:x3+ﬁnr3:|_k m” | +ﬁnf3
3 L 6 3

On differentiating both sides w.r.t. r, we get
/
dS  3[k-an?] 2(— 87cr) 12 ,

= +—nr
ar 2 6 6 3

1/2
_ _271{" - ‘WT v an? i

1/2
=-2nr I—{kgnﬁ} - 2r—|
| ]

Now, —=0
ar
o\1/2
= r—Oor2r:(k 4r]
2
= 4r2_k gm = 24r° = k — 4qr®
= 24r + am® =k = P 24+ 4n]=k
r=0or r= k1] k
24+ 4n 2 \6+ 7
We know that, r+0
1 k
,:,
6+ 7

Again, differentiating w.r.t. rin Eq. (i), we get

o’s d{ oo 3J4H

dr

—
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| (k=4 sy (k-aw?)” ]
=21 r-2[ - ] ( ”j+( e j ~1J+4rr~2r

6

-2n!r-

8w +12£k— mzﬁ
=-2n P |+ 8nr
12 6“ J
I .| [ 1
271‘ —48m° + 72k — 48m° }+8M:_2n}796m2+72k‘+8m>o

k — 4nr?

R R e

Forr = 1 K , then the sum of their volume is minimum.
2 \6+mn

1/2
k 4r - 1 K

:
K ) )}
6+ 1 6 J

Forr:1
2

. (6+n)k—nkT/2 [« 17

6(6+ m) 6+nJ

Since, the sum of their volume is minimum when x = 2r.
Hence, the ratio of an edge of cube to the diameter of the sphere is 1:1.

=2r

Q. 32 If AB is a diameter of a circle and C is any point on the circle, then
show that the area of AABC is maximum, when it is isosceles.

Sol. We have, AB=2r
and ZACB=90° [since, angle in the semi-circle is always 909
Let AC =xand BC =y
: @r? =x% + y*
= Yo =4 - x°
= y =4 - x° ()
Now, area of AABC, A = % XX XY
_ % xx x (4% — x2)/2 [using Eq. ()]

Now, differentiating both sides w. rt x, we get

oA 1T, 212 4o 2
o~ 2L 2(4 -x°) (0—2x)+ (4r

—2x?

|
pbree

x2)V2. 1}

1
+ (42 - x2)1/2J
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R 7_1r—2x2+4r2T
2 \/4r2—x2 J 2L\/4r2—x2
aA [(x?+27)]
= 7:| | B
ax L 4r? xZJ
Now %:0 T
dx
= -x>+2r7=0 c
= 2ol l
2
= r:%x ASe—a——-C
x=r2

Agaln differentiating both sides w.r.t. x, we get
J2A Var? — x? . (—2x) + @r° —x2)~%(4r2 —x2)yV2 (—2x)
o a2
[ ) ]
L YT T ) P —
L 2,/4r% — x2 J
(\/4r2 _ %27

2
—4x-( 42 —x2) "+ @2 - x?) (- 2x)

2. (4r? _x2)3/2
= dx (4% - x®) + (217 - x°) (-2x)
2. (4r2 _x2)3/2
=162 + 4x® + (2r° — x%) (- 2x)
2. (4r2 —x2)¥2
(dzA] =162 %+ 4 (2)P + 27 — (V2] (-2 r42)
o’ ) _ 2. (47 —2r2)%?

_-1642.r° +82r° 82 r* [r-2r]
2 (2r?)¥2 4r®

—8fr  _23< 0
4r8

For x = r+/2, the area of triangle is maximum.

Forx = V2, y= a7 (2P =27 =2
Since, X = I'«/E =y
Hence, the triangle is isosceles.
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Q. 33 A metal box with a square base and vertical sides is to contain
1024 cm?. If the material for the top and bottom costs ¥ 5per cm? and
the material for the sides costs ¥ 2.50 per cm?. Then, find the least
cost of the box.

Sol. Since, volume of the box = 1024 cm®
Let length of the side of square base be x cm and height of the box be y cm.

AN

!
|

X.

N

—x——>

Volume of the box (V) =x? -y = 1024

Since, x%y=1024 = y = 10’34
X

Let C denotes the cost of the box.
: C =2x2 x5+ 4ay x2.50

=10x% + 100y =10x (x + ¥)

=10x (x+ %)
x

10x 3
= C = 1052 4 10240 )
X

On differentiating both sides w.r.t. x, we get

9C _o0x + 10240 (- x) 2

dx

=20x — 102240 (i)
X

Now, ac =0

dx
- o0 102240

X

= 20x°% = 10240
= x¥=512=8"= x=8

Again, differentiating Eq. (i) w.r.t. x, we get
d°c 1
— =20-10240(-2)- —
X

dx?
20480

xS

2
9T 204 280 450
ax? ) . 512

=20+ >0

For x = 8, cost is minimum and the corresponding least cost of the box,
C(8)=10-8 + %
=640 + 1280 = 1920

Least cost =% 1920
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Q. 34 The sum of surface areas of a rectangular parallelopiped with sides x,
2x and g and a sphere is given to be constant. Prove that the sum of

their volumes is minimum, if x is equal to three times the radius of the
sphere. Also, find the minimum value of the sum of their volumes.

Sol. We have given that, the sum of the surface areas of a rectangular parallelopiped with sides
x, 2x and % and a sphere is constant.

Let S be the sum of both the surface area.

=

Let V denotes the volume of both the parallelopiped and the sphere.

Then,

S:2(x-2x+2x~%+§~x)+ Anr’= k

k:ZLZx2 +23§2+x32}

:

+ 4P

=2 [3x%]+ 4m® = 6x + 4nr®

Anr® = k — 6x°
2 _ k- 6x?
4
k — 6x°
4n

r=

4

Ve2x-x 2+ -m
3

3
83

X"+ —m-
1

ENES

2 4
"3 3
2., 4
37 T3
2

x3+

On differentiating both sides w.r.t. x, we get

L O e

U

N _2 g2y ]

1

47

87T3/2

3

xS+ =~

dx

4nx’ = 9 ka? — B4yt
dmxt + 54x* = 9 kx?
x? [4n + 54]=9-k- x°
o2 = 9k
4m + 54

x =3 K
4n + 54

6Vn 2
k — 6x°

3_%,

3
3 3

k76x2 3/2

k - ze)a/z

(k _ 6x2)3/2

(k — 6x2)2 . (= 12x)

4
+ -

.. (i)

...(ii)

(V)
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Again, differentiating Eq. (iii) w.r.t. x, we get

v 3 [ 1 2172 o2 4]
— =4 -—=|x-—(k—6x -(—12x) + (k — 6x -1
o2 Nl 5 ) )+ ( ) |
=4x—%[—6x2~(k—6x2)’”2+(k—6x2)”2]
3 [—6x? + k- 627 |
=4 - —=|— —
Jr k — 6x°
g 3 [kot2e? |
" ke |
e b ]
) _ .
Now (Zx\;J k =43 4111(—54_%' 6-4;.:(—54
x=3- _
4n+ 54 L 4m + 54 J
( 108k ]
k 3 47 + 54
=12 = }
4n+ 54 n B4k
V" an+ 54 |
k 3 [ 4kn + 54k — 108k / 4 + 54 |

4n + 54 /m | \JAkn + B4k — 54 k[ 4n + 54
) 3 [ Akn-5ak |
C \4n+ 54 Jn | Jakn JAn + 54J
6 k@n-27

=12 _ 2| Hlermel)

)
dm+ 54 ~Nm | Jk \[16n° + 216m |

2
rsinoe, @rn-27)< 0= % >0; k >O1
L d J

Forx =3 K , the sum of volumes is minimum.
4r + 54
Kk k — 6x ) )
Forx =3 , then r= using Eq. (i
x A + 54 A [ 9 Ea. ()]

N

1 9k
"oV ar
1 [4kn+ 54k — 54k
“odn | 4n+54
A dkn k1
“2Jn \4n+54 Jan+54 3
= x=3r Hence proved.

Minimum sum of volume,

3
% =—x " +-mw=— 4 [136)
[x:g, LJ 3 3 3 3 (3
4n+ 54
4
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Objective Type Questions

Q. 35 If the sides of an equilateral triangle are increasing at the rate of 2
cm/s then the rate at which the area increases, when side is 10 cm, is

@ 10 cm?/s (b) V3 cm?/s
©10+3 cm?/s (d)%cmzls
Sol. (¢c) Letthe side of an equilateral triangle be x cm.
. Area of equilateral triangle, A = ?xQ ()
Also, ox =2cm/s
at
On differentiating Eq. (i) w.r.t.t, we get
dA 3 _ dx
oI oy 2
at 4 at
:ﬁ-ewo-z ['.'x:mand d—xzz}
4 at
=10J/3cm?/s

Q. 36 A ladder, 5 m long, standing on a horizontal floor, leans against a
vertical wall. If the top of the ladder slides downwards at the rate of
10 cm/s, then the rate at which the angle between the floor and the
ladder is decreasing when lower end of ladder is 2 m from the wall is

() i rad/s (b) ul rad/s
10 20
(c) 20 rad/s (d) 10 rad/s

Sol. (b) Letthe angle between floor and the ladder be 6.
Let AB=xcmandBC =ycm

sin® = iand cos0 = .
500 500
= x =500sin Band y = 500 cos 6
Also, ax =10 cm/s
at
= 500-cos O-d—e:m cm/s
dt
do 10 1
= - = =
dt  500cos 6 50cos 6

Fory=2m=200cm,
__ 1 _10
dt 50.L y

500
=£=irad/s
200 20
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Q. 37 The curve y = x"* has at (0, 0)

(a) a vertical tangent (parallel to Y-axis)

(b) a horizontal tangent (parallel to X-axis)

(c) an oblique tangent

(d) no tangent
Sol. (@) We have, y=x"°

]
- dy _ 1571 s
dx 5 5
1

(ﬁ) x (045 =
dx (0,0) 5

So, the curve y = x® has a vertical tangent at (0, 0), which is parallel to Y-axis.

Q. 38 The equation of normal to the curve 3x* — y? =8 which is parallel to
the line x + 3y =8 is

(@3x-y=8 b)3x+y+8=0
(©x+3y+8=0 (d)x+3y=0
Sol. (c) We have, the equation of the curve is 3x% — y*> = 8 ()
Also, the given equation of the line is x + 3y = 8.
= 3y=8-x
= __x. 8
Y 3 3
Thus, slope of the line is —% which should be equal to slope of the equation of normal
to the curve.
On differentiating Eq. (i) w.r.t. x, we get
dy
6x -2y —=0
ey dx
= & = bx = 3 = Slope of the curve
dx 2y vy

Now, slope of normal to the curve = — T

:

| y

3ij 3x

y
yy_ o1
&)
= -3y=-3x
= y=x
On substituting the value of the given equation of the curve, we get
3 —x?=8
> 8

= X< =—
2
==

RQ
N

VR

w

= x 2
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For x =2, 3R -y* =8
= V=4
= y=x2
and forx = - 2, 3(-22 -y?=8
= y==%2

So, the points at which normals are parallel to the given line are (+ 2, £ 2).
Hence, the equation of normal at (£ 2, + 2)is

y—(ﬂ):—%[x—(iz)]

y-(+2)]=-[x-(x2)]

=
= x+3y+8=0

Q. 39 If the curve ay + x° =7 and x> =y, cut orthogonally at (1, 1), then
the value of a is

(@) 1 (b) O (c)-6 (d) 6
Sol. (d) We have, ay+x2=7andx® =y
On differentiating w.r.t. x in both equations, we get
aPiox0 anda2=Y
dx dx
= Y 2% g W g2
dx a dx
- )t
dx (1,1 a
and (%) =31=3=m,
dx (1)
Since, the curves cut orthogonally at (1, 1).
/771 . m2 = —
= (ij -3=-1
a
. a==6

Q. 40 If y = x* — 10 and x changes from 2 to 1.99, then what is the change in

y?
(@) 032 (b) 0.032 (c) 568 (d) 5968
Sol. (@) Wehave, y=x*-10= g—y = 4x°
X
and Ax =2.00-199= 001
ay
Ay ==L xA
y dx X AX
= 4x% x Ax
=4x2% x001
=32 x001=032

So, the approximate change iny is 0.32.
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Q. 41 The equation of tangent to the curve y(1+x%)=2-x, where it
crosses X-axis, is

(@ x+5y=2 (b) x —5y =2
()5x—-y=2 (d)5x +y =2
Sol. (@) We have, equation of the curve y(1 + x%)=2 — x ()
y-(0+2x)+ (1+ xz)g—y =0-1 [on differentiating w.r.t. x]
X
= 2xy+(1+xz)%=—1
dx
- d _—1-2ny N0

dx 1+ x°

Since, the given curve passes through X-axis i.e., y = 0.
: 01+ x%)=2-x [using Eq. (i)]

= x=2
So, the curve passes through the point (2, 0).

(%j = 7177250 _ 1 =Slope of the curve
dx (2,0 1+2 5

.. Slope of tangent to the curve = — %

. Equation of tangent of the curve passing through (2, 0) is

1
-0=—-=(x-2
y 5( )
= +£—+g
YT 5TTE
= S5y+x=2

Q. 42 The points at which the tangents to the curve y = x* — 12x + 18 are

parallel to X-axis are
@@2,-2),(-2,-34 (b) (2,34),(-2,0)
(€)(0,34),(-2,0) d2,2,(-2,39

Sol. (d) The given equation of curve is
y=x%-12x + 18

g—y =3x2 12 [on differentiating w.rt. x]
X

So, the slope of line parallel to the X-axis.

)

= 3x2-12=0
= x2:E:4
3
o x=t2
For x =2, y=2%_12x2+18=2

andforx=-2, y=(-2)° —12(-2)+ 18 = 34
So, the points are (2,2) and (- 2, 34).
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Q. 43 The tangent to the curve y =e? at the point (0, 1) meets X-axis at
@ (0,1 (b) (—% ,Oj (0 (2,0 1,2

Sol. (b) The equation of curve is y =e2*
Since, it passes through the point (0, 1).

%zeQx.z :216295
dx
= (%) =2.62% =2 =Slope of tangent to the curve
dx (0,1)

Equation of tangentis y — 1=2(x — 0)
= y=2x+1
Since, tangent to curve y =e2* at the point (0, 1) meets X-axis i.e., y = 0.

0=2x+1=> x:—1
2

So, the required point is (; Oj.

Q. 44 The slope of tangent to the curve x =t? +3t —8 and y =2t* —2t —5
at the point (2, — 1) is
22

(@) 7 (b) ; (©) —; (d) -6

Sol. (b) Equation of curve is given by
x=t>+3t-8 and y=2t°-2t-5

d—x=2t+3 and%=4t—2
at at
&
dy dt 4t-2 .
— = = A
- dr 9 2t+13 0
dt
Since, the curve passes through the point (2, - 1).
2=t?+3t-8
and -1=2t2 -2t -5
= t2 +3t-10=0
and 2t2 -2t —4=0
= t?2 + 5t -2t -10=0
and 2t 42t —4t —4=0
= tt+5-2(t+5=0
and 2ttt + 1) -4t +1)=0
= (t-2)t+5=0
and @t-4Ht+1=0
= t=2,-5andt=-12
= t=2
.. Slope of tangent,
(ﬂj _4x2-2 6 [using Eq. ()]
ax )ar—o 2x2+3 7
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Q. 45 Two curves x* —3xy® +2=0 and 3x’y — y® —2=0 intersect at an

angle of
Y T T Y
(@) — (b) — (0= d) =
4 3 2 6
Sol. (c) Equation of two curves are given by
x® - 3% +2=0
and 3x?y—y*—2=0 [on differentiating w.r.t. x]
= SxQ—S[x~2yg—i+ y2-1}+ 0=0
[ 2dy } o dy
and 3|x°—+y2x|-3y"—-0=0
Lx dx yrex v dx
= 3x-2yﬂ+ 3y? = 3x?
dx
and 3y? Y g2V, Bay
dx dx
2 2
- ay _ 3x“ — 3y
dx By
and % — &
dx  3y? - 3x°
N [%j _3a® -y
dx Bxy
@)
dx) 3" -y°)
2 2
— m = u
2xy
and m, = ;2xy2
x% -y
2 _ 2 _
mymy = e 2(2xy; =-1
2xy  x" -y

Hence, both the curves are intersecting at right angle i.e., making gwith each other.

Q. 46 The interval on which the function f(x)=2x> +9x% +12x -1 is

decreasing is
(@[-1, ) (0)[-2,-1] (© (-, -2] d[=1,1

Sol. (b)) We have, fx) =2x% + 9x? + 12x — 1

f(x) = 6x° + 18x + 12
=6(x°+3x+2)=6(x+2)(x+1)

So, f'(x) <0, for decreasing.
On drawing number lines as below

+ve, - | tve.

-2 -1
We see that f'(x) is decreasing in [- 2, —1].
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Q. 471f f:R— Rbe defined by f(x) = 2x +cosx, then f

(@) has a minimum atx =t (b) has @ maximum atx =0

(c) is a decreasing function (d) is an increasing function
Sol. (d) We have, f(x)=2x + cosx

f'(x)=2 + (—sinx) =2 —sinx

Since, f'(x) >0,V x

Hence, f(x)is an increasing function.

Q. 48 If y = x (x —3)? decreases for the values of x given by

@1<x<3 (b) x <0 ©x>0 (d)0<x<%
Sol. (a) We have, y = x(x — 3
g:x-Z(x—S)-1+(x—3)2.1
ax
=2x% —6Bxr+x°+9-6r=3x>-12x + 9
=3(x?-3x—x+3)=3(x-3)(x -1
+ _ ! +

3 t t >

1 3
So, y = x(x — 3)? decreases for (1, 3).

[since, y'< 0 forall x € (1, 3), hence yis decreasing on (1, 3)]

Q. 49 The function f(x) =4sin> x — 6sin® x + 12sinx + 100 is strictly

(@) increasing in (ﬂ/ 321] (b) decreasing in (g , n)
(c) decreasing in [%ﬁ , g} (d) decreasing in [O, g}

Sol. () We have, f(x) = 4sin® x — 6sin® x + 12sinx + 100
: f'(x) = 12sin® x -cosx — 12sinx-cosx + 12cosx

=12[sin® x -cosx — sinx -cosx + cosx]
=12cosx[sin® x — sinx + 1]
= f'(x) =12cosx[sin® x + (1 — sinx)] ()
1—sinx >0andsinx >0

sinfx +1-sinx =0

Hence, f'(x) >0, whencosx >0i.e., x € (—g g)
So, f(x)is increasing when x e (—g g] and f'(x)< 0, whencosx <0i.e., x € (g C;—nj

Hence, f(x)is decreasing when x e (g 32—11)

Since, [E, n) c (E, 3j)
2 2 2

Hence, f(x)is decreasing in (g n).
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Q. 50 Which of the following functions is decreasing on (O, zj?

(a) sin2x (b) tan x (c) cosx (d) cos3x
Sol. (¢) Intheinterval (O, g) f(x) =cosx
= f'(x) = —sinx

which gives f(x)< 0in (o, gj

Hence, f(x)=cosx is decreasing in (O, gj

Q. 51 The function f(x) =tanx — x

(a) always increases

(b) always decreases

(c) never increases

(d) sometimes increases and sometimes decreases

Sol. (a) We have, f(x) = tanx — x
: f'(x) = sec®x — 1
= f'(x)>0,VxeR

So, f (x) always increases.

Q. 52 If x is real, then the minimum value of x> — 8x + 17 is

@1 (b) 0 @1 d 2
Sol. (c) Let fx)=x° — 8x + 17

f'lx)=2x -8

So, f'(x)=0 gives x = 4

Now, f"(x)=2 >0,V x

So, x = 4is the point of local minima.
. Minimum value of f(x) at x = 4,
f(4)=4x4—-8x4+17=1

Q. 53 The smallest value of polynomial x> —18x% +96x in [0, 9] is

@ 126 (b) 0 (©) 135 (d) 160
Sol. (b) We have, flx) = x° - 18x2 + 96x

f(x) = 3x% — 36x + 96

So, flx)=0

Gives, 3x% - 36x + 96=0

= 3(x% —12x + 32)=0

= (x-8)(x—-4=0

= x=84¢l09]
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We shall now evaluate the value of f at these points and at the end points of the interval
[O 9lie,atx =4andx = 8and atx_Oand atx =9

f(4)= 4% —18-42 + 96 4
=64 - 288 + 384=160
f(8)=8° —18-8% + 96-8 =128
f(9)=9° - 18-9% + 96-9
=729 1458 + 864 =135
and f(0)=0% —18-0° + 96-0=0

Thus, we conclude that absolute minimum value of f on [0, 9] is 0 occurring at x = 0.

Q. 54 The function f(x) =2x> —3x* —12x +4, has

(a) two points of local maximum
(b) two points of local minimum
(c) one maxima and one minima
(d) no maxima or minima

Sol. (¢) We have flx)=2x% - 3x2 —12x + 4

: f(x)=6x% - 6x — 12
Now, fllx)=0= 6(x°-x-2)=0
= Bx+1Nx-2)=0
= x=-landx =+2
On number line for f'(x), we get

+ - L+

- ;

Hence x = — 1is point of local maxima and x = 2 is point of local minima.
So, f(x) has one maxima and one minima.

Q. 55 The maximum value of sin x -cos x is

(@ — (b) ~ ©+2 (d) 242
4 2

Sol. (b) We have, f(x) = sinx-cosx = %sin 2x

1
f'(x)= E‘COSQJC -2 =C0Ss2x

Now, f'(x)=0=cos2x =0
T T
= C0S2X =COS—= X = —
2 4
Also f'(x) = dicos&c =-sin2x-2 = — 2sin2x
X

/0]y =—2-85iN2- % =—2sin" = -2<0
atx =mn/4 4 5

At % f(x) is maximum and % is point of maxima.

f(ﬁ)=13|n25=1
4 2 4 2
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Q.56 At x = 52 f(x) = 2sin3x + 3cos3x is

(@) maximum (b) minimum
(c) zero (d) neither maximum nor minimum
Sol. (d) We have, f(x) = 2sin3x + 3cos3x
: f'(x)=2-cos 3x-3+ 3(—sin3x)-3
= f'(x)=6cos 3x — 9sin3x (1)
Now, f""(x)=—18sin3x —27cos 3x

=-9@sin3x + 3cos3x)

f(s—n) = 6008(3-@) —9sin (8@)
6 6 6

= 6003@ - 9sin@
2 2

=6Ccos (2n+ Ej—QSin [2n+ Ej
2 2

=0-9%0

5 . , -
So, x = % cannot be point of maxima or minima.

5t . . . -
Hence, f(x)atx = ry is neither maximum nor minimum.

Q. 57 The maximum slope of curve y =— x> +3x% +9x —271is

(@0 (b) 12 (c) 16 (d) 32
Sol. (b)) We have, y=—x2+3x% + 9x - 27
g—y =—3x% + 6x + 9= Slope of the curve
X
2
and 9 er+6=-6(-1)
dx
2
oy _g
dx
= -6x-1N=0= x=1>0
3
Now, d—§=—6<0
dx
So, the maximum slope of given curve is at x = 1.
(%) =-31+6-1+9=12
ax iy =)

Q. 58 The functin f(x) = x has a stationary point at

@x=e (b)le (© x =1 ) x=e
e
Sol. (b)) We have, f(x) = x*
Let y=x"
and logy = xlogx
19

1
x-— +logx-1
y dx x
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= %:(1+Iogx)-x’“
dx
dy
dx
= (1+ logx)-x* =0
= logx = —1
= logx =loge™
= x=e
1
= X =—
e

) . 1
Hence, f(x)has a stationary point at x = —.
e

X
Q. 59 The maximum value of (1] is

X
1 1/e
(a) e (b) e () e (d) (—j
e
1 X
Sol. (c) Let y=(;)
= Iogy:x-logl
x
1 dy 1 1 1
— L =x-—|— |+ log—-1
y dx ¥ 1 ( x2j 9
X
=-1+log—
X
o =(oor-1}(3)
—~ =llog——-1|-|—
dx gx X
Now, %=0
dx
y
= log— =1=loge
X
1
= —=e
X
1
x=—
e

Hence, the maximum value of f (ij =),
e
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Fillers

Q. 60 The curves y =4x° +2x —8 and y = x> — x + 13 touch each other at
the point ......... .

Sol. Thecurves y = 4x? + 2x — 8and y = x° — x + 13touch each other at the point (3, 34).
Given, equation of curves are y = 4x2 + 2x — 8and y = x° — x + 13

%Y =8x+2
dx
and ¥ _ 3x? — 1
dx
So, the slope of both curves should be same
8x +2=23x% -1
= 3% -8x-3=0
= 3% - 9% +x-3=0
= 3x(x —3)+1(x—3)=0
= (Bx+ N)(x-3)=0
X =— 1and x =3
3
2
Forx=—1, y=4.[_lj +2~(i)—8
3 3 3
_4 2 g 4-6-72
9 3 9
__
9
andforx =3 y=4-(3°+2-(3)-8
=36+6-8=34
1 -74
So, the required points are (3, 34) and (—5 ?j .

Q. 61 The equation of normal to the curve y =tan x at (0, 0) is ......... .

Sol. The equation of normal to the curve y = tanx at (0, 0) isx + y=0.
y=tanx= Y _ secs
dx

= (ﬁ) =sec?0=1and ——— -
dx 0,0)

I

~.Equation of normal to the curve y = tanx at (0, 0) is
y- O——Mx—l
= y+x=
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Q. 62 The values of a for which the function f(x)=sinx —ax +b increases

on R are ......... .
Sol. The values of a for which the function f(x) = sinx — ax + b increases on R are (- o, — 1).
f'(x)=cosx —a
and f'(x)>0 = cosx >a

Since, cosx e[ 1,1]
= a<-1= ae(-o -1

2

2x . .
— (where, x> 0) decreases in the interval
x

Q. 63 The function f(x)=

2x% -1

Sol. The function f(x) = ==

, Where x >0, decreases in the interval (1, «).

x

, xt e — Px? —1)-4x®  4x® - 8x® + 4x®

f'(x) = 5 = 5

X x
- 4% + 453 B 43 (- 2% + 1)
x8 x8
Also, f'(x)<0
4331 — %2
= Lgx)<0 = x2>1
x
= x>+ 1
x €(1, )

Q. 64 The least value of function f(x)=ax + b (where,a>0,b>0, x>0)is
X

Sol. The least value of function f(x) = ax + 9(where, a>0b >0 x >0)is 2/ab.
X
b
f'lx)=a-— and f'(x)=0
X
- a=2
x2
., b \F
= Xx“=—= x=%,—
a a
Now, f”(x):fb.(;sz):jL@
X X
b ., 2b +2b-a%?
Atx:\/; M= =T
(=)
a3
=+2p 2.8 =12 F>O [ ab>0]

. Least value of f(x), f( b) P

a a \F
a
:a.af1/2.b1/2 + b.b*1/2.a1/2

=+ab + </ab =2./ab
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Short Answer Type Questions
Verify the following

2x —1
.1 dx = x — log|(2x + 3)%| +C
Q. 17~ dr=x-log|(2x + 3’|

I:J‘2x71 dx:J-2x+3—3—1

. Let
Sol 2x+ 3 2x + 3

dx

1 4
= j1o’x - 4Imdx: X — '[(3j dx

20 x + —
2
SH
X+ =
2

(2x+ 3)‘+C,
2

=x —2log|@x + 3)| + 2log2 + C’ [ Iogm = Iogm—logn}
n

=x —2log +

C'=x -2log

=x—log|@x + 3|+ C [ C =2log2 + C]

Q.2I 2x +3 dx =log|x® +3x| +C

x? +3x
2x + 3
Sol. Let 1= dx
".x2 + 3x
Put x%+ 3x =t
= @x + 3)dx =dt

1
I:ft—dtzlog\thc

=log|(x® + 3x)| + C
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x+1

® Thinking Process

First of all divided numerator by denominator, then use the formula J dx=log |x| to
get the solution.

x4+ 2

Sol. Let I= dx

:%—x+3log|(x+1)|+c

6logx 5logx

Q'4Ie —-e

41 31 *
phlogx _ ;3logx

6logx _ ,5logx
Sol. Let I= J.[Hde

4logx _ e3\ogx

_ eIog x5
5 |dx [ alogb =logb?]

6 5
(’“4 X ]dx [ €997 = ]

Q 5 J-(l +cosx)

X +sinx
R
j J- +003x)dx

Sol. Consider that,
(x + sinx)

Let x +sinx =t = (14 cosx)dx =dt
1
I=|-dt=log|t|+C
It glt|

=log|(x + sinx)| + C
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6
Q J. 1+cosx

® Thinking Process

x .
cosx=2cos’=—1 and also use formula e, J.seczxztanx-kC to solve the above
2

problem
Sol. Let - j1 o -
+00sx 1+2c032§—1
:1j ! dx:lj.seczfdx
2 cos? X 2 2
~lanF2scztant 0 [-.-Jseczxo’x:tanx]
2 2 2

Q.7 Itanzx sec’ x dx

@ Thinking Process

Use the formula sec’x =1+ tan’ xand put tanx =t to solve this problem

Sol. Let I:jtanzx sec’ x dx
Put tanx =t = secxdx =dt
I=[t2(+t%)at=[ (12 + %)t
3 5 5 3
L+L C:tan x+tan x+C
3 5 5 3

smx+cosx
Q.8[————

J1 +sm2x

_ [Sinx +cosx , (sinx + cosx)
Sol. Let I=| Jirsor & _I\/sinz _ : dx
X + COS” x + 2sinxCcosx
:J- smx+cosx2 dx:j.1dx:x+c

(sinx + cosx)

Q.9 [(ivsnxds
Sol. Let I= _[1/1 + sinxdx

= I\/sing X cos?? 4 2sinFcost ok [ sin? X 4 cos? ¥ = 1}
2 2 2 2 2

2
_I [sm + COS— j dx = j[sm— + COS— jdx
2 2

= —cos£~2 + sin—~2 +C= —2(:os£ + 23in— +C
2 2 2 2
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X
.10 | ——dx
Q Ix/§+1
X
Sol. Let I:jmdx
Put Jr =t = ﬁdx:dt
N dx =2+/xdt

I= 2}[ ]o’t 2j—dt ZI—dt

:2..'1 +1—1dt:2j‘(f+1)(t —l‘+1)dt_2J'
t+1 t+1

:2j(t2—t+1)dt—2j$dt

£ 12
=2|——-—+t-log|t +1)||+C
3 2

x«/7 X

{8_2+ x—log(«/;+1)|}+c

Q. III atx

® Thinking Process

Here, put x=acos2 0 and also use the formula ie, cos20=2cos’ §—1=1—2sin"§ to
get the solution.

Sol. Let I= _[ a+xo’x
— X
Put x_aCOSZG
= dx =—-a-sin26-2-do

I=-2f 2+ac0820 o000
a—acos20

[ 0520 =" =20=cos"' ¥ = 0= cos! f}
a a 2 a

J- 1+00526

sin20d0 =-2a | 2€08°0 12 0d

= —2ajcot9~sin26d9= —-2a fCOS 0

0 -2sin0-cos6do

= 4a-|'oos2 000 = —Zaf(1 + c0s20)d0

sm26} L C
2

2
:—2<€11<303’1£+1,1—x—2 +C
2 a 2 a

1 X x2
=—acos’(—)+ 1-— +C
a a

= —28|:9 +
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Alternate Method

Let [=J' a+xdx=J- wdx
a-x (@-x)a+ x)
[ g
a® - x?
a x
I + dx
J\/a2 —x? J.\/a2 x?
I=1+1,
Now, I = IL: asin”(fj +C,
NEGE a
X
and I, = | ———dx
? J. a - x?
Put a® —x?=t? = —2xdx=2tct

t
1, = - [Late = - [1at
2= Jote=-]
=—t+C,=-4a° -x* +C,
I=asin‘1(gj +C, —ya® - x% +C,

I= asin"[gj Jai-x?+C

1/2
x
Q.12 [~ de 2
1+x [ x
Sol. Let I_ijwdx
Put x=t* = dx =4t
tz(ts) ) £2
I=4 at = 4[|t - at
J.1+t3 J 1413
2 t?
I=4[t%at — 4[——at
'[ J‘1+t3
I=I1-1I,
2 t° 4 o
L=4ft?dt =4-— +C = —x¥" + C,
3 3
f2
Now, I, =4 ——dt
2 I1+t3
Again, put 1+t3=z = 3t%t=dz
= 120t = Loz :fjldz
3 37z

:élog|z| +C, :£|09|(1+t3)| +Cy
3 3
=%Iog\(1+ x|+ C,
1:§x3/4 e —%‘09\(1 + x| -C,

= %xS/A —log|(1+ x¥*)+ C

[o12 = &% - x?]

[-C=Ci+C,]

[-C=C, -C,]
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1+x
Q.13 j dx
i r
1+ x° T+ % 1
Sol. Let I= dx = —dx
.[ 4 .[ x %3
1+x° 1 1 1
= —dx=|,|—+1-—dx
.[ 22 0 .[ 22 %3
Put 1+i2:t2:> ;‘fdxzztdt
x X
1
= —— =tdt
e
3 3/2
I=—J.t2dt=—t—+C=—1[1+i2j +C
3 3 x
dx
Q. 14 j
16 — 9x°
@ Thinking Process
First of all concert the expression in form of ﬁ then use the formula,
& —

.[7,7021_ > dx= sin_(gj +C.

B dx _ dx _ 1o i 3x
Sol. e I_'[\/16—9x2_I\/(4)2—(3x)2dx e (4)+C

e
! H(t 3y (i”
SRN
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® Thinking Process

First of all convert to the given integral into two parts, then by using formula ie,

1 5 .
——— =log|x+ & + & |+ get the desired result.
[ g ol el

Sol. Let -]
\/7 1
I:j\/x2 + 9dx 7'[\/x2 + de
I=1 -1,
Now, 1, =I\/%
Put x?+9=t>= 2xdx =2tdt = xdx =tat
1 =3_|'§—dt

=3fat =3t +C;=3/x? + 9+ C,

1 1
f :J.\/x2 + 9dx:'[\/x2 +(3? o
:Iog|x+\/m|+c2
I:?y\/m+c1flog|x+\/mkc2
:3m7I09|x+M|+C [-C=C,-C,]

and

Q.17 MS —2x + x°dx

® Thinking Process
First of all convert the given expression into /% + a* form, then use the formula ie,

J x2+a2dx=%x\/m+%zlog|x+\/m|+c
Sol. Let I=[\5-2x + x%dx=[|Jx? —2x + 1+ 4dx
[V =17 + @Pdx =[P + (x -
:%m+2log|x71+mhc
= qu 5—2x+x2+2log|x—1+\/m|+c
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Sol. Let I=[—%dx
J3c4—1
Put x% =t = 2xdx=at jxdx:%dt
1 1 t—1 dx 1 x—a
- -0 +C =—1Io +C
-[ 22 9 {J’xz—a2 22 9|z +a :l

:%[Iog|x2—1\—log|x2+1|]+C

@ Thinking Process

1 » 1 1, [+x )
Here, use dx=tan” x+C and | =——=dx=—Io +G to solve this
'[1+3c2 J.az—xz 20 -z
problem
x2
Sol. Let I=[—"—dx
1-x
1 x> 1 x?
7_7+7
2 2 2 5 5
_J 5—>dx [ a® - b? =(a+ b)@a-b)
=221+ x?)
l(1+x2)—1(1—x2)
_[2 . 2 dx
=x9)(1+ x9)
B 2(1+x _7.‘_ 1—x
A= x?)(1+ x?) -x)(1+ x?)
1 1 1 1 11 1+ x 1. 4
— - =—-—lo +C,——-tan ' x+C
2l T T T T Y 1T T
1 T+xf 1, 4
Zlog1 -—tan " x +C [-C=C,+C,]

Q. 20 J‘,/2ax — xldx
Sol. Let I= J-«IZax - x%dx = _[«l— (x? - 2ax)dx

= [{-® —2ax + &® — &%) dr = [/-(x - @) - &%x
=J a® - (x —a)j’dx

— 2 —
_ X8 2 _(x—aP + a—sin’(—x a) +C
2 2 a

2 p—
=*78 bax—x% + a—sin“(x—a) +C
2 2 a
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Q21J‘ sin” x

(1 x )3/4

Sol. Let 1= j sin’ ’“3/4 j S'”\/f

Put sin"x =t = dx =at

m

and x =sint = 1-x? =cos’t

= cost = /11— x?
- J-COS
=t [sec?tot - j(%r ~jsec2tdtjdt

=t-tant - [1-tantat

dt :jt~sec2 tdit

=ttant + log|cost| + C [ J'tanxdx =—log|cosx| + C]

=sin’1x-\/xi2 +log|y1-x%|+C
1-x

(cos5x + cos4x)
.22 d
Q I 1—-2cos3x

ZCosg—x cosf
I:J-c035x+cos4xdx:j 2 2 g

1-200s3x 1—2[2cos2?;—x—1)

C-

Sol. Let

D
.cos

[ cosC +cosD = 2003C h D and cos2x =2cos? x — 1}

9x x 9x x
2C0S—-COS— 2C0S—-COS—

sz 2 32dx=—.|. 23x 2 dx
3 - 4c0s == 4c0s2== -3

9x x 3x
2C0S—-COS—-COS—
2 2

o 2 dx [multiply and divide by cos%x}

4cos® 3 3cos32—x

9x X 3x
2C0S—-COS—-COS— 3x X
2 %x 2 dx:—j2cos—~cos—dx
Ccos3- > 2 2

- _J‘{cos(%x + gj + cos(sz—x - g)}dx

= —j(cost + cosx)dx
_{sian

+ sinx} +C

= —%sian —sinx +C
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sm X + COS X
Q.23 [>T “dx
Sll'l .’)CCOS X

® Thinking Process
Use @ +b> =(a+b)(d* —ab +b’) and sec® x=1+ tan’ x cosec’x=1+ cot’ x to solve
the above problem.

Sol. Let dx

I Ism x + cos® X 7J-(sin2x)3 + (cos?x)®
sin® xcos? x sin® x-cos® x

~[sm x + COS x)(sm x —sin® xcos® x + cos x)o’x
sin?x - cos x
sin®x cos* x sin? xcos® x
_I +I-2 2dx_.[~2 7 _dx
sin? xcos® x sin® x-cos“ x sin® x-cos” x

= Itan xdx + fcothdx - f1dx
= [(sec?x — 1) dx + [(cosec?x — 1) o - [ 1dx
= Isechdx + fcoseozxdx - 3fdx

I =tanx —cotx —3x + C

a3 - x3

Sol. Let 1= \/a = T 3/2 e
Put 2=t = gx”zo’x =dt
at
= [ ——-= +C
3 l(as/z)z _t2 3
2 %% 2 4 a®
—58”’] a37+c—gs|n 73+C
COSX — C0S2x
Q.25 j dx
—COosx
® Thinking Process
. C+D  D- o X
Apply the formula, cosC — cosD =2sin -sin and cosx=1-2sin > to solve
it.
Zsin?’—x-sinf
Sol. Let [ [SOSX 0082, 2 20y
1-cosx 11+ 2si 7
o 3x X 3x
sin—-sin— sin—

= 2-[ 2 2 dx = J. 2 dx
2sin2 sin™
2 2
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3sin® — 4sin®
_ I%dx [ sin3x = 3sinx — 4sin® x]
sin—
2

— COSx

= 3de - 4IS|n —dx = SIdx - 4J dx

= SJ.dx - Zde + 2'[008 x dx

:de+ZICOSxdx:x+23inx+C:28inx+ x+C

dx
Q.zﬁjx -

dx
Sol. Let I=|—F——=
J.x\lx4 -1
Put x% =sec = 0 =sec”' «?
= 2x dx =secO-tan 6do
J~sece tane =1jde=1e+c
sec etane 2 2

1 sec'(x%)+ C
2

Q. 27 [ (x* +3)dx

@ Thinking Process

Ib f(x)dX=h“m’7[f(a)+f(a+h)+-..+f{a+(n—1)h}} where hzb_a—>0 as
a -0 n
n— oo -
Sol. Let I=[x® + 3o
Here, a:O,b:Zandh:b_a:2_O
n n
= h:%: nh=2 = f(x)=(x* + 3)
Now, jOZ (x® + 3)dx = Jim AH0) + F(0 + h) + £+ 2h) + ..+ T {0+ (n = )h}] 0]
: f0)=3
= f0+ hy=h> + 3 f(0+2h) =4h*> + 3=22h% + 3
fFl0+(n-Nhl=(n?-2n+Dh+3=(n-1?h+3
From Eq. (i),

° x% + 3)dx=limh[3+h> +3+2°h° + 3+ 3%°h° +3+...+ (n-1°h* + 3
0 h—0
—

= lim h{3n + PP{1? 422+ .+ (n=1°}

— iim h{3n+h2 ((nf1)(2n72+1)(n71+)ﬂ [".ZHQ :n(n+1)(2n+1)}
h—0 6 6

= limh |3n+ A? w
T hs0 6
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h—0

2
= lim h{3n + %(2n3 -n?-2n%+ n)}

. 2n°h® = 3n’h® -h+ nh-h?
= lim| 3nh+
h—0 [§)
— . 2. . 2 —_ 2
_ Im{32+2 8-322.h+2-h }: “m{mm 12h + 2h }
h—0 6 h—0 6
—p+0_g, 8.2
6 3 3
2 X
Q.28 jo e“dx
Sol. Let I=Izex dx
Here, a=0 and b=2
h:b
n
= nh=2 and f(x)=e"
Now, joz e’y = lim Alf(0) + (0 + h) + O +2h) + ...+ H{O+ (1= 1) h}]
—

I=1lmhf+e" +e? + . +ehh
h—0
(Y _ nh _
e P b A R
h—0 e 1 h-0 | el =1
2 —
- lim h[eh 1}
h—0 (e" =1

2 h h ) h
=e“lim m — lim < lim =1
hooe — 1 06l —1 h—0gh —1

=e? -1=e°-1

Evaluate the following questions.

Q29J‘e +e*

X

1 dx 1 e
Sol. Let I=]) == [ T
Put e* =t
= e* dx =dt

—j = [tan™ t]
=tan'e — tan"'1

—tan'e - &
4
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Q.30] We tanx g

0 1+m’tan’x
w2  tanx dx
Sol. Let =" —F——ox
0 1+ mtan“«x
sinx
/2
_ J'O cosx dx
sm X
1+ m? ==
cos®x
sinx
/2
ZJ' . cosx2 —
0 cos“x + m sin“x
cos®x
2 sinxcosx dx
:J dx

—sin’x + m?sin®x

/2 sinxcosx
—sin® x(1 - m?)

Put sin®x =t
= 2sinxcosx dx =dft
11 at

T2h i m?

r 1
| 2
=—|-log|1—-t(1—-m%)|-
5| ~lealt - ) mz}

1 > 1 1
=—|-log|1—=1+ m7- + log[1}:
2{ ol | 1+ m? gI1—m2}

1 1 2 logm
= _|Og|m2|' 5T 5" 29
2| 1-m 2 (m -1

~log—"
m? -

Q.31 dx

e -1)2-x)
® Thinking Process

. . L 1 .
First of all convert the given function into ——— form, then apply the formula e,
22
a—x

dx=sin" L+C

I
:J' dx :J‘Z dx
& 0@ %) N pr-x?-2+x
:J'Z dx
1wlf(362739c+2)

Sol. Let
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:-[2 dx
1 2
sz_2.3x+(3) +2_9}
2 4
2 dx
b A== -G)
Yo 2
N
2 dx - x_g
=J.1 12 32 = sin” 1
z) -(=-2) 2 )
=[sin"'@x - 3)F =sin""1 - sin”'(-1)
G [ sin™ = 1and sin (- 0) = —sin 9}
2 2 2
=n

Q.32 [* dx
IO A1+ x?
Sol. Let =[--=

[OW

Put 14 x° =t

dx

= 2x dx = 2tdt
= x dx =tdt
N

=]

Tt

— 1% =2 -1

Q. 33 I: x sin xcos® x dx

® Thinking Process

Here, use the property ie, '[:f(x)dx: I; (a—x)dxand

sin (7T — X) = sinx, cos(T — X) = COs X.

Sol. Let I= _[;[x sinxcos? x dx
and I= j;‘(n — x)sin(r — x)cos?(n — x)dx
= I= J.g(rc - x)sinxcos® x dx

On adding Egs. (i) and (ii), we get
2= J'(;[nsimccos2 x dx

Put cosx =t
= —sinx dx =dt
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As x — 0, thent —>1

and x — &, thent — —1
—1

,1 3
szrrL t2at = I=-n—

1

= oI=-T -1 = 21-2F
3 3
="
3
1/2 dx
Qo [t
(1+x*)1-x
1/2 dx
Sol. Let I= —
'[0 1+ 2231 x?
Put x =sin0O
= dx =cos0db

As x —>0 then6—0
and x—)l,thene—)E
2 6
/6 0 /6 1
R
0 (1+sin e)cose
_J-n/e
0

_J-nfa sec®0
0 sec?0+ tan’0

————db
0 1+sin“0

cos? 0 (sec? 6 + tan’ 0)

_ J»n/s sec? 0
0 1+tan0+ tan’0
_ In/e sec?0
0 1+2tan’0
Again, put tan 0=t
= sec?0d0 =dft

As 06— 0, thent -0
1

and6—>6 then t - —

73

I 143 dt zlj-wi at

0 142t2 270 [1j2 )

—_—= | +t

NA

1/4/3
1 1 4t 1 1 1/~/3
- tan = ——[tan”'(\2t
2| | gl (et
N2 1y
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Long Answer Type Questions

2
X
x' —x" =12
® Thinking Process
Use prtqg A + i where a #b , then compare the coefficient of x to
(x—a)(x—b) (x—a) x-—
get the value of A and B.

Sol. Let I= jx — 0 dx
=]

*J- x%dx
2(x® —4)+ 3(x% - 4)

xt = 4x® + 3x% —12

x%d
_‘[ 4x +3)

x2
Now, —_— [letx® =1]
(x° = 4)(x° + 3)
t A B
= = +
t-4¢+3 t-4 t+3
= t=At+3)+B(t-4
On comparing the coefficient of t on both sides, we get
A+ B=1 ()
= 3A-4B=0 (i)
= 31-B)-4B=0
= 3-38-4B=0
= 7B=3
= B=3
7
|fB=§,‘[henA+§=1
7 7
= A4
7 7
x2 B 4 3
(@ - H(x®+3) 7(x®-4) 7(x"+3)
4 1 3 1
I=— dx + = d
e T e (mE ™
4 1 x-2| 3 1.
=——Io +--—=tan" —=+C
722 Fx+2| 7 43 V3
1 x V3, x
—I —tan —=+C
7% 12" 7 N
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Q. 36j x* dx

(x® +a®)(x? +b?)
Sol. Let 1= (x—dx

Now: (x® + &%)(x® + b?)
~ t A B
T+ bY) (+a) t+b))
t=A(t+ b+ Bt +a°)
On comparing the coefficient of t, we get

A+B=1
b?A+ a’B=0
= b2(1-B)+a’B=0
= b%? - b?B+a’B=0
= b? + (@° - b%)B=0
—b? b?
= SRy s
. b?
From Eq. (i), A+ R =1
b? - a% - p? -a?
- A= p2_a2  pl-a
2 2
a b 1
1= x d
(b? - a%)(x? + a°) jbz x% + b
2
-a 1 b? 1
= dx dx
(bg—az)Jx +a’ b? ajx2+b2
_ @t 1% RIS ;
b2—82 a a bz_az b b
=%[—atam —+btan1x}
bc —a b
= 21 Q[atanq——btaan}
a“-b a b
n X
Q.37 —
0 1+sinx
Sol. Let =" x, x
0 1+ sinx
and 1= "% gy T
0 1+ sin(n — x) 01+ sinx

On adding Egs. (i) and (ii), we get
el=nf ——dx
01 +sinx
jn (1 —Sinx) dx
0 (1+ sinx)(1-sinx)

kg

llet x% =t]

... (i)
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J'Tt (1-sinx)dx
=T —_—
0 cos’x
T
= ch’O(sec2 x — tanx -sec x)dx
T 2 1
= njosec xdx — n-[o sec x x-tanx dx
= nftanx]; — n[sec x]y

= n[tanx — sec x7][
0
= r[tann —sec n — tan0 — sec 0]
= 2l =n[0+1-0+1]
21 =27
I=n

Q-38.[ 2x —1

x
(x =1 (x +2)(x —3)

@ Thinking Process
px+q _ A B
A e E—bx—0 -0 @b @9

1
Cand use.[fdleog|x| +C.
x

Sol. et 1= Cx-V 4
x—‘l x+2 -3)
2x — 1 B C
Now, + +
(x—1)(x+2)(x—3) (x—1) (x+2) (x-3)
= 2x —1=Ax +2)(x = 3)+ Blx = )(x = 3)+ C(x — N)(x + 2)
Put x = 3, then
6-1=C(3-1(3+2)
= 5=10C = C:%

Again, put x =1, then
2-1=A(1+2)(1-93)

= 1=-6A = A=-—
6

Now, put x = —2, then
4 -1=B(-2-1)(-2 -3

= -5=15B = B=-
1 1
P P T Pt

:—%Iog|(x—1)\ —%Iog\ (x +2)] +%Iog|(x—3)| +C

=

Wl =

x—1

—log| (x = )["® —log| (x + 2)|"® + log]| (x - 3)|"? + C
Jx =3
=log

— +
(x — 18 +2)V°

22

C
+ , then get the values of A, B and
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B 2
Q. 39 J'eta“ e THx+ X7 dox
1+ x°

2
Sol. Let I= J‘e“"”1 x 1+x7+2x dx
T+ «x

- 2
_Ietanwx(1+x + xz]dx

1+x° 1+x

tan~" x
-1 xe
O EL A

1+ x2
I=1L+1, (1)
tan”! x
Now L= o
1+ «x
Put tan"'x =t = x = tant
= ! ~dx =dt
1+ x
I:J'tant-e‘ at
I I
=tant-¢' —J'seczre’dt +C
=tant-e' — I(1 + tan’t)eldt + C [ sec®0 =1+ tan® 0]
etan’u
L =tant-e' - [(1+2%)>——dx +C
1+ x

I, =tant €' - ‘[eata”1 *dx + C
I= fe“"”_1 *dx + tant -e' — .[eta”_w *dx + C

=tant-e' +C
-1
=xe™ *+C

Q. 40 J‘sin_1 Y dx
a+x

® Thinking Process
First of all put x=tan’ © and convert the given expression into two parts, then use the

formulae for integration by part e, I I Ildx= IJ Idx— J. (di II dej dx
x

Sol. Let I= f sin”! |—F o
Va+x

Put
x=atan’ 0
dx =2atan 0sec® 0d 0

=
. tan? 0
I= 'fsm‘1 LnQ(Zatan 0-sec?0)do
a+a tan’0

= 2a'|'sin‘1 (tane]tan 0-sec?0do
sec 0

= 2a_[sin’1(sin6)tan 0-sec?0do
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= 2aj 0-tan 0sec?0d 0
I I

= Za{ejtan 0-sec?0do — f(:—eejtan 6~seczede) de}
Put tan 6 =t
= sec 0-tan 0-d0 =adt

:>Itan 0 sec?0do :jtdt

2 2
_oa e.tan G_J-tan ede
2 2

=a0btan® 0 - aj' (sec®0 — 1)do

=a0-tan’0— atan O+ ad + C

= a{xtan1 \/E + tan™ \/;J +C
a a a

/3 (1 - cos x)*?
n2 4J1+cosx
"3 (1-cos x)
Jn/z J1+ cosx J
= X
©3 (1-cos x)°,/1+ cosx

n2 1 2 1
= 5 . dx= ——dx
™ (1-cos” x) ™ sin® x

Sol. Let

2 2 /2

= Ina cosec” x dx =[-cotx]}5
f—[cotﬁ—cotﬁ}f—[ —i} 7+i
2 3 NE) V3

Alternate Method

1/2
2X
n2 1+ cosx d 2 (ZCOS 2) J
N TP = S

Let IZL{/S (1—COSx)5/2 x= /3 (2Sin2x)5/2

/3 x dx =7 w3
" sin® (—j 4 sin® [fj
2 2

cos| X cos| X
B \/§J~7{/2 2 1 w2 2) g

N

Put sinf =t
2
= cosf . 1dx =dt
2 2

= cos go’x =2dt
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As x—)E,thent —>1
3 2

and x—)%thent —>i

N

172 1\/5(171‘71 t75+1
-5+ 1

1/+/2

T a2 45 T o
4 t 2 12

1 1 1

&) ()
V2 2
1 12 3
=——(4-16)=—=—
8 8 2
Note If we integrate the trigonometric function in different ways [using different identities]
then, we can get different answers.

Q. 42 Ie‘3x cos® xdx

Sol. Let I= je’sx cos® x dx
11 1
=cos® xj'e’sx dx — j(icoss x_[e’“ dx)dx
dx
5 e—3x 5 ] e—3x
=cos’x- - J.(f 3cos” x)sinx - dx
-3 -3

1 _ . _
=——cos®xe™* - jcos%csmxe S5 dlx

3

1 . ) . _
= _ECOSS xe ¥ - J.(1 —sin? x)sinx e >%dx

1 . )
= gcos3 xe ¥ - jsm x e %y + _[sm3x e %y
I 11
—3x e—3x
- J'33in2 XCOSx -
-3 -3

1 _ . _ 1. _ _
= fgcossxe Sx _ J.smxe Sxdx fgsmsxe 8x 4 '|.(1 — cos? x)cosx e >¥dx

3x

1 _ . _ ) e
=—§cossxe —_[smxe S¥gx + sin x - dx

1 N ) N 1 _ _ _
I=-—cos®xe™ —Ismxe Sx —gsmsxe Sy jcosxe 3"dx—fcosaxe ¥l
II

e—3x e—Sx e—Sx

o = [cos® x + sin® x] — | sinx- 5 Icos R dx | + J.cos x e 3dx
e 3x 1 1

2 = [cos® x + sin® x] + gsinx e _ gjcos x-e %y + _[cos x e >dx
e 1 2

2l = [cos® x + sin®x] + gsinx e 4 gjcos x e 3%y
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Now, let I, = [cos xe ¥y
I 11
—3x -3x
e e
I, =cosx- — | (=sinx)- dx
1 5 Jesine)- =

I, - Veosx-etr -1 [ sinx-e
3 3

-3x e—3x
- JCOS X

1
—Leosx-e® - Vsinx. dx
3 3

1 N 1. B 1 _
= —gcosx-e Sx 4 gsina - Sx _ f.fcos x e %

L+-I= o9 cosx + Lsinx.-e7%
9 3 9

[Q)L — e cosx + Lsinx -7
9 3 9
I = Be5% .cos x + e sinx
10 10

1 ) 1.
oI = —ge‘s’“[sm3 x + cos® x] + sin= %~ 3% cosx
+ e ginx + C
10
] , 1 .
I= —ge‘3x[3|n3x +cos®x]+ S—Ee‘s" sinx — 7% .cosx + C

sin 3x = 3sinx — 4sin® x

and cos 3x = 4cos® x — 3cosx
—3x -3x
e . 5
= [sin3x — cos3x] +
24

[sinx — 3cosx]+ C

Q. 43 jJtan x dx
Sol. Let I= Iﬂ/tan x dx

Put tanx =t% = sec® x dx =2t dt
2t
I=|t- at=2
I sec®x I
_j 1)dt
1+t
t° +1 -1
at
I J.+l‘4
1+l 1—%
=[—Ltodt+ [—Loat
t? 124
2 +rz
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Put u=t—;:>du—[1+t—)dt
and v:t+;3dv:[ —t—)o’t
av
J 2 4 J. v2 \/5)2
fitanqu ! V=2 +C
V2 NPN-Al b
—itan‘1 tanx —1 +ilo tanx — ~2tanx + 1|
N2 JPtanx 242 29| tanx + 2 tanx + 1|
n/2 dx
Q. 44
IO (@® cos? x +b?sin? x)?
Sol. Let 1= j: ’ dx

(@®cos®x + b2sin? x)?
Divide numerator and denominator by cos* x, we get
B J-wz sec’x dx
S0 @ + bPtan’x)?

J~n/2 (1+ tan® x) sec®x dx
@ + b?tan® x)?

Put tanx =t
= sec?x dx =dt
As x — 0, thent -0
2
and x—)ﬁ,thent—mo I:I %
2 0 (@ + b7 t°)
1+ Zg 2
Now, —— 55 let t
(82 + b2 t2)2 [
1+u A . B
@ + buP (@ +bu) (@ + b3

= 1+u=A@°+b%)+B
On comparing the coefficient of x and constant term on both sides, we get

a’A+ B=1
and b2A =1

1
A = biz
2

Now, % + B=

u]
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1 o at b? —a° = at

ZTJ. + 2 .[ 2 2,212

b Ob2[32+t2] b 0 @ + b%?)
b2

1 (tY]” bE-a(m 1
=_s(n |t | e
ab all, b 4 a’b
2 _ .2
:%[tan’woo—tan’10]+£b - f
ab 4 (a°b°)
_n  mbi-a
2ab® 4 (@°b%)

. 2a° +b*-a°| m(a”+b?
4a°p® 4 a*p®

Q.45 I;xlog(l +2x) duc

® Thinking Process
Use formula for integration by part ie, [T 1ldx=1[ Ho/xf_[[di 1/ Idx) dx and also
x

useJ =log|x|+C

j; xlog(l + 2x)dx

27 2
={log(t +20) | [ LIPS
2| Jivax T2

Sol. Let I

2

1 2 i
= S Ix¥log(1 + 2x)] —j1 o0
x
x 2
1log3 -0
[ 9 1- j02 1+ 2x
1 1 ¢t 10 x
:§|0g37§-|.0xcjx+§]‘0@dx
27! (2x+171)
oga- 2] et
2 212 |, 2x+1)
1
=—log3—-—|=-0| + — d
29 2[ } j 01+ ox "
—1|o 3—1+1[x]1 —7[|o \(1+2x)\]1
509%™ * ¥ = gllog 0
1 11 1
=—log3—-—+ — - —[log3 —log1
51093 -7+ 8[9 g1l
1 1
=—log3 - —log3
51093 - ¢log
:§I0g3

8
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Q. 46 J'On xlogsin x dx

@ Thinking Process
First of all use property of definite integral ie, _[Oa flx) dx= J;f(a—x) dx, then use

f;a flx)dx= ZJ? f(x) dx.

Sol. Let I= J:xlogsinx dx ()
I-= j;‘(n — x)logsin(r — x) dx

= jg(n — x)logsinx dx .. (i)

oI = njo logsinx dx ...(iil)

or :275_[;/2 logsinx dx [ joza (x) dx :2'[:f(x)dx}

I- nj;”z logsina dax (V)

Now, I=n jg/2|ogsin(n/2—x)dx V)

On adding Egs. (iv) and (v), we get
2l=n J'g/g (logsinx + logcosx) dx

w2 .
2l =n fo logsinxcosx dx

= dx

n/22  2SiNxCOSXx
7 [%log2Snxe0sT

0 2
n/2 .
2l=n IO (logsin2x —log2) dx

/2 X n/2
2l=n jo logsin2x dx — n jo log2 dx
Put2x =t = o’x:%o’t

As x — 0, thent -0

andxeg,thent —>T

2
T [~ . T
21 = > Iolog3|nt at - ?Iog2

2
T (7 . Y
= 21 = > IOI093|nx dx — ?Iog2
2
= oI=1- %IogZ [from Eq. (iil)]

2 2
b b 1
I=-—Ilog2 =—Iog|—
2 9 2 9(2)
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Q. 47 j log(sin x + cosx) dx

Sol. Let I= J log(sinx + cosx)dx ()

1= '[_nmlog {sin (Z - % - xj + cos(% - % - xj}dx
- V:L log{sin(~x) + cos(~x)} dx

and I= _[ log(cosx —sinx)dx (D)}

From Egs. (i) and (ii),
4
21 = J._WlogCOSZx dx

of = j;“ logcos2:x dix (i)
[jaf( dx = 2[ )if f(—x) = f(x)}

Put 2x =t = dx:%

As x — 0 thent -0

and x —>E,them‘ N
4 2

21:%.[:2|ogcost at (iv)

or= 1™ T t]at [--jaf dx =t d}

=51 ogcosz— .O(x)x—o(a—x)x

= 21=%j':zlogsint dx (V)

On adding Egs. (iv) and (v), we get
T pm2 .
4] = > JO logsintcost dt

= ar=1 LjZIogSith it

= 4l - % [ ogsinex o - % [ 1oga

= 4] = % J.:zlogsin(g - 2x) dx —1og2 . %

= 4] = % _[:2log0032x dx — %IogZ

= 41 = [} "logoos2x dx — Zlog2 [ [ ) oe=2 [ 1) o’x}
= 41:21—%|og2 [from Eq. (iii)]

b1 b 1
I=-—log2 =—log|—
8 g 8 g(Zj
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Objective Type Questions

Q 48.[c032x cos20

dx is equal
cosx —cos0

(@ 2(sinx + xcos6) + C
(©)2(sinx + 2x cosO) + C

® Thinking Process

NCERT Exemplar (Class XII) Solutions

to

(b) 2(sinx — x cos6) + C
(d)2(sinx —2x cos @) + C

Use formula cos2©=2 cos® @ —1to get simplest form, then apply 'f cosxdx=sinx+C.

Sol. (@) Let

1o feose e
- !

Ccos2x —Cc0s26
COSx — Cos0

dx

1 2
@cos?x —1-2cos e+1)dx

Cosx —Cos0
(cosx + cos0) (cosx —cos0)
= j dx
(cosx —cos0)
= ZJ (cosx + cosB)dx
=2(sinx + xcos0) + C
Q.49 - dx. is equal to
sin(x —a)sin(x —b
. sin(x — b) sin(x — a
() sin(b — a)log +C (b) cosec(b — a) Iogi +C
sin(x — a sin(x — b)
(c) cosec(b — a) log| sin(x — by +C (d) sin(b — a log sin(x — 3 +C
sin(x — a) sin(x — b)

Sol. (c) Let

_-[smx a)sin(x — b)

3 1 I sin(b — a)
" sinb - a)? sin(x — a)sin(x — b)
B 1 J-sin(x—a—x+b)dx
~sin(b — a)? sin(x — a)sin(x — b)
1 Isin{(x—a)—(x—b)}dx
sin(b —a)? sin(x — a)sin(x — b)
N 1 Isin(x —a)cos(x — b) — cos(x — a)sin(x — b)dx
B sin(b a) sin(x — a)sin(x — b)
Sm(b j[cot (x — b) — cot(x — a)]dx
1 ) .
= snb _a) [log|sin(x — b)| —log|sin(x —a)|]+ C
= cosec(b — a)log Z:((i : Z)) +C
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Q. 50 [ tan " Vx dx is equal to
@@E+Dtan'Vx —Jx + C () xtan™'Vx —x + C
Ovx —xtan'Wx + C dVx —(x+tan'Vx + C

® Thinking Process
Use formula for integration by part i.e, [T Tldox=1[TTdx— f (di 111 dxj dx.
x
Sol. (a) Let I=]1tan"Jx dx

=tan'Vx - x——j1:x %

=xtan 1\/5—7

dx

J.\/71+x
Put x =t?>=dx=2tdt

I:xtan’1\/7—.[t72

t1+12)

=xtan”

—xtanK/E—J‘[ Jdt

:xtan‘wx/i—«/;+tan‘t+c
=xtan'Jx —Jx + tan'Vx + C
=@+ Ntan'Vx —Jx + C

Q. 51 j - dx is equal to
(4x +1

-5 -5
(@ — ! (4+Lj +C (b)1(4+i2) +C
5x x 5
1

5 1
c)— 1+ 4) +C (i —

Sol. (@) Let 1= =]
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Q. 52 Ifjd—x2=a10g|1+x2| +btan‘1x+glog|x+2| +C, then
(x+2) (x° +1) 5
(a)a—j,b—_—2 (b)a:i,b:—g
10 5 10 5
(c)a:j,b:g (d)a:i,b:g
10 5 10 5

® Thinking Process

. o 1 A Bx+C
Use method of partial fraction i.e, = +

(x—a)( +bx+¢) (x—a) (&+bx+c)
to solve the above problem.

Sol. (¢) Given that, '[W;'ix: alog |1+ x| + btan ' x + %Iog |x+2/ +C

Y (x2 + 1)
dx
o e
1 A Bx +C

(ac+2)(962+1)=x+24r x% +1
1=Ax? + 1)+ Bx +C)(x +2)

=
= 1=Ax? + A+ Bx® + 2Bx + Cx + 2C
= 1=(A+ Bjx® + 2B+ C)x + A+ 2C
= A+B=0A+2C=12B+C=0
Wehave,A:l,B=—1andC=g
5 5 5
L
Jo i av+ [-5 S
(x+2)(x“+1) 57x+2 x% +1
1 1 1 x 1 2
== dx — — dx + — dx
5'[x+2 5"-1+x2 5'[1+x2

1 1 2
=—log|x + 2| - —log[1+ x?| + Ztan'x + C
5 10 5

b:ganda:_—1
5 10
53
Q.53 j is equal to
x+1
2 3 2 3
X X X X
Ax+—+"——logll—-x|+C b)x + == —log[l—x| +C
@+ 5+ ~logfi-x] b)x-+ 2 =% log[1 x|
2 3 2 3
X X X X
©x—-—"—-"~—logll+x|+C d)x —=—+"——log[l+ x|+ C
-~ —logli+ x| -+ S —logi+ x|
xS
Sol. (@) Let I=] dx
x+ 1
=J(x2—x+1)— ! dx
(x+1)
x3 2

:——x—+x—log\x+1|+c
3 2
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Q. 54 Ix *sinx dx is equal to

1+cosx
(@ log[1+ cosx| + C (b) log|x + sinx| + C
(c)x—tang-rC (d)x-tan§+C
Sol. (@) Let :Ix + smx
1+ cosx
:I J‘ sinx
1+ cosx 1+ cosx
=_[ 9; dx + J28|nx/22cosx/2 e
2c0s“x /2 2cos“x /2

1 2

=—|xsec“x/2dx + |tanx /2 dx
5 [ xsec?x ]

:l{x ~tanx /2 -2 fj'tan£~2dx}+ _[tanfo’x
2 2 2

=x~tanf+c
2

3
Q.55 If\/gixzza(1+x2)3/2+b 1+x% +C, then
1+x

(@a=—b=1 (b)a:_?],bﬂ

(ca=—,b=-1 (d)a=

L
3 3

Sol.(d) Let I=[—"oarx=a(+2??+bf1+2?+C

1+ «2

3 2
et Nt
Put 1+ x% =t2

= 2x dx =2t dt
2 3
I:jt(t LU S
t 3

:%(n 222 J1ex?+C

=1andb=—1
3

4
Q. 56 jn/ _dx is equal to
—n/4 1+ cos2x

@1 (b) 2 (©3 (d) 4
Sol. (a) Let _In/4 In/4 dx

n/41+0032x ©/42c0s° x

n/4 n/4
ffj seczxdx :_[O sec®x dx = [tan x]¥*

=1

233
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Q.57 .[;[/2,/1 —sin2x dx is equal to

(@) 242 022 +1)
(©) 2 (d)2(2 -1)
Sol. (@) Let I=["" fi=sin2x dx
= j§/4\l(cosx —sinx)? dx + J‘://f\l(sinx —cosx)’ dx

= [sinx + cosx]§*

1 1 1 1
:$+ﬁ7071+(7071+$+$j
=22 -2 =22 - 1)

n/2

+ [-cosx —sinx] ),

4 .
Q.58 .[:/ cosxe™ “dx is equal to

(@e+1 (b) e -1 (0 e (d)—e
Sol. (b) Let I= _[J/zcosx &SN * gl
Put sinx =t = cosx dx =dt

As x -0 thent -0
andx —» /2, then t —1

:
I=[edt=F'T

=e'-e’=e -1

Q.59 I x+3 e“dx is equal to
(x+ 4)2

Sol. (a) Let 1= **3 ovox

e e”
_J.(x+4)_'|.7(x+4)2dx
:Iex[ LI 5 ] dx

(x+4) (x+4)

= ex[ ! ] +C [ J.e"{f(x) + f'(x)} dx =e”f(x) + C]
x+ 4
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Fillers
i
Q. 60 Ifj =—, thena=......... .
01 4+ 4x° 8
T
., Let I= 7dx =—
Sol j01 + 4x? 8
a 1 2 = a
Now, [y o = ftan ' 2x]g
4(7+ xzj 4
4
1
=—tan"'2a-0=n/8
2
ltan’1.2&z -r
= tan"'2a=n/4
= 2a=1
1
a=—
2
sinx
Q. 61 j dx = eveenn :
3+4cos? x
Sol. Let ]:JSiL dx
3+ 4cos’x
Put cosx =t = -—sinxdx =adt
B J' at =*1J‘ at
3+4t° 4 (@,]2 ,
— | +t
2
12 Lo
= Ztan' =+ C
4 3 Nl
1 _i[2cosx
=-——tan C
243 ( NE) ]
T . .
Q. 62 The value ofj sin® xcos® x dx is ......... .
—T
Sol. We have, fx) = | sin® xcos® x dx

—x)= [" sin(-2) - cos?(~x) dx
=—flx)
Since, f(x)is an odd function.
_[j;sin3 xcos?x dx =0
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Short Answer Type Questions

Q. 1 Find the area of the region bounded by the curves y? =9x and y = 3x.

® Thinking Process

On solving both the equation of curves, get the values of x and then at those values, find
the area of the shaded region.

Sol. We have, y? =9 and y = 3x
= (3x)? = 9x
= 922 -9x =0
= Ix(x-1)=0
- x=10
YA
. y=3x
0,0 i

> X
N
y2=09x

Y

Required area, A = _[;«/Qo’x - j; 3xdx

- 3j1 12 e — 3]1 xdx

o[ l2]
A o4

1
= —sqQ units
5 q

'\)\w
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Q. 2 Find the area of the region bounded by the parabola y? =2px

x? = 2py.
Sol. We have, y? =2px and x? =2py
: Yy =42px
= x2 =2p-2px
= xt = 4p®-2px)
= x* =8px
= x* - 8p°x =0
= x3(x - 8p%)=0
= x=02p
Y\
x? = 2py
< 0 2'p > X
y2 = 2px

2
Required area = ij \2px dx - pr ;C— dx
o

- \/27)].020 x"%dx - ij.ogp x%dx

3/27°P 37°P
. gp{zww 1”
3 0 2p| 3 0

171
=2 2p)°? 0} —{f 3—0}
p[ o) 55527
2 s/zj 1(1 3)
N T BN -8
p(3 N2p 2 3%
W2 g4 1 (8 3)
—op| M2 B
fp[ 3 P 25 3"
_ 42 50 8 -
3 6
_(16-8)* _8p”
6 6
4p? .
=— ts
3 sq uni
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Q. 3 Find the area of the region bounded by the curve y = x>, y = x + 6 and
x =0.
Sol. Wehave, y=x% y=x+ 6andx =0

Y
A .3
y=x"_y=x+6
4 L X
% 00 @0
Y
xP=x+6
X -x=6

x¥-x-6=0
2Px-2)+2x (x —2)+ 3(x -2)=0
(x-2)x%+2x+3)=0

x =2, with two imaginary points

L

Required area of shaded region = _[02 (x + 6 - x°)dx

2 472

2 4 0

=F+12—E—o}
2 4

=[2 + 12 — 4]=10sq units

Q. 4 Find the area of the region bounded by the curve y? =4x and x% = 4y.

® Thinking Process

First, by using both the equation get the values of x and then find the shaded region by
using these value of xin the equation of curve in xonly.

Sol. Given equation of curves are

and

U
|
Il
£

(0, 0) (4,0

Uil
R-B
I
o
&
[
o
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2
Area of shaded region, A = J'; [«/@ - ’;J dx
2 3/2. 37*
=J42J§—de= x 2 11X
0 4 3 4 3
_22.g 168 (32 16_16  units
3 4 3 3 3 3

Q. 5 Find the area of the region included between y? =9x and y = «.
Sol. Wehave, y> =9xandy=x

= x% =9«

vu U
Py
=
|
L
I
o

A

L, x
(

y2=0x

Y

. Area of shaded region, A = J':(«/@ —x)dx= _[j 3x%dx — J'j x dx

_[3f”2T_F19
3 0 2 0
3
3.327° 81
_ .2_o-ﬂf-q
3 P

=54_E=108781=2—73qunits
2 2 2

Q. 6 Find the area of the region enclosed by the parabola x* = y and the line

y=x+2
Sol. Wehave, x® =yandy=x + 2 Y
A
= x2=x+2
= x2-x-2=0 \
= x2-2x+x-2=0 «@VA |
= x(x-2)+ 1x —2)=0 Xe—= s>
= (x+N(x—-2)=0
- x=-12 y=x+2
Y
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2 x2 2T
Required area of shaded region = L (x+2-x2)dx =|"—+2x - —
1

2 3
:[£+4—§—1+271J
2 3 2 3
3 9 36+9-18 27 9 .
=6+ —-—="—"————=""="squnits
2 3 6 6 2

Q. 7 Find the area of the region bounded by line x = 2 and parabola y? = 8x.

Sol. We have, y? =8xand x =2
Y

©,0) % o X

x=2
; 2 2 12
Area of shaded region, A = ZIOde = 2-2\/5-"0 x"2dx

327 5
= 4.\/5.[2.3}0 =42 {52\/5 — o}
7£s units
Q. 8 Sketch the region {(x, 0): y = /4 — x°} and X-axis. Find the area of the

region using integration.
Sol. Given regionis {(x, 0): y = 1/4 — x?} and X-axis.

We have, y:14—x23y2:4—x2:>x2+y2:4
YA
20 | eo

Y
Area of shaded region, A = J.i 4 — x°dx = I_QE.IZQ - x%dx
) 2
=X 2 a2y 2 s %
2 27" 2|,
Y

—2 04275+ 2 0 osin (=2 F 42 "
2 2" 2 2 2

=27 sq units
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Q. 9 Calculate the area under the curve y = 24/x included between the lines
x=0and x =1
Sol. Wehave, y=2x,x=0andx =1

| —y=2x

£

) (0,00 (1,0) -

Y
r o x=1

Area of shaded region, A = J.;(Z«/;) dx

32 7
3 0

=2[g~1—0j=ﬂsq units
3 3

Q. 10 Using integration, find the area of the region bounded by the line
2y =5x +7, X-axis and the lines x =2 and x =8.

Sol. We have, 2y=5x+7
= —57x+z
PP

AN

K

&
Vi
)

OERCCERCER

x=2 x=8

5 8
. Area of shaded region = 1_[8(5x +7)dx= 1 5.% 4 7x

272 2 2 )
:%[5-32+7-8710714]:%[16O+ 56 — 24]
192

—— =96 sq units
5 q



242, NCERT Exemplar (Class XII) Solutions

Q. 11 Draw a rough sketch of the curve y =.,/x —1 in the interval [1, 5].
Find the area under the curve and between the lines x =1 and x =5.

Sol. Given equation of the curve is y = \/x — 1.
= yP=x-1

Y

A

£
S

32 P
. Area of shaded region, A = Ls(x — )2 gy = {2(9631)}
;

2 3/2 } 16 .
=|=-(6-1 - 0|=-—squnits
[3< ) 29

Q. 12 Determine the area under the curve y =/a® — x° included between
the linesx =0 and x =a.
Sol. Given equation of the curve is y = /a® — x2.

= v=a?-x%2 = Y +x2=a°

A A

Oy,

-a O a

v A\ 4
x=0 x=a

Required area of shaded region, A = J‘:w/az - x2dx

2 a

X a . 1X

=2 a? -x? + Zsin'=
2 2 aj,
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Q. 13 Find the area of the region bounded by y = Jx and v =x.

Sol. Given equation of curves are y=+/xandy=x.

= x:«/; = x°=x
= ¥ -x=0 = x(x-1=0
= x=01
YL
1 y:\/;
0.0 i

>X

N

4

Required area of shaded region, A = J; (x)dx - j; xdx

y=x

1 1
35, L2,
2 1.2 1 1 ,
=—-1-—==—-—=—squnits
3 2 3 2 6

Q. 14 Find the area enclosed by the curve y =—x° and the straight line
x+y+2=0.
Sol. Wehave, y=—x%andx+ y+2=0

2

= x-2=-x=x2-x-2=0
= 22+ x-2x-2=0=x(x+N-2x+1)=0
= (x-2)x+1)=0=> x=2,-1

Area of shaded region, A = ﬁ(fx —2+ x%)dx| = Uj(xZ —x- 2)dx‘
zl{§_ﬂ_4 +1+1_2}\
\ 2

3 L2 2
|
3 2 s 2 3 |

16-12-24+2+3-12
6

—sqQ units
5 g

271 _9
6]
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Q. 15 Find the area bounded by the curve y = Jx, x = 2y +3 in the first
quadrant and X-axis.
Sol. Given equation of the curves are y = Jx and x = 2y + 3in the first quadrant.

On solving both the equations for y, we get 2
LA

y=42y+3 /;\/
¥ =2y+3 3b---- 2
Y2 —2y-3=0
Y2 —3y+y-3=0
yy-38+1y-3=0 -1

(y+Oy-3)=0
y=-13

R R e

Required area of shaded region,
3
e 2y |2V Y’
A=[ey+3-y )dy—[ oy

:[1278+ 9,970J:95q units

Long Answer Type Questions

Q. 16 Find the area of the region bounded by the curve y? =2x and
x% +y? = 4x.
Sol. We have, y? =2xand % + y° = 4x

Y
y2=2x

o, 0)& 2.0 J X

(x—22+y2=4

Y

x% +2x = 4x

=
= x% —2x=0

= x(x-2)=0

= x=02
Also, x? + vy = 4x

= x2 —dx=—y°

= x2—4x+4:—y2+4
= (x—2P2 —2% =—?
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Required area = 2J‘02 [ V22 —(x -2 - «/276} dx

2 2 3/27°
_o||2=2. 22—(x—2)2+2—sin'1(x_2j —|\2 2
2 2 2 )], 3/2 ],
=2K0+ o1-0+2-”)2ﬁ(23/20)}
2 3

:ﬁ—g:Zn—E:Z(n—gjsqunits
2 3 3 3

| S

Q. 17 Find the area bounded by the curve y =sin x between x =0 and x = 2x.

® Thinking Process

We know that, sin x curve has positive region from (0, T and negative region in (7, 21,

Sol. Required area = Jjnsinx dx = Igsinxdx + an sinxdx

= —[cosx]} +‘ [-cosx] 2™

=—[cosn - cos0] + | — [cos2m — cos]|
Y‘
y=sinx

2n

Y

=—[-1-1+|-(1+7]
=2 + 2 =4squnits

Q. 18 Find the area of region bounded by the triangle whose vertices are
(=1, 1), (0, 5)and (3, 2), using integration.
Sol. Letwe have the vertices of a AABC as A (—1,1), B(0, 5)and C (3, 2).

Y
510, 9)
%mm
?1 1) |
’ 1 |
X' < " 3 >X
Y!
. . 5-1
Equation of ABis y —1=| —— [(x + 1)
0+1
= y—-1=4x+ 4
= y=4x+5 (i)

and equation of BCis y — 5 = [i — gj(x -0)
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-3
= ~5=_"
y 3(x)
= y=5-x .. (i)
. . . 2 -1
Similarly, equation of ACis y —1= [J (x+1)
3+ 1
1
—1=—(x+1
= y @+
= 4y=x+5 (i)

Area of shaded region = 'f_01(y1 - Y,)dx + J.OS()G = Yp)dx

:jo[4x+57L5de+_“3[57x7x+5}dx
- 4 0 4
5

:18+[1_10_3:_9_30)

=18+ (—%j:m—gzﬁsq units
8 2 2

Q. 19 Draw a rough sketch of the region {(x, y):y? <6ax and
x? +y? <16a’}. Also, find the area of the region sketched using
method of integration.

Sol. We have, y? = 6ax and x° + y? =16a°

= x? + 6ax = 16a°
x® + 6ax —16a° = 0

=
= x2 + 8ax —2ax —16a° = 0
= x(x + 8a)—2a(x + 8a)=0
= (x—2a)(x +8a)=0
= x =2a,—8a
kY
< —4a O E==2a=4a > X

y2: 6ax
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) . 2a 4a
. Area of required region = 2 UO J6ax dx + IZa.l(4a)2 - xzdx}
[ 22 12 4a > .2
=2 _J-o V6a x'“dx + jza"(dfa) - x dx]

,\/7 {x3/2 }2a [x ; . (4 ]

=2 |+/6a + | —4/(4a) —x° + ——

| 3/2 o 2

=2 «/@~g((28)3/2_0)+f.0 16a” T \/7 —123
s 2 2 2 4a

-2|/6a %.2@a3/2+0+ 4na2—§.2£a—8a2 ”}

[ 2
=2 \@%az + 4na® -2,/3a° —4337?
(838 + 12na® — 6J3a° — 48211:}

3
Za%[8V3 + 121 — 643 — 4n]

Za®[2V3 + 8n]= gaZ[ﬁ + 4n)

Q. 20 Compute the area bounded by the lines x +2y =2, y —x =1 and

2x +y=1.
Sol. Wehave, x+2y=2 ()
y—x=1 (i)
and 2%+ y=7 .. (i)

On solving Egs. (i) and (ii), we get
y-@R-2y)=1=>3y-2=1= y=1
Y

A

\
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On solving Egs. (i) and (iii), we get

= 2y -2+ y=7
= y=3
On solving Egs. (i) and (iii), we get

2@ -2y)+y=7
= 4—-4y+y=7
= -3y=3
= y=-1

Required area = j; @ —2y)dy + [j% dy— jf’(y —1)ay

27 2 73 2 2
:,2y+2L + Q,L ,yi,y

2 B 2 2.2 » 2 1
:{—2+g—Z—g}+ra—g+z+lJ—{g—3—l+1}
> o2 "4 274 |2 2
{42—9+14+1}_{9—6—1+2'

4 2
=-4+12 -2 =6sq units

=[-4]+

Q. 21 Find the area bounded by the lines y=4x+5 y=5-x and

4y =x +5.
Sol. ): y=4x+5
©.9)
X' < . : >X
B) -1 3
N y=5-x
Y
Y/
Given equations of lines are
y=4x+ 5 (1)
y=5-x ()]
and 4y=x+5 (D))
On solving Egs. (i) and (i), we get
4x+5=5-x
= x=0

On solving Egs. (i) and (iii), we get

44x + 5)=x + 5
= 16x+20=x+5
= 15x = -15
= x=-1
On solving Egs. (i) and (iii), we get

45-x)=x+5
= 20-4x=x+5
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= x=3
: 0 3 1¢3
. Required area = _[71(4x + 5)Kdx + '[0(5 - x)dx — ZL (x + Bx

2 0 PRE 2 g
:4i+5x + B -2 —1x—+5x
2 » 2], 42 »

:[O_2+5]+{15_9_0}_1{9+15_1+ 5:1

2 412 2
=3+§—1~24
2 4
=-3+ E:Esqunits
2 2

Q. 22 Find the area bounded by the curve y =2cosx and the X-axis from
x =0to x =2n.
Sol. Required area of shaded region = J'OZHZCOSxdx

/2 3n/2 2n
=I 2cosx dx + _[ 2cosxdx| + f 2cosx dx
0 2 3n/2

y=C0S x

T
f
0
0
0
0
0

“0 n/zwmwwmmmﬂwwz on > X

4

3n/2

= 2[sinx]f? + \ 2(sinx)? % + 2[sinx 27,

=2+ 4+ 2 =8sqgunits

Q. 23 Draw a rough sketch of the given curve y =1+|x +1|, x =—3, x =3,

¥y =0 and find the area of the region bounded by them, using
integration.

Sol. Wehave, y=1+|x+1,x=-3x=3and y=0
AY

7
7

N

N

(@
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-x, ifx<-1
y= x+2 ifx>-1
Area of shaded region, A = I:; —xdx + Jj(x +2)dx
3

27! 2
:_{x} +|:x+2xi|
2 4 2 r
:7[179}+P+ 671+2}
2 2 2 2

=—[-4]+[8+ 4]
=12 + 4 =16sq units

Objective Type Questions

Q. 24 The area of the region bounded by the Y-axis y =cosx and y =sinx,
where 0 < x < % is

(@) +/2 sq units (b) (+/2 + 1) sq units
(©) (/2 =1) sq units (d) 242 - 1) sq units

N3

Sol. (¢) We have, Y-axisi.e., x =0, y =cosx and y = sinx, where 0<x <

Y
S .
’ y=sinx

B w

’ y=COs x
YV
. /4 .
Required area = JO (cosx — sinx)dx
/4 /4

= [sinx]y " + [cosx]y
(sinE - sian + (cosE - cost
4 4

([ )

A 1
= $+—2—
_ .2 V2 +2
V2 V2
—2+2\2
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Q. 25 The area of the region bounded by the curve x?> =4y and the straight
line x =4y —2is
(a) % sq unit (b) g sq unit

7 9
(c) = sq unit (d) = sq units
8 q 8 q

Sol. (d) Given equation of curve is x2 = 4y and the straight line x = 4y — 2.

x2 =4y

(-1, 1/4)

v
For intersection point, put x = 4y — 2 in equation of curve, we get
(4y —2)* = 4y
16y° + 4 — 16y = 4y
16y> =20y + 4=0
4y —By+1=0
4y —4y—y+1=0
4y (y-0-1Ay-1=0
(4y-Nly-1m=0
y=1 1
4
Fory=1 x=+4-1=2 [since, negative value does not satisfy the equation of line]

L I

Fory = % x = 1/4-% =-1 [positive value does not satisfy the equation of line]
. . . 1
So, the intersection points are (2, 1) and (7 1, Z)

x+2
4

. 2 2 x°
.. Area of shaded region = L( )dx - 7170'3@

312

42 43 24
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Q. 26 The area of the region bounded by the curve y = /16 — x* and X-axis is

(a) 87 sq units (b) 207 sq units
(c) 16m sq units (d) 2567 sq units
Sol. (@)  Given equation of curve is y = /16 — x° and the equation of line is X-axis i.e., y = 0.
Y

(-4,0) |O 4,0

v
J16-x2=0 ()

= 16-x2=0

= x% =16

= x=*4

So, the intersection points are (4, 0) and (-4, 0).
. Areaof curve, A = J.:(16 - x?)2dx

= '|._44wl(42 - x?)dx

2 4
N o
2" 4,

Q. 27 Area of the region in the first quadrant enclosed by the X-axis, the
line y = x and the circle x% + y? =321is

(@) 167 sq units (b) 47 sq units (c) 327 sq units (d) 24 7 sq units
Sol. (b) We have, area enclosed by X-axis i.e., y = 0, y = x and the circle x + y° = 32 in first
quadrant.
Since, x? + (x)% =32 [oy=x]
= 2x% =32
= x=*4
So, the intersection point of circle x2 + y? = 32 and line y = x are (4, 4) or (- 4, 4).
and x2 4 y? = (427
Since, y=0
: x® + (07 =32

= x=1 42
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253
So, the circle intersects the X-axis at (+4 /2, 0).
Y
A
y=x
N9
1 ©.0 N
X . 0) X
e
(4,4 &
A
yl
4 42
Area of shaded region = jxdx + I (42)? — x% dx
0 4
o4 5 42
x x (NZ) S
=T + 5N @2 -2 + sin”' =
0 er e 4@4
16 |42 C(42) 4 > 4 4
=— +|—=.0+16sin L2 27 —16-16sin"'—=
2 { 2 (42) 2 (42) NP
=8+

{16-5—24«%—165}
2 4

=8+ [8n — 8 — 4n]= 4m sq units

Q. 28 Area of the region bounded by the curve y =cosx between x =0 and
x=mis
(@) 2 sq units

(b) 4 sq units
(c) 3 sq units

(d) 1 sq unit
Sol. (@) Required area enclosed by the curve y =cosx, x = 0and x = nis

Y

y=Cos x

/2 b
A= cosx dx + U cos:cdx‘
0 w2

{. T } oo |
=|sin= —sin0 |+ {sin= —sinw
2 72 \

=1+ 1=2squnits
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Q. 29 The area of the region bounded by parabola y? = x and the straight
line 2y = xis
4 . . 2 . 1 .
(a) 3 sq units (b) 1 sq unit () 3 sq unit (d) 3 sq unit
Sol. (@) We have to find the area enclosed by parabola y? = x and the straight line 2y = x.
Y A

G2 o x
(0,0 | X
&’O)'
y2=x
Y
2
x
)y
2)
= ¥ =dx=>x(x—4)=0
= x=4=>y=2andx=0 =y=0

So, the intersection points are (0, 0) and (4, 2).
Area enclosed by shaded region,

A= ;[x/;—f}dx
1 4
1,9 22 3 4]
2 o
22 _16_2 4. 1
3 4 3 4

16 16 64-48 16 4 .
- =— =—squnits
3 4 12 12 3

Q. 30 The area of the region bounded by the curve y =sinx between the
ordinates x =0, x = g and the X-axis is

(@) 2 sq units (b) 4 sq units (c) 3 sq units (d) 1 sq unit
Sol. (d) Area of the region bounded by the curve y = sinx between the ordinates x = 0, x :g

and the X-axis is
/2 n\ >

y=sinx

YA

A
O




Application of Integrals 255

.
A= IO 2simcdx
—[cosx]¥? = {cosg —cos O}

=—-[0-1]=1sq unit

2 2

Q. 31 The area of the region bounded by the ellipse 32675 + }1/76 =1is

(@) 20 sq units (b) 207% sq units  (0) 167 sq units  (d) 257 sq units
q

2 2
X
Sol. (@) We have, ?Jr%ﬂ
Here, a=+5andb=+4
2 2
y x
and ?:1_572
2
2 X
= —16/1- 2
AY

(5, 0> /
////

i 25+E:1
16 5
= 25— x
y= 25( )
4o 2
= =—4(5" -x
y=5 ( )

. H _ - _ .2
. Area enclosed by ellipse, A=2 - 5'[_545 x“dx
8¢5 [ >
:2'5-[0’,5 — x“dx

— 2 5
_0.8 2% - 5%+ it E
52 27 5]
.80/ 5, i Ssin2_0-2.9
52 27 5 2
:2.§_275.E}
502 2
_16 2
5 4
=207 sqg units
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Q. 32 The area of the region bounded by the circle x? + y? =1is

(@) 27 sq units (b) 7 sq units
(c) 3w sq units (d) 4n sq units

Sol. (b) We have, P [or=+1]
= y=1-x> = y=1-x°

. . T2 2 ) 2
. Area enclosed by circle =2J‘71w/1 -x dx=2~2j‘0w/1 —x“dx
5 1
=2 ~2[;w/12 —x? + %sin‘1 ﬂ
0

=4[i.0+1.ﬁ_0_1.0J
2 2 2 2
T .
=4.— =msqunits
RS

Q. 33 The area of the region bounded by the curve y = x +1 and the lines
x=2 x=3,1s

7 9 11 13
a) — sq units b) = sq units C) — sq units d) — sq units
()2 q ()2 q ( 5 s ()2 q

2 3
Sol. (@) Required area, A = E(x + N)dx = [xz + x}
2

=P+ 3_f_2}=[§+1}=zsqunits
2 2 2 2
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Q. 34 The area of the region bounded by the curve x =2y + 3 and the lines

y=1 y=-1is
(@) 4 sq units (b) % sg units
(c) 6 sq units (d) 8 sq units

Sol. (¢) Required area, A = J.; @y + 3)dy

=[1+3-1+ 3] =6squnits



Differential Equations

Short Answer Type Questions

Q. 1 Find the solution of Zy =2V,

X
Sol. Given that, & =2
p i 1
dy 2’ mn _@"
— = . a -
= dx 2* L a”J
= dy _dx
2y 2
On integrationg both sides, we get
[277ay = [27¥dx
_o7Y _o~ %
= = +
log2 log2
= -27 +2™ =+ Clog?2
= 27 -27 =-Clog2
= 2% -2V =K [where, K = + C log2]

Q. 2 Find the differential equation of all non-vertical lines in a plane.
Sol. Since, the family of all non-vertical line is y = mx + ¢, where m # tan g
On differentiating w.r.t. x, we get
dy
dx
Again, differentiating w.r.t. x, we get
2
oy _
dx

=m

Q. 3 If dy =e %Y and y =0 when «x =5, then find the value of x when y =3.

dx
Sol. Given that, g:e’ZV = % =dx
dx e
2y 32y C
e’ dy=|d = - =x +
- e dy = [ox R
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When x = 5and y = 0, then substituting these values in Eq. (i), we get

0
® _s+cC
2
= 1:5+C = C:1—5:—g
2 2 2
Eq. (i) becomes e =2x-9
When y = 3, then e=2x-9 = 2x=e%+9
_€°+9
)
d 1
Q. 4 solve (xz—l)—y+2xy: .
dx x? -1
Sol. Given differential equation is
ay 1
2
-1)—=+2xy=
« )dx v x? -1
N ay . 2x yo 1
dx (2% -1 (x% = 1)
which is a linear differential equation.
On comparing it with & + Py =Q, we get
X
2x 1
P= Q=
x% -1 (x® =17
9 dx
IF =gl P =ej["2 '1]
Put x% —1=t=2xdx =dt
at
IF :ejf =e%9! =t = (x% - 1)

The complete solution is
yIF=[ QIF + K
1

= y- —Dzjr 7 (& —f)dx + K
= o 0=
= y(x2—1)—;Iog(z+D+K

Q. 5 Solve Zy +2xy =Y.

X
Sol. Given that, & +2xy=y
dx
= ¥ +2xy-y=0
dx
- Y\ ox-1y=0
dx

which is a linear differential equation.



260 NCERT Exemplar (Class XII) Solutions

ay

On comparing it with I + Py =Q, we get
X
P=QRx-1),Q=
IF = edex _ j 2x 1)d

The complete solution is
y-eX F=[Q-e” Fdx+C

= V. e =04 C
= y=Ce*~ 3
. . d
Q. 6 Find the general solution of d—y +ay =e™
X
Sol. Given differential equation is
dy m
a +ay=e
which is a linear differential equation.
On comparing it with gy + Py =Q, we get
X
P=aQ=e"™
IF zejpdx =e[adx _e®
The general solution is y-e® = fe’"" e®dx +C
= y-eaxz.[e(m+a)xdx+C
(m+ a)
et AT (mya)C
= m+a)y= Fram 3 =
e e
= (m+a)y=e™ +Ke & [-K=(m+a)C]
. . . d
Q. 7 Solve the differential equation d—y +1=e""Y
X
Sol. Given differential equation is di +1=e*"Y (i)
On substituting x + y =t, we get
e _d
dx dx
Eq. (i) becomes T =e
x
“lat =dx
—e'=x+C
1
oy T x+C

—-1=(@x+C)e* "’
(x+C)e*™ +1=0

L R
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Q. 8 Solve ydx — xdy = x°ydx.

Sol. Given that, ydx — xdy = x°ydx
= d 1y [dividing throughout by x2ydx]
x°  ay dx
= - i ¥ + 1 1=0
xy dx  x°
dy ay
= 2o pay=0
dx  x° v
= & _y +ay=0
dx «x
= ¥ + (x - 1) y=0
dx x

which is a linear differential equation.
On comparing it with g—y + Py =Q, we get
X

P:(x—lj,Q=O
x

The general solution is

2
= y=Cxe ¥ /2

Q.9 5Solve the differential equation Zy =1+x+y® +xy®, when
X

y =0 and x =0.
Sol. Given that, g—y=1+ x+ V2 + ay?

X

= Y e+ a)
dx

= %=(1+yz)(1+x)
dx

= Y i+ x)a

1+y

On integrating both sides, we get
2

fany=x+ > + K ()
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When y = 0 and x = 0, then substituting these values in Eq. (i), we get
tan” (0)=0+ 0+ K

= K=0
= tan’1y:x+£
2
= y:tan(x+xzj
2

Q. 10 Find the general solution of (x + 2y?) ch =y.

Sol. Given that, (x +2y%) £ =y
dx
dx 3
= —=x+2
Vg TR
= XX, [dividing throughout by y]
ay y
= o;x _x_ 22
ay y

which is a linear differential equation.

On comparing it with Z—x + Px =Q, we get
y

P:fi,O:Zyz
y
j,l —Jldy
IF=e Y =e 7
_ef\ogy_l
y
The general solution is x- 1}/ = '|.2y2 . 1dy +C
2
= £:2L+C
y 2
= Z_oyic
y
= x=y3+Cy
. . 2+sinx | dy .
Q. 11 If y (x)is a solution of | == | =X = —cos x and y (0) = 1, then find
1+y )dx
e
the value of y[zj.
Sol. Given that, (2+Smxjdy=—cosx
1+y )dx
ay Cosx

= =- -
1+y 2 + sinx

On integrating both sides, we get

J-1 dy = coslx dx
1+y 2 + sinx

= log (1+ y)=—log @ + sinx) + log C
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= log (1+ y)+ log (2 + sinx)=log C
= log (1+ y) @ + sinx) =log C
= I+ y)@+sinx)=C
C
= 1+y= -
2 + sinx
= = C, -1 ()
2 + sinx
When x = 0andy =1, then
C
1==-1
2
= C=4
On putting C = 4in Eq. (i), we get
4
y_2+sinx_
T 4 4
()t
2) o4sink 2+1
2
_4 ]
3

Q. 12 If y (t) is a solution of (1 +1t) (Z —ty=1and y (0)=-1, then show

1
that y (1) = — .
2
. dy
Sol. Given that, (1+1) i ty=1
. o (t ), 1
at 1+t 1+t
which is a linear differential equation.
On comparing it with % + Py =Q, we get

t 1
P=-| —|Q=—n0
(1+th 1+t

L ,j[W,LJdI:e—[r—\ognwﬂ
e

IF=e 1+t 1+t
:e—[ .elog (1+1)
=e " (1+1)
The general solution is
A+t) ((+t)-e!
t)- = dt+C
yo el I (1+1)
—t t t
= y(t):e—~ € +C’,WhereC’:Ce
(=1 1+t 1+t
= y(t):fiJrC’

1+t
Whent = 0andy = — 1, then
-1=-1+C'=>C'=0

1 1
Y(f):—mjym:—g
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Q. 13 Form the differential equation having y = (sin~ ' x)? + Acos™ ' x + B,

where A and B are arbitrary constants, as its general solution.

1

Sol. Given that, y=(sin""x)® + Acos™'x + B

On differentiating w.r.t. x, we get
dy 2sin'x L, A

dx 1-x2  1-x2
= w/1—x23—y=2sin‘1x—A

X
Again, differentiating w.r.t. x, we get

lidy -2x
dx? dx 2. 1+ x2 w/

= (1—x)2j \/7 N dy =2

= (1—x2)u—xﬂ=2
dx? dx
P)
= (1—x2)d—,f AP
dx dx

which is the required differential equation.

Q. 14 Form the differential equation of all circles which pass through origin
and whose centres lie on Y-axis.
Sol. It is given that, circles pass through origin and their centreslie on Y-axis. Let (0, k) be the
centre of the circle and radius is k.
So, the equation of circle is
(x = 0P + (y -k =k?

= x% + (y—k? =K?
= x2+y? —2ky=0
2 2
= Y Y g ()
2y
On differentiating Eq. (i) w.r.t. x, we get
2y(2x+2yﬂj—(x2+y2)@
dx dx -0
4y2
dyj 2 2, QY
= 4 +y—|-2 + —=0
y(x Yy (x=+y )dx
= 4ay + 4y? 2 2(x2+y2)%=0
dx dx
= [4y° -2 (x2 +y2)]gl+ 4y =0
= (4y? —2x2 —2y? )3y+4xy 0
= @y? —2x? )%+ dxy =0
dx
= (yz—xz)%+2xy:0
dx
= @ - )Y _oxy=0

dx
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Q. 15 Find the equation of a curve passing through origin and satisfying the
differential equation (1 + x?) & +2xy = 4x°.

dx
Sol. Given that, 1+ x?) g—y + 2xy = 4x°
X
ay 2x 4x?
= — +

dx 1+xz'y=1+x2

which is a linear differential equation.

On comparing it with % + Py =Q, we get
o2x &P
1+ x% 1+ x2
2x2dx
- |F:eIde:e 1+ x
Put 1+ 2% =t = 2xdx =dt
at
IF=1+x2=e T:e\ogt :e\og(1+x2)
The general solution is
2 4x® 2
y-(1+2%) = s (1+x%)dx +C
T+ x
= y-(1+x2):.|.4x2dx+c
%3
= y~(1+x2):4?+c ()

Since, the curve passes through origin, then substituting
x=0and y=0inEq. (i), we get
C=0
The required equation of curve is

y(1+x%)=""—
N y= 4x°
3(1+ x9)
d
Q.16 Solve x> ¥ =% +ay +y2.
dx
. 2 dy 2 2
Sol. Given that, xt o= +ay+y
X
2
= g:1+z+y— (i)
dx x o«
2
Let fy=1+2L+ L
X X
ky 7\‘2y2
f(ax, Ay)=1+ —
(hx, 1Y) +Lx+73x2

2
f (0, ay) = 20 (1+i+sz

= f(xy)
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which is homogeneous expression of degree 0.

Put y:vx:ﬂ:v+xd—v
dx dx

On substituting these values in Eq.(i), we get

[v+x—v)=1+v+v2
dx
= xd—V:1+v+v2—v
dx
= xd—v=1+v2
dx
av dx
= 5 =—
1+ v X

On integrating both sides, we get
tan” v =log|x| + C

= tan™' (X] =log|x| +C
X

Q.17 Find the general solution of the differential equation
1+y?) +(x—eta“_1y)d—y =0.
dx

Sol. Given, differential equation is

(4 )+ w-e™ Y _g
dx
= A+ )= (x—e Y
dx
(1+ y%i—x:—mefﬁ””
y
= (1+y2)d—x+x=eta”4y
ay
tan™! y
= d—x+ a 5 :672 [dividing throughout by (1 + ¥?)]
ay 1+vy 1+ y
which is a linear differential equation.
On comparing it with Z—x + Px =Q, we get
y
p_ 1 Q B elarf1 y
1+ y2 ’ 1+ y2
IF [ Pay ejuy?dy tan”'y
1 etan y 1
The general solution is x-elen Y :j el Y ay+C
1+ 2
B tan'y 2
= x- e 1y=f(e172)~dy+c
Puttan'y =t = ! S dy=at
T+ y
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E 1 -1
= x.etan ‘/27621"‘1” y+C
2
-1 -1
= ox el Y=g2ln v o0
-1 -1
- zxetan y:eZtan Y+ K

Q. 18 Find the general solution of y?dx + (x? —xy + y?)dy =0.

Sol. Given, differential equation is
ydx + (x% —xy + y*)dy =0

= vidx = — (x% — xy + y?)ay
dx
= o=@ -yt )
dy
dx [xg x ]
= e B
dy yoy
which is a homogeneous differential equation.
Put ¥ vorx= vy
y
dx av
= —=V+y—
dy dy

On substituting these values in Eq. (i), we get

v+yd—V:f[v2fv+1]

dy

= yd—vzf\/2+vf1fv
dy

= y%=—vz—13 2dv _y
ay ve o+ 1 y

On integrating both sides, we get
tan” (v)=—logy +C

= tan™ (?J +logy=C

Q. 19 Solve (x + y) (dx —dy) =dx +dy.

Sol. Given differential equation is

dy) dy
= + 1-—=|=1+—=
(x y)( dx dx
Put x+y=2
= 1+ﬂ:$
dx dx

On substituting these values in Eq. (i), we get

( az j az
zZi1l-—+1|=—
dx dx

( dzj adz
= zZ|2-—|=—

dx) dx
= 22—2%—0’—2—0

dx dx

207

[ K =2C]
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. 27—+ %0
dx

N % 2z
dx z+1

= (Z;1jdz=2dx

On integrating both sides, we get

'[ (1+%jdz:2j.dx

= z+logz=2x —logC
= (x + y)+log (x + y)=2x —logC [rz=x+Y]
= 2x —x — y=IlogC + log (x + y)
= =1og[C (x + ¥)|
= eV =Cx+y)
_ 1 gu-y

= (x+y)—ce
= x+y=Ke* ™/ {K:%}

dy .

Q. 20 Solve 2(y +3)—xyd—=0, given that y (1) = —

X

. dy
Sol. Given that, 2(y+ 3)— yd =0
d
= 2(y+3)= Yo y
=
(o
- 2_ [y+3 3]
y+3

2-—_ d
= x ( y+ 3) v
On integrating both sides, we get

2logx =y-3log(y+ 3)+C ()]

When x =1andy = -2, then
2log1=-2-38log(-2+ 3)+C
= 2:0=-2-3-0+C
= C=2
On substituting the value of C in Eq. (i), we get
2logx =y —-3log(y+ 3)+ 2

2logx + 3log (y+ 3)=y+2
logx?® + log (y + 3)° = (y + 2)

logx® (y+3°=y+2

x® (y+3°=e"?

Uy sy
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Q. 21 Solve the differential equation dy =cosx (2 — y cosec x) dx given that

v =2, whenng.

Sol. Given differential equation,
dy =cosx (2 — ycosec x)dx

= & =C0Sx (2 — ycosec x)
x
dy
= —— =2C0Sx — Y COSEC X - COSX
dx
= %:2cosxfycotx
dx
= %+ ycotx =2 cosx
dx

which is a linear differential equation.
On comparing it with g—y + Py =Q, we get
x
P =cotx,Q=2cosx
IF = el PO —gleotor _ glogsine _ gjn

The general solution is
y-sinx = J.2 cosx -sinx dx +C

= y-sinx =Isin 2xdx+C [ sin2x =2 sinx cos x]
= y~sinx:—0082ﬁ+c )

/i

When x = > and y= 2, then

2 2
= 24:+1+C
2
= 271:C3 4—_1:0
2 2
3
= . ==
2

On substituting the value of C in Eq. (i), we get

. 1 3
ysinx =——c0S2 x + —
2 2

Q. 22 Form the differential equation by eliminating A and B in
Ax® +By® =1.

Sol. Given differential equation is Ax? + By? =1
On differentiating both sides w.r.t. x, we get

2Ax+28y%=0
dx
= ZBy%—fQAx
dx
= By%=—Ax = X.%=—A
dx x dx B
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Again, differentiating w.r.t. x, we get

. (ﬂ y)
vy oy | o=
) L

2

dx? x x J

() (&)
N y d? dx Y ox 0

x dx?® x?

d?y A% dyj
TV [ [P0

- v dx? * (dx) y (dx
= Yy +x(yf -yy=0

Q. 23 Solve the differential equation (1 + y?)tan " x dx + 2y (1 + x%) dy =0.

Sol. Given differential equation is
A+ y?)tan™" xdx + 2y (1+ x2)dy =0

= A+ y*)tan " xdx = -2 y (1 + x2)dy
1

- tan xg’x:_ 2y2dy
1+ x 1+ y

On integrating both sides, we get

-1
J-tan ;Cdx:_‘“fiyyzdy

1+ «x
Puttan™ x =t in LHS, we get
1

Sdx =at

1+ x
and put1+ y? =uin RHS, we get

2 ydy=du
= J.tdt—fj.lduz i—flogquC

u 2

= %(tarﬁ x =—log(1+ y2)+C
= %(tan-1x)2 +log(1+ y?)=C

Q. 24 Find the differential equation of system of concentric circles with
centre (1, 2).
Sol. The family of concentric circles with centre (1, 2) and radius ais given by
(x-12+(y-272=a°
= x2+1-2x+ y2 + 4—4y=a°
= x? +y? —2x —4y+ 5=a° .0
On differentiating Eq. (i) w.r.t. x, we get

ox+oy Y o 4 ¥ _g
dx

dx
= (2y—4)%+2x—2=0
x
= (y—2)ﬂ+(x—1):0

dx
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Long Answer Type Questions

Q. 25 Solve y + : (xy) = x (sinx + logx).
X

Sol. Given differential equation is

d .
y+ — (xy) = x (sinx + logx)
dx
ay )
= Y+ x—+ y=ux(sinx + logx)
dx
= xg+2y:x(3inx+logx)
X
ady 2 )
= — + —y=sinx + logx
dx «x
which is a linear differential equation.
dy

On comparing it with + Py =Q, we get

X
2 )
P=—,Q=sinx + logx
X
2
= :ef;dx _g2logx _ .2

The general solution is
y-x2 = J.(Sinx + logx) x%dx + C

= y-x? ='f(x2 sinx + x2 logx)dx + C

= y~x2=jx28inxdx+fleogxdx+c
= y~x2:11+12+C

Now, I = fxzsinx dx

=x? (- cosx) + j2x cosx dx
= - x% cosx + [2x (sinx) - [2 sinx olx]
I, = - x% cosx + 2 x sinx + 2 cosx

and I, = [+? log x dx
3 3
x 1 x
—logx- (LA
R M

3
X 1 2
=|ng~?—§J.x dx

logx 1%
ST T
On substituting the value of I, and I, in Eq. (i), we get
3

. X 1
y-x2 = x% cosx + 2x sinx + 2cosx + ?Iogx—éx3 +C
2sinx 2cosx  x X _o
y =-—C0Sx + 5>+ -logx ——+Cx
x x 3 9

271

(i)

... (ii)
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Q. 26 Find the general solution of (1 +tan y) (dx — dy) + 2xdy =0.

Sol. Given differential equation is (1 + tany) (dx —dy) + 2x dy = 0
on dividing throughout by dy, we get

(1+tany)(d—x—1j+2x=0
dy

= (1+tany)d—x—(1+tany)+2x:0
ay
= (1+tany)d—x+2x:(1+tany)
dy
dx 2x
=

— + =1
dy 1+ tany
which is a linear differential equation.
On comparing it with Z—x + Px =Q, we get

y

— 2 —
1+ tany’
2 2cos
[ o jiy_
IF=e 1+ tany —e cosy +siny
Icosy+smy+c?sy—smydy
—e cosy +siny
J.[1+cosy—3|.ny]dy .
—e cosy +siny :ey+\og(cosy+smy)
=e’ - (cosy + siny) [ e%9% = x]

The general solution is
x-e’ (cosy + siny) = '|.1-ey (cosy + siny)dy+C

= x-e¥ (cosy + siny):fey (siny + cosy)dy+C
= x-6” (cosy +siny)=¢e” siny+ C [ Iex {f (x) + f'(x)} dx =e”f (x)]
= x (siny + cosy)=siny + Ce™”

Q. 27 Solve Zy =cos(x+y)+sin(x+y).
X

Sol. Given, g—y:cos (x+ y)+sin(x + y) ()
x
Put X+y=2
= 1+ﬂ:$
dx dx

On substituting these values in Eq. (i), we get

(dz ] .
— —1]|=co0s z+ sinz
dx

az )
= — =(cosz+sinz+ 1)
dx
az

7_:(‘196
cosz+ sinz+ 1
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On integrating both sides, we get

- —
cosz+ sinz+ 1
az
= = |dx
'[1— tan® z/2 2tan z/2 '[

1+tan®z/2 1+ tan® z/2
S oz B
1-tan“z/2 + 2tanz/2 + 1+ tan” z/2
(1+ tan® z/2)

2
N J(1+tan 22/2)dz:de
2+2tan“z/2
- Isecz z/2dz _J-
2(1+tanz/2)
Puti+ tanz/2 =t = (1sec2 z/2)dz:o’t
at
= —=|d
"o
= log|t|=x + C
= log[t+tanz/2|=x+C
= log 1+tan7(x;y)‘:x+c

Q. 28 Find the general solution of Zy — 3y =sin2x.
x

Sol. Given, & _ 3y =sin2x
dx

which is a linear differential equation.
On comparing it with g—y + Py =Q, we get
X

P=-3Q =sin2x
IF:e—S[dx :e—Bx

The general solution is

y.e * = [sin2x e dx
[

let y.e =1

I= je‘3x sin2x
I |
- 3x - 3x
= I=sin2x|.2 —jQCOSZx & dx + C,
-3 -3
1 - 3x & 2 - 3x
= I=-—¢ sm2x+f'[e cos2x dx + C,
3 3 I [
- 3x
= I=—1e‘3’“sin2x+g cos2xe —'|.(—23ir12x)e
3 3 -3
= I:—le’axsian—ECOSer’ax—EI+C’
3 9 9

= I+ i/2:+e‘3x [—1sin2x—gcos2 x)+C’
9 3 9

273

oli+C1 +C,

[where,C'=C, + C,]
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= 18y o (flsin2x730082xj+C’
9 3 9
= 12297336(*1Sin2.7C*§COSZ.’)Cj+C |—WhereC:gcJ
13 3 9 I 13
3 . 2
= I=—¢ —-sin2x——cos2x |+C
13 3
- :ie—% (—3S|n2x—20082x)+c
13 3
e—Sx
= =3 (-8sin2x-2cos2x)+C
- 3x
= I=- (2 cos2x + 3sin2 x)+ C

On substituting the value of I'in Eq. (i), we get
- 3x

y-e =—e13 (2cos2 x + 3sin2x)+C

= y:—%(20032x+33in2x)+063x

Q. 29 Find the equation of a curve passing through (2, 1), if the slope of the

x? + y?
tangent to the curve at any point (x, y)is orr
x4 2
Sol. Itis given that, the slope of tangent to the curve at point (x, y)is 5 .
Xy
[%j S
ax Jix y) 2xy
- d _1fx, ¥ . 0)
dx 2\y «x
which is homogeneous differential equation.
Put y=vx
ay av
= ——=V+x—
dx dx

On substituting these values in Eq. (i), we get

av 1(1 j
Vtx—=—|—+V
dx 2\v

av 1 (1+v?
= V4+x—=—
dx 2 v
av  1+v?
= X — = —
dx 2v
av 1+ v —2v?
= X—=—
dx 2v
v 1-v?
= X —=—
dx 2v
= 2v dv:d—x

1-v? x
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On integrating both sides, we get
2v dx
.[ gv=]—
1-v x

Put1-v? =t in LHS, we get

—2vdv =dt
at dx
= - =
t X
= —logt =log x + log C
= —log(1-v?)=log x + log C
= —log [ j log x + log C
= —log [ ] log x + log C
= log ( J log x + log C
= =Cx ()]
x? -y
Since, the curve passes through the point (2, 1)
@y 2

;=C@) =C=7

So, the required solution is 2 (x® —

Q. 30 Find the equation of the curve through the point (1, 0), if the slope of

the tangent to the curve at any point (x, y)is y —
X +x
Sol. Itis given that, slope of tangent to the curve at any point (x, y)is y—1
@s
dx (%, y) x2 + X
= ¥_y-1
dx  x%+x
ay dx
- y—=1 Tt x
On integrating both sides, we get
J‘ ay _I dx
y-1 " x°+x
ay dx
= [75=1
y—1 x(x+ 1)
ay 1 1
——=||—- d
- J.y—1 J(x x+1jx
= log(y — 1) =logx —log(x + 1) + logC

= log(y — 1) = Iog(xC J
+1
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Since, the given curve passes through point (1, 0).

—_ o~

0- :—C = C=-2
1+1
. oo —2x
The particular solution is y—-1=
x+1
= (y=-Nx+1=-2x
= (y=NDx+1)+2x=0

Q. 31 Find the equation of a curve passing through origin, if the slope of the
tangent to the curve at any point (x, y) is equal to the square of the

difference of the abcissa and ordinate of the point.

Sol. Slope of tangent to the curve = g—y
X

and difference of abscissa and ordinate = x — y

According to the question, % =(x - yP
X
Put x-y=2
dy az
- Y
dx dx
= dy
dx dx
On substituting these values in Eq. (i), we get
az 5
1-—=z
dx
= 1-2-%
dx
= dx = dz 5
1-z
On integrating both sides, we get
az
dx =
.[ J1 _ Z2
= X = 1Iog Tvz +C
2 1-z
= t = Hogh F¥ Y|4 ¢
2 T-x+y
Since, the curve passes through the origin.
O:llog 1+0-0 L C
2 1-0+0
= C=0
On substituting the value of C in Eq. (ii), we get
1 T+x -y
x = —log
2 T-x+y
= 2x =log lrx-y
T-x+y

. (i)
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Q. 32 Find the equation of a curve passing through the point (1, 1), if the
tangent drawn at any point P(x, y) on the curve meets the coordinate

axes at A and B such that P is the mid-point of AB.
Sol. The below figure obtained by the given information

©.2)
B

A (2x, 0)

Let the coordinate of the point Pis (x, y). It is given that, P is mid-point of AB.

So, the coordinates of points A and B are (2x, 0)and (0, 2y), respectively.

Slope of AB:S*”: y

x -0 X

Since, the segment AB s a tangent to the curve at P.

d__y

dx x
dy  dx
y  x

=

On integrating both sides, we get
log y=—log x + log C

C
log y =log —
X
Since, the given curve passes through (1, 1).
log 1=log %
= 0=logC
= c=1
1
log y =log —
X
1
= y=—
x
= xy =1

Q. 33 Solve x;iy =y(logy — logx + 1)
X

Sol. Given, xg—y = y(logy —logx + 1)
X
= xg:ylog(z+ 1)
dx x
= ¥ = X(Iogz + 1)
dx «x x
which is a homogeneous equation.
Put Y _vor y=vx
X
dy
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On substituting these values in Eq.(i), we get
av
v+ x— =v(logv + 1)
dx
= xd—v=v(logv+1—1)
dx
= xd—v =v(logv)
dx
av_dx
vlogv  «x
On integrating both sides, we get
J' av _ di
viogv x
On puttinglogv =u in LHS integral, we get

1~dv:<:lu
%

=

u_jox

u Y x

logu =log x + log C

logu =logC x
u=Cx

logv =Cx

log (Xj =Cx
X

AR

Objective Type Questions

2.\? 2
Q. 34 The degree of the differential equation (dyJ +(dy) = xsin (dyj

dx? dx dx
is
(@1 (b) 2 (©3 (d) not defined
Sol. (d) The degree of above differential equation is not defined because when we expand
. (dy s L . ) ay ) )
sin o we get an infinite series in the increasing powers of = Therefore its degree is
not defined.
oV &
Q. 35 The degree of the differential equation |1+ [yj LN
dx dx?
(@4 (b)% (c) not defined (d)2
573/2 5
Sol. (d) Given that {1 + (ﬂj } :Lg
dx dx

On squaring both sides, we get

@]

So, the degree of differential equation is 2.
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Q.36 The order and degree of the differential
2 1/4
ay + (dyj + x5 =0 respectively, are
dx®  \dx
(@ 2 and 4 (b) 2 and 2
(c) 2 and 3 (d) 3 and 3
- d?y (ay\"* 15
Sol. (a) Given that, a2 + [aj =—x
N d’y [gj”“ s
dx?  \dx
- (%I/A:_ x1/5+d72y
dx dx?

On squaring both sides, we get

12 2.)2
()"
dx dx
Again, on squaring both sides, we have

d a2y’
@ vs Y
dx dx?

order =2, degree = 4

Q. 37 If y =e *(Acosx + Bsin x), then y is a solution of

2’79

equation

d?y dy d*y dy
(@) +2--=0 b)—%5 -2=L +2y=0
dx? dx dx ? dx Y
d?y dy d?y
(€)—5+2-—"-+2y=0 (d)—= +2y =0
dx? dx Y dx ? Y
Sol. (¢) Giventhat, y =e (Acosx + Bsinx)
On differentiating both sides w.r.t., x we get
g—y =-e*(Acosx + Bsinx) + e (- Asinx + Bcosx)
X
& =—y+e *(- Asinx + Bcosx)
dx
Again, differentiating both sides w.r.t. x, we get
A : S pa
—5=——+¢€ "(-cosx - Bsinx)—e (- Asinx + Bcosx)
dx dx
d’y _ dy fay . .1
= —=————Yy-|—+
dx? ar ) | dx yJ
d’y _ dy dy
- dx? o Y dx y
d?y dy
=227 2
= dx? dx y
2
= d—g + ZQ +2y=0
dx dx
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Q. 38 The differential equation for y = Acosa x + Bsina x, where A and B
are arbitrary constants is

d’y d’y
@—5-ay=0 (b)—% +a’?y=0
dx 2 Y dx ? v
d?y d?y
(©)—%5 +ay=0 (d)—5 —ay =0
dx 2 Y dx ? 4
Sol. (b) Given, y = Acos a + Bsina
= %=—aAsinax+ aBcosax
dx
Again, differentiating both sides w.r.t. x, we get
2
d—g =— Ac?cos ox — a®Bsin ox
dx
2
= d—g = — a?(Acos ax + Bsin ox)
dx
dzy 2
= — =—-a
dx? Y
d2
= dx% +0%y=0

Q. 39 The solution of differential equation xdy — ydx = 0 represents

(a) a rectangular hyperbola

(b) parabola whose vertex is at origin
(c) straight line passing through origin
(d) a circle whose centre is at origin

Sol. (¢) Given that, xdy — ydx =0
= xdy = ydx
dy dx
= ry_=
y  x

On integrating both sides, we get
logy =logx + logC

= log y =log Cx
= y=Cx
which is a straight line passing through origin.
Q. 40 The integrating factor of differential equation cosxd—y +ysinx =1is
X
(@) cos x (b) tan x (c) secx (d) sinx
Sol. (¢) Given that, cosxg—y + ysinx =1
X
= % + ytanx =secx
dx

Here, P = tanx and Q = secx
IF = eIde _ ejtanxdx _ e\ogsec x

=8Secx
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Q. 41 The solution of differential equation tan ysec?xdx + tan xsec?ydy =0 is

(@) tanx + tany =k (b) tanx — tany =k
C tanx:k (d) tanx-tany =k
tany
Sol. (d) Given that, tanysec? xdx + tan xsec?ydy = 0
= tan sec® xdx = — tanxsec?ydy
2 a2

N sec’x  _—secty 0

tan x tany

On integrating both sides, we have
2 2
J-sec xdx:i'-sec Y 4
tanx tany
Put tanx =t in LHS integral, we get
sec’x dx =dt = sec’x dx =dt

and tany = uin RHS integral, we get
sec®ydy =du

On substituting these values in Eq. (i), we get

a  fdu

t u

logt = —logu + logk

= log(t -u) =log k
= log(tanx tany) = logk
= tanxtany = k

Q. 42 The family y = Ax + A® of curves is represented by differential
equation of degree

@1 (b) 2 ©3 (d) 4
Sol. (@) Given that, y=Ax + A®
= % =A
dx
[we can differential above equation only once because it has only one arbitrary constant]
Degree =1

Q. 43 The integrating factor of aziy —y=x*-3xis

X

(@) x (b) log x () il (d)—x
. ay 4 ¥
Sol. (¢) Given that, xd— —-y=x"-3x
x
= % Y x3-3
dx «x
Here, p--'ao=2°-3
X
;
IF = elP eij;d gTlogx
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Q. 44 The solution of Zy —y =1, y(0)=11is given by
X

(@ xy=-¢* b)xy =— e
(©xy=-1 (d)y=2e" -1
Sol. (b) Given that,
dy
— —y=1
dx Y
y
— =1
= . +y
- g
1+y
On integrating both sides, we get
log+ y)=x+C ()
Whenx =0 and y =1, then
log2=0+c
= C =log?2
The required solution is
log(1+ y)=x +log2
= lo L) =x
g 5 )=
= Ty =e”
2
= 1+ y=2e"
= y=2e" -1
. d +1 .
Q. 45 The number of solutions of @ _¥ , when y(1) =21is
de« x-1
(@) none (b) one (c) two (d) infinite
Sol. (b) Given that, & I !
dx x-1
- _dy _ dx
y+1 x-1

On integrating both sides, we get

log(y + 1) =log(x — 1) — logC
Cly+)=(x-1)

=

Whenx =1and y=2,thenC =0
So, the required solutionis x — 1= 0.
Hence, only one solution exist.

_x -1
y+ 1

Q. 46 Which of the following is a second order differential equation?

@y +x=y’
(C)yrlr+(yry)2+y:o

b)y'y"+y=sinx
(d)yr:yZ

Sol. (b) The second order differential equation is y 'y "+y = sinzx.
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Q. 47 The integrating factor of differential equation (1 — xz)Zy —xy=1is
X

1
(@) - x (b) —— (@) f1- &2 (d) ~ log(1 — %
T+x d 2
Sol. (¢) Given that, a- xz)d—y —ay =1
X
ay x 1
- dx 1—x2y71—x2
which is a linear differential equation.
*fﬁd’“
F=e 77
Put 1-x?=t=-2xdx =dt = xdx:—%t
1t 1 1 2
=|— —logt —log(1 -«
Now, |F=e2jf —e2? :eZOQ( . 1-x°

Q. 48 tan "’ x +tan ' y =C is general solution of the differential equation

2 2

aﬂzﬂ—yz (b)ﬂ:1+x2

de T+ x dx 1+vy
© 1+ xAdy + 1+ yAdx =0 d) 1+ xAdx + 1+ yAdy =0

Sol. (c) Giventhat tan™'x + tan”'y=C
On differentiating w.r.t. x, we get

1 1 ay
2t 2
1+x 1+ y° dx
1 dy 1
= AT 2
1+ y° dx 1+ x
= A+ x2)dy+ 1+ y?)dx=0

Q. 49 The differential equation yfly + x =C represents
X

(a) family of hyperbolas (b) family of parabolas
(c) family of ellipses (d) family of circles
Sol. (@) Given that, y% +x=C
dx
ay
Y _c_
= ydx x
= ydy=C -x)dx
On integrating both sides, we get
V2 X2
—=Cx-—+K
2 2
2 2
= LA A
2 2
2 °
- Y cx=k
2 2

which represent family of circles.
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Q. 50 The general solution of e* cos ydx —e” sin ydy =0 is

(@) e* cosy =k (b) e* siny =k
(c) e* =kcosy (d) e* =ksiny
Sol. (@) Giventhat, e*cosydx —e*sinydy =0
= e cosydx =e”*sinydy
X
= d7y =tany
= dx = tanydy

On integrating both sides, we get
x =logsecy+C

= x —C =logsecy
= secy=e*C
= secy=e*e

1 e*
= ==

cosy e

= e*cosy=e’
= e“cosy =K [where, K =€°]

2 3
Q. 51 The degree of differential equation d732/ + (dyj +6y° =01is

dx dx
(1 (b) 2 (©3 (d)5
d’y dy)3 5
(@) —+ | 6y° =0

Sol. @ dx2+(dx il
We know that, the degree of a differential equation is exponent heighest of order
derivative.

Degree =1

Q. 52 The solution of ;ly +y=e",y0)=0is

X
@y=e"(x-1) by = xe™
(Qy=xe™+1 dy=(@+ne™
Sol. (b) Given that, Yoy e
dx
Here, P=1Q=e

IF=elPd7_gldv _gx
The general solution is
y-e¥ = Ie‘x e'dx +C
= y-e* = Idx +C
= y-e*=x+C (i)
When x = 0and y = 0, then
0=0+C= C=0
Eq. (i) becomes y-e*=x

= y=xe *
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Q. 53The integrating factor of differential equation Zy + ytanx —secx =0
X

is
(@) cos x (b) secx (c) e“* (d) e**c*

Sol. (b) Given that, g—y + ytanx —secx =0
x

Here, P =tanx,Q =secx
IF = edex _ eftanxdx
_ e(log sec x)
=secx
. . . . 1+y%,
Q. 54 The solution of differential equation dy _1ty is
dx 1+ x°
(@y=tan"'x (b)y — x =ki1+ xy)
(©x=tan"'y (d) tan(xy) =k
. dy 1+ 2
Sol. (b) Given that, et
dy dx

= =
1+y2 1+ 42

On integrating both sides, we get
tan'y=tan"'x + C

= tan'y—tan'x =C
= tan‘(y_x) -C
1+ ay
= y-x _ tanC
1+ ay
= y-x=tanc(l+ xY)
= y-x=K(1+xy)
where, k =tanC
i i i i ion Y 1+y.
Q. 55 The integrating factor of differential equation = + y = is
x dx X
@ = (b) < () xe* (d) e*
€ x
Sol. (b) Given that, &, 1ty
dx X

- ay _I+y y

dx X
= dy _ 1+ y—ay

dx X
= @y _1 Y (1-x)

dx x x
= ay (1 - xj 1

dx X X
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Here, pzﬂyQ l
X X
1-x 1
- d —adx
Ierdex ej - —eI
1
1—-—|dx
=)
:ejx—logx
1
log| —
=e%.e ("]
1
—e*.—
X

Q.56 y =ae™ +be ™ satisfies which of the following differential

equation?
dy dy
(@ —~+my=0 (b) —~-my =0
dx Y dx Y
2 2
4 2 d’y 2
(00— —-m“y =0 (d)—= +m“y =0
dx? Y dx? Y
Sol. (¢) Given that, y=ae™ + be™™
On differentiating both sides w.r.t. x, we get
& _ mae™ — bme™™*
dx
Again, differentiating both sides w.r.t. x, we get
2
d—g =mPae™ + bm%e ™™
dx
2
= d—g =m?(@e™ + be™™)
dx
dzy 2
= —Z=m
dx? Y
d2
= dx% -mPy=0

Q. 57 The solution of differential equation cosxsin ydx + sin xcos ydy =0 is

@Y _¢ (b) sinxsiny =C
siny
(c) sinx + siny =C (d) cosx cosy =C

Sol. (b) Given differential equation is
cosxsinydx + sinxcos ydy = 0

= cosxsinydx = — sinxcos ydy

N Cc,)sxdx=—C(_)Syd
sinx siny

= cot x dx = —cot ydy

On integrating both sides, we get
logsinx = —logsiny + log C
logsinxsiny =log C

=
= sinx-siny=C
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Q. 58 The solution of xd—y +y=e"is

X
i y
(a>Y=e*+5 by=xe"+Cx (Qy=xe"+k @zt K
X X vy
Sol. (a) Given that, Y iy-e
dx
- a  y_e"

dx x x
which is a linear differential equation.
1o

IFog'x —gloo® _y

The general solutionis  y-x = I(d . xj dx
X

= y~x=fexdx
= y-x=e"+k
e* k
= y=—+—
X X

Q. 59 The differential equation of the family of curves x* + y? — 2ay =0,
where a is arbitrary constant, is

(a)(xz—yz)ﬂzbcy (b)2(x2+y2)ﬂ:xy
dx dx
(c)2(x2—y2)ﬂ:xy (d)(x2+y2)ﬂ:2xy
dx dx

Sol. (a) Given equation of curve is

x% +y? —2ay=0
x4y
7}/ =

On differentiating both sides w.r.t. x, we get

y(2x+2ydyJ—(x2 + yg)ﬂ
dx

= 2a

d
2 = =0
y
= 2xy+2y2%—(x2+y2)%:o
dx dx
= (2y2—x2—y2)%——2xy
dx
= s L Ay
dx
= @ -2 ) Y _ony
dx

Q. 60 The family Y = Ax + A3 of curves will correspond to a differential
equation of order
(@ 3 (b) 2
(1 (d) not defined
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Sol. (¢) Given family of curves is y=Ax + A ()
= % =A
dx
) ay . )
Replacing A by o in Eq. (i), we get
x

3
()
dx dx

Order =1

Q. 61 The general solution of & _ 2xe” Vs

dx
2 2
@e* V=C (b)e’;'+ex =C
2
(e’ =e" +C (de* ¥V =C
Sol. (©) Given that, g—y —oxe® Y —oxe™ e
X
= ey & —oxet
dx
2
= e’ dy=2xe" dx

On integrating both sides, we get
J.ey dy=2 J.xe’“2 dx
Put x2 =t in RHS integral, we get

2xdx =dt

_[ey dy:Jet dt
= e’ =¢' +C
= e = 1+ C

Q. 62 The curve for which the slope of the tangent at any point is equal to
the ratio of the abcissa to the ordinate of the point is

(a) an ellipse (b) parabola
() circle (d) rectangular hyperbola
Sol. (d) Slope of tangent to the curve = g—y
x

and ratio of abscissa to the ordinate = X
y

According to the question, & _x
dx y
ydy=xdx
On integrating both sides, we get
y2 x2
—=—+C
2 2
2 2
= L % _coyp-x?=2C
2 2

which is an equation of rectangular hyperbola.
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2
X
. . . . d - .
Q. 63 The general solution of differential equation d—y =e? +yxyis
X
@y= Ce—xz/Z 2 b)y=C t?xZ/2 2
©y=(x+Ce"? dy =(C-xe* "2
Sol. (¢) Giventhat, :;Ly —e¥ /2, xy
X
. (% “ay _e¥l2
Here, P=—xQ=6""2
IF =gl ¥ _g"2

= ye ™2 =[1dx+C

= ye*2-x4C

- y_xex2/2 L Cetrle
= y=(x +C)e* 2

Q. 64 The solution of equation (2y — 1) dx — (2x +3) dy =0is
2x -1 2y +1

=k (b) =k
2y +3 2x -3
2 3 2x -1
S iy =2k
2y —1 2y —1
Sol. (¢) Giventhat, @y-1)dx - (@x+ 3)dy=0
= @y - 1)dx = 2x + 3)dy
dx ay
= =7
2x+3 2y -1

On integrating both sides, we get
%Iog(2x+ 3)=%Iog(2y—1)+ log C

! [log-(x + 3)—log @y — 1)]=logC

2
= 1Iog 2x+3 =logC
2 2y —1
1/2
N 2x + 3 _c
2y —1
- 2x+3:cz
2y —1
= 2ers:}(,wherechz

2y -1
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Q. 65 The differential equation for which y =a cos x + b sin x is a solution,

is
dy dy
—= = b)—% -y =0
@-5+y=0 Sl
d% dy
(C)WJr(aer)y:O (d)w+(afb)y:0

Sol. (@) Giventhat, y=acosx + bsinx

On differentiating both sides w.r.t. x, we get
ay )
—=-—asinx + bcosx
dx

Again, differentiating w.r.t. x, we get

2
Z—g:—asinx+b008x
X
a%y _
dx?
d2
= Eg+y20

Q. 66 The solution of Zy +y=e",y(0)=0is
X

(@Qy= e (x-1) b)y = xe*
©y=xe" +1 (d)y = xe™
Sol. (d) Given that, Yyyen
dx

which is a linear differential equation.

Here,P=1andQ =e7"

_[dx x

IF=e'" =¢

The general solution is
y-e* =fe’x-ex dx +C

= yex=de+C

= ye*=x+C ..(i)
Whenx =0and y=0 then0=0+C= C=0
Eq. () becomes y-e* =x=>y=xe"

Q. 67 The order and degree of differential equation
ayY Lddy L (dyY*
(yJ ~3%5 47 (yj =y“are

dx? dx? dx
@1, 4 (b) 3,4 (© 2,4 3,2
: @?y) %y Y,
Sol. (d) Given that, (dxa] - 3@ ) (@) Y
Order = 3

and degree =2
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Q. 68 The order and degree of differential equation |1 + (dy j d—y are
dx dx?
@22 (02,3 (©2,1 3,4
2 [ dy ] d?y
ven th dy\" | _d?y
Sol. (¢) Given that, {1 + (dxj J =
Order =2and degree =1
Q. 69 The differential equation of family of curves y? =4a (x +a) is
2_ 4y ( dyj dy
= il b2y X =4
@y = dx x+dx ®) ydx @
dzy dy (dy]z
=0 d)2x -~ — | —y=0
© ydx (dx) @ xdx+y dx v
Sol. (d) Given that, V2 =4a(x + a) ()
On differentiating both sides w.r.t. x, we get
dy _ dy _
2y v 4da =2y o 4a
dy 1. dy .
= yd =2a= a= ydx ()]

On putting the value of a from Eq. (i) in Eq. (i), we get

ay 1 dyj
oy 2L —yZ
Y ydx( y

2 " dx
2 dy o (dyf
= =2
V¥ =eWae TY ax
ay (dy)z
= 2x —— + -y=0
xdx y dx y

Q. 70 Which of the following is the general solution of

d? d
dx? dx
@y=(Ax +B)e” b)y=(Ax+B) e
Oy =Ae" +Be™ (d)y=Acosx+Bsinx
. d? d7y ay
. (a) Given that, -2 —= 0
Sol. (a) Giv d —5 . +y=
D?y—2Dy+y=0,
where D:i
dx
(D> -2D+ 1) y=0
The auxiliary equation is m? —2m+1=0

m-1°=0 = m=11

Since, the roots are real and equal.
: CF=(Ax+ B)e* = y=(Ax + B)e*
[smce if roots of Auxilliary equation are real and equal say (m), thenCF = (C; x + C,)e ™*]
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Q. 71 The general solution of ;ly + y tan x =sec x is
X

(@Qysecx=tanx +C (b)y tan x =secx + C
(tanx =ytanx + C (d)xsecx=tany + C
Sol. (a) Given differential equation is

dy

— + ytanx =sec x
which is a linear differential equation
Here, P =tanx,Q =sec x,

IF —elnxdx _goglsec x| _geq o

The general solution is
y-sec x = _[sec x-secx+C

= y~secx:jsec2 xdx +C
= y-sec x =tanx + C
Q. 72 The solution of differential equation Zy +Y =sin x s
X X

(@ x(y + cosx)=sinx +C (b) x (y — cos x) =sinx + C
() xy cos x =sinx + C (d) x (y + cos x) = cos x + C
Sol. (a) Given differential equation is
dy 1 )
—~ + y—=sinx
dx x

which is linear differential equation.

Here, leandQ:sinx
X

1
Foelx® _ebor_y
The general solution is
y~x:fx~sinxdx+C ()
Take I=[xsin xdx

—xoosx—j—cosxdx

=—-XCOS x + Sinx
Put the value of /in Eq. (i), we get
xy=—-xcosx+sinx+C
= x(y+cosx)=sinx +C

Q. 73 The general solution of differential equation
e* +1) ydy =(y +1)e" dxis
@ (y+1=k(e"+1) by+1=e"+1+k

(©y=log{kly+1)(e*+1)} (d)y:log{i/:11}+k
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Sol. (¢)

Given differential equation
e*+1)ydy=(y+1e*dx
Q_ex 1+ 3dx e +1)y

= — =
dx @ *+1Wy dy e*(1+y
, dh_ ey ¥
dy e*(1+y) e“"(+y)
- ey .y
dy 1+y (@d+ye”
- di=i(1+i)
dy 1+vy e*
N d7x2 y (e’ +1
dy 1+yl e*
= (yjdy:[ © jdx
1+ y e’ +1

On integrating both sides, we get

jwi/ydy :I1fexdx

1+ y-1 e”
dy = a.
= I 1+y y I1+ex *
1 e*
1dy— | ——dy= a.
- I 4 -[1+y 4 J‘1+e’“ *
= y—log|(1+ y)=log|(1+e¥)+ log k
= y=log 1+ y)+log (1 +e”)+ log (k)
= y=log{k(1+y (1+e")}

Q. 74 The solution of differential equation ;Iy ="V 1x% eV is

Sol. (b) Given that,

X
3
@y=e"Y-x2e?+C (b)ey—e":x?ntC
3 3
©e+e =X 1+C de*—e =2 4cC
3 3
Y oy 42 e
ax
= Y _grer 26
dx
N Qiex+x2
dx e’
= e’ dy=@* + x%)dx

On integrating both sides, we get
Jey dy = J(ex+ x?)dx

+X4c
3

293
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Q. 75 The solution of differential equation &y + 2y __ 1 is
dx  1+4° (1+x°)?

@y (1+x2)=C+tan'x b)Y =C+tan'x
T+x
©ylogl+x)=C+tan"x dy(+x)=C+sin"x
. ay 2xy 1
. (a) Given that, — + =
Sol. @) dx  1+x®  (1+ x2)
Here, P= 2x2andQ: 122
1+ x 1+ x°)

which is a linear differential equation.
2x

dx

- IF=e '+*°
Put 1+ %% =t= 2xdx =dt
at
- IF:eIT:e‘"gr:e“’g(”xz):1+x2
The general solution is
’
A+ x?)=|(1+ «? +C
y-(1+ )=+ e
1
= 1+ x%) = dx +C
4 ) J-1 + x?
= y(+ax%)=tan' x +C
Fillers
. . . . dzy dy / dx .
Q. 76 (i) The degree of the differential equation — te VIO =0 1S e .
dx

2
(i) The degree of the differential equation /1 + (Zyj =X1S e, .
X

(iii) The number of arbitrary constants in the general solution of a
differential equation of order three is ....... .

(iv) by Y = 1 is an equation of the type ........ .
dc« xlogx «x

(v) General solution of the differential equation of the type

is given by ........ .

(vi) The solution of the differential equation %dy +2y =x%is e .
X

(vii) The solution of (1 + x?) % +2xy — 4x% =0is ........ .
X



Differential Equations 295

(viii) The solution of the differential equation ydx + (x + xy) dy =01is

(ix) General solution of % +y=sinxis....... .
X

(x) The solution of differential equation cot y dx = xdy is ....... .
1+y

(xi) The integrating factor of Z—y +y= IS veevunen .
x

X
Sol. (i) Given differential equation is
a2y ¥
5 + edx =0
Degree of this equation is not defined.

L . ) S ay 2
(ii) Given differential equation is |1+ ) - x
X

So, degree of this equation is two.
(iii) There are three arbitrary constants.
ay y 1

(iv) Given differential equation is — + =
dx xlogx «x

The equation is of the type g—y +Py=Q
X

(v) Given differential equation is
dx
o + P x=Q
The general solution is
xIF=[QUF)dy+ C ie,xel” = [Q ™ }ay+C

(vi) Given differential equation is
o o, O, 2

x—+4+2y=x x
dx dx x

This equation of the form % + Py=Q.
X

fgd" 2logx _ .2
IF=e'* =e“ 9% =y

The general solution is

2 X
=—+C
= yx 7 +
2
x -2
=—+C
= y 2 X
(vii) Given differential equation is
1+ xz)—dy +2xy—4x2=0
dx

dr 1+ x% 1+x°

2
g+ 2xy 4x _0
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dy  2x 49c?
= — 4+ =
dx 1+ x? 1+ x°2
2x2 o
IF=e '~
Put 1+ x°2 =t= 2xdx =at
fﬁ logt log (1+ x2
IF=e't =gl =g 109 (1+27) _ 94 »2
The general solution is
Ax?
A+ x?) =+ x? dx +C
y-(1+ %) = [ ( rrwe
= (1+x2)y=I4x2dx+C
%3
= (1+x2)y:4?+c
3
= y=4L2+C(1+xz)'1
31+ x%)
(viii) Given differential equation is
= ydx + (x + xy)dy =0
= ydx +x(1+ y)dy=0
- ox _ [u)dy
1 1 . .
= J'fdx =- J.[f + 1] ay [on integrating]
x y
= log (x)=-1log(y)— y+log A
log (x)+ log (y)+ y=log A
log (xy)+ y =log A
= log xy + loge” =log A
= ayel =A
= xy = Ae”
(ix) Given differential equation is
& + y=sinx
dx
IF = [e =e*
The general solution is
y-e* :_[ex sinx dx + C ()
Let 1= jex sin x dx

I=sinxe” f_[cosxexdx
=sinxe*-cos xe” +.[(— sinx)e” dx
21 =e” (sinx —cos x)

I:%ex (sin x —cos x)
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From Eq. (i),
y-e¥ :g(sinx —cosx)+ C
= y:%(sinxfcostC-e’x
(x) Given differential equation is
cot ydx = xdy
= lo’x =tanydy
x
On integrating both sides, we get
1
= —dx = |tanyd
[;ax=[tanydy
= log (x) =log (sec y)+ log C
= log [xJ =logC
sec y
X
= =
sec y
= x=Csecy
(xi) Given differential equation is
ay fy= 1+ y
dx x
% + y = l + X
dx x X
= ¥ +y (1 - lj = 1
dx x x
’
1-—]dx
IF —ej( ")
:ex—logx
=e” e—\og x i
X

True/False

Q. 77 State True or False for the following

(i) Integrating factor of the differential of the form ? +P x=0Q,is
y

given by NELS

(ii) Solution of the differential equation of the type ? +Px=Q, is
y

given by x - IF = IGF) x Q, dy.
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(iii) Correct substitution for the solution of the differential equation of

the type ? = f(x,y), where f(x, y) is a homogeneous function of
X

zero degree is y = vx.
(iv) Correct substitution for the solution of the differential equation of
the type Z—y =g (x, y), where g (x, y) is a homogeneous function of
X
the degree zero is x = vy.

(v) Number of arbitrary constants in the particular solution of a
differential equation of order two is two.

(vi) The differential equation representing the family of circles
x? + (y — a)® = a® will be of order two.

1/3
(vii) The solution of ¥ _ (yj is y?/3 —x?/3 = ¢

de \x
(viii) Differential equation representing the family of curves
2
y=e"(A cosx+Bsinx)isu— Q+2y=0.
dac? dx
(ix) The solution of the differential equation % _x+ey is x + y = kx?.
X X
(x) Solution ofx—dy =y +xtan Y is sin (y} =cx
dx x x
(xi) The differential equation of all non horizontal lines in a plane is
d’x
—_— = 0'
dy®

Sol. () True
Given differential equation,

o + P x=Q,
IF =elP
(i) True
(iii) True
(iv) True
(v) False
There is no arbitrary constant in the particular solution of a differential equation.
(vi) False

We know that, order of the differential equation = number of arbitrary constant
Here, number of arbitrary constant = 1.
So order is one.
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(vii) True
1/3
Given differential equation, & = (Xj
dx x

1/3

- y_y-

dx x1/3
= y Pdy=x"3dx

On integrating both sides, we get
Iyq/s dy = J.x’m dx
~1/3 +1 x—1/3+1

= 7)/_1 =—g—+C
—+1 —+1
3 3
- 3y2/3_3 213 4 ¢
2 2
2/3 2/3 ' |— 2 ’ _}
= - =C where, = C'=C
oo [ ]
(viii) True
Given that, y=e* (Acos x + Bsinx)
On differentiating w.r.t. x, we get
g—y =e* (- Asinx + Bcosx) + e*(Acosx + Bsinx)
X
= %—y:ex (= Asin x + Bcosx)
dx
Again differentiating w.r.t. x, we get
2
d—g _ e* (- Acosx — Bsinx) + e*(— Asinx + Bcosx)
dx® dx
2
- I
dx° dx dx
2
= d—g oIy +2y=0
dx dx
(ix) True
Given that, %:M3%_1+§.y
dx x dx x
- ¥ 2
dx «x
-2
IF=ex =g2%0% =y

The differential solution,

= Lz:x + Kk
x -2+ 1
= %:_—1+k
x°  x
= y=—x + kx®
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True
Given differential equation,

ﬂdy:y+xtan[zj
X

dx
= % _Y + tan (X)
dx «x x
Put Y. vie.,y=
=vie,y=vx
x
ay xav
= —— =v+—
dx dx
On substituting these values in Eq. (i), we get
xav
—+V=Vv+tanv
dx
dx av
= - =
x tanv

On integrating both sides, we get
Jl dx = 1 dx
X

tanv
= log (x) =log (sinv)+ log C’
= log {xJ =log C’
sinv
= —.x =C’
sinv
= sinv =Cx
= sin? = Cx
X
True
Let any non-horizontal line in a plane is given by
y=mx+c
On differentiating w.r.t. x, we get
dy
——=m
dx
Again, differentiating w.r.t. x, we get
d?y

1

where, C = 1
c']
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Vector Algebra

Short Answer Type Questions

Q. 1 Find the unit vector in the direction of sum of vectors a =2i-j+k
—> A A
and b =2j+ k.
® Thinking Process

. . o > a .
We know that, unit vector in the direction of a vector a is — . So, first we will find the
-

|al
sum of vectors and then we will use this concept.

Sol. Let ¢ denote the sum ofa and b.
We have, c=a+b
2

S

—j+l2+2j+|2:2i+j+2|2

- 2 A o
- Unit vector in the direction of & = S = 21 T 1+ 2k _2i+]+2k

Q] 22+ P20 Vo
2?+]+2I§

C=
3

Q.21f a=i+j+2k and b =2i+j+2k, then find the unit vector in the
direction of

. 4) .o 4) *>
(i)6b (ii)2a—-D>b
Sol. Here,§:i+i+2l§and8:2i+]—2l§

(i) Since, 6b =12i + 6] — 12k
~.Unit vector in the direction of 6b = 6b
|6b]
_ 12i+6j-12k _ 6(i + j-2k)
J127 + 6% + 122 V324

BRI+ j-2k) 2i+j-2kK
- 18 3
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(ii) Since, 2a - B =2(i + j + 2k) - 2i + ] - 2k)
=2i+2j+4k—2i —j+2k=]+ 6k
- 2 ~
- Unit vector in the direction of 2 — B = 22 P _ 1+ 6K 1 G+ ek

|25> B)‘ 1/A|+ 36=\/§(l

Q. 3 Find a unit vector in the direction of PY) , where P and Q have

coordinates (5, 0, 8) and (3, 3, 2), respectively.
Sol. Since, the coordinates of P and Q are (5, 0, 8) and (3, 3, 2), respectively.
PG-0G - OF
=(3i + 3j + 2k)— (5i + 0] + 8K)
=-2i+ 3] — 6k
—> a ~ ~
Unit vector in the direction of PQ = E _ 2+ 3 -6k
1PQ| 2%+ 3+ 6
—2i+3j-6k -2i+3j-
T i T 7

Q.41f a and b are the position vectors of A and B respectlvely, then ﬁnd
the position vector of a point C in BA produced such that BC =1. 5BA

Sol. Since, a =a and (Yi =b
—_— — L,
BA=OA-OB=a-b
and 15BA = 15(@ - B)
. g g >
Since, BC =15BA =15(@ - b)
OC - OB =152 — 158
0C =152 - 158 + B [
=15a - 0.5b

&l
o

3d-b
2
Graphically, explanation of the above solution is given below

>

@58 2
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Q. 5 Using vectors, find the value of k, such that the points (k, —10, 3),
(1, =1, 3)and (3, 5, 3) are collinear.
® Thinking Process

- > -
Here, use the following stepwise approach first, get the values of | AB|,|BC and | AC|

- — -
and then use the concept that three points are collinear, if | AB| +|BC| = ‘AC ‘such that.

A B C

Sol. Letthe points are Ak, — 10, 3), B(1, —1,3)and C(3, 5, 3).

So, AB = OB - OA
=(i-]j+3k)— (ki —10j + 3k)
=(A-K)i + (=1+ 10)j + (3- 3k
=(1—k)ji + 9] + 0k

|AB| = 1=k + (97 + 0= (1 — k7 + 81

— — —

Similarly, BC =0C - 0B
=(3i+5j+3K)-(i—-]+ 3Kk)
=2i + 6j + Ok

IBC| =422 + 62 + 0=2410
— — —
and AC =0C -0A

=(3i + 5] + 3k) — (ki — 10 + 3k)
=(3-K)i +15] + Ok
|AC | = /(3 k) + 225

If A, B and C are collinear, then sum of modulus of any two vectors will be equal to the
modulus of third vectors

For|AB| + [BC| =|AG,
JO— kP + 81+ 2410 = /(3 k? + 225
JB= kP +225 — 1 — kP + 81 =210
J9+ K2 — 6k + 225 — 1+ K> — 2k + 81 = 2410

JK? = 6k + 234 210 = \JK® 2k + 82
K2 — Bk + 234 + 40 — 2,[k? — Bk + 234210 = K® — 2k + 82
K2 — Bk + 234+ 40— k + 2k — 82 = 410,k® + 234 — 6k
—ak + 192 = 4JT0/k? + 234 — Bk
— K+ 48=110 JK® + 234 — 6k

On squaring both sides, we get
48 x 48 + k* — 96k = 10(k® + 234 — 6k)

k® — 96k — 10k® + 60k = — 48 x 48 + 2340
—Ok? — 36k = — 48 x 48 + 2340

L I e

Uy
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= (k? + 4k) =+ 16 x 16 — 260 [dividing by 9 in both sides]
= K° + 4k=—4
K? + 4k + 4=0
= (k+272=0
: k=-2

Q. 6 A vector r is inclined at equal angles to the three axes. If the
magnitude of I is 2v/3 units, then find the value of r.

@ Thinking Process
> o .
If a vector ¥ is inclined at equal angles to the three axes, then direction cosines of vector,
- > o >
r will be same and then use, ¥ =1 -|r|.
Sol. We have, | ¥ | =23

Since, ris equally inclined to the three axes, ¥ so direction cosines of the unit vector rowil
be same.ie.,l=m=n.
We know that,

P+ml+n®=1
= P+ P+?=1
= 12—1
3
: ()
IRWE]
. T2 1~ 1n
So, r=+t—i+t—=j+—=k
NN RN
- PN d ~ ?
r=rfr| {.-r—_&
e
:[iiiii]iiq 23 [ |r|=23]
J3

Q. 7 If a vector ¥ has magnitude 14 and direction ratios 2, 3 and — 6. Then,

find the direction cosines and components of ¥, given that ¥ makes an
acute angle with X-axis.

- - - N
Sol. Here, |r|=14a=2k b=3kandc=-6k
.. Direction cosines [, mand n are

.
a2k _k
T 147
[r]
—
_b 3
o4

and n= = =
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Also, we know that

2 +m?+n?=1
k> 9Kk®  9k®

+ + =

= - =
49 196 49
4k? + 9k? + 36K?
= - =
196
= K2 = @ -4
49
= k=+2
o . 2 3 -6
So, the direction cosines (I, m, n) are = ;and -

N
[since, r makes an acute angle with X-axis]

- . -
r=r-|r|
= A A A -
r=(i+mj+nk)|r

=+ 47 + 6] — 12k

Q. 8 Find a vector of magnitude 6, which is perpendicular to both the vectors
2i — j+2Kk and 4i — j + 3k.

@ Thinking Process

. . . . - o
First, we will use this concept any vector perpendicular to both the vectors a and b is

i j k
given by axb= a, a, ay|andthen we will find the vector with magnitude 6.
b, b, b

Sol. Let§=23—]+2ﬁand8:4i—i+3ﬁ

- —
So, any vector perpendicular to both the vectors a and b is given by

i j k
axb=[2 -1 2
4 -1 3
=i(-3+2)-j6-8)+ k(-2 + 4)
=—i+2}+2l2=? [say]
A vector of magnitude 6 in the direction of ¥

N A A A
—-i+2j+2k
' i+2j+

. .0
Y] J1P+27+2?
_26;. 125,12

3 3 3

:—2i+4i+4l2
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Q. 9 Find the angle between the vectors 2i — j + k and 3i +4j — k.
® Thinking Process

- -
If; and K are two vectors, making angle © with each other, then cos Oza%b, using
-
|al|b]
this concept we will find 6.
Sol. Leta=2i-j+kandb=3i+4j-k
We know that, angle between two vectors aandbis given by
>
a-b
|2llb|
_@i-j+k) @i+ 4] —K)

A+ 1419+ 16+ 1

cos 0=

6-4-1_ 1
- J6v26 2439
9—00871(;j
- 2439
- o> o e = T T S
Q.101Ifa + b+ ¢ =0, then show that a x b=b x ¢ = ¢ x a. Interpret the
result geometrically.
Sol. Since, a+b+c=0
= b=-c-a
Now, HXB:SX(_E_E)
zgx(—8)+§x(—§):—§x€
= axb=cxa (i)
Also, BxC=(-c-a)xc
=(-CxC )+ (-axC)=-a xC
= bxc=cCxa ()
FromEgs. () and (i), axb=Dbxc=c xa
Geometrical interpretation of the result
2 c
E|B| sin 0 c
1 ia) B

If ABCD is a parallelogram such that KB = ; and ATI) = B and these adjacent sides are
making angle 6 between each other, then we say that

Area of parallelogram ABCD = |§| |B|\sin 0]= |§ X B|
Since, parallelogram on the same base and between the same parallels are equal in area.
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We can say that, |a xb| =|a x¢| =|b x|
This also implies that, axb=axc=bx¢C

So, area of the parallelograms formed by taking any two sides represented by a,bandcas
adjacent are equal.

Q. 11 Find the sine of the angle between the vectors a=3i+ j+2k and
b =2i - 2] + 4k.
® Thinking Process

Lo > . .
We know that, if a and b are in their component form, then
a.b,+a, b, + a; b,

cosO=
\/0214’ @+ ai\/bzﬁrb% +b

. After getting cos © we shall find the sine of the

angle.

Sol. Here,a, =3 a,=1a,=2andb, =2,b,=-2,b; =4
We know that,
ab, + a,b, + azb,

J&% + @ + a2 [b? + b2 + b2
B 3x2+1x(-2)+2 x4
B P2ty (2f 4 4
6-2+48 12 6 6

cos 6 =

3
T V1424 2146 Jsa 221 21

sin B = \1-cos’ 0
Rt
V21 V2t VBT T
Q. 12 If A B, C and D are the points with position vectors i —] +K,
2i —i +3k, 2i -3k and 3i- Zi +k respectively, then find the

- -
projection of AB along CD.
@ Thinking Process

- >

We shall use the concept that projection of ;along bis TBl 3

Sol. Here, O%A:f+]—IQ,O%B:2?—]+3I2,0E:2?—3R andOTZ):S?—Z]HQ

N > — - ~ ~
AB=OB-OA=(2 —1)i + (-1-1j + (3+ Ik
=i -2]+4k
and CD-0D-0C=(3-2)i +(2-0)j+(+3k
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-

. . — —> — CcD
So, the projection of AB along CD = AB - ——
| CD|
(i 2] + 4K)-(i — 2] + 4k)
\/12 +22 4 42

_1+4+16 21

V21 V21
= /21 units

Q.13 Using vectors, find the area of the AABC with vertices A(1, 2, 3),
B2, -1,4)and C(4, 5, —1).
® Thinking Process
We know that,

1,2 o .
Area of AABC =—|AB x AC|. So, here we shall use this concept.

2
Sol. Here, AB=(@ 1) + (-1-2)j + (4- 3k
=i-3j+k
and AC=(4-1Ni+(5-2)]+(1-3k
=3i+3]—4|§
C (4,5 -1)
(1,2,3) @1, 4)
i ok
— —
ABxAC=[1 -3 1
3 3 -4
=i12-38)-j-4-3)+k@B+9)
=9i +7]+ 12k
— —
and |ABxAC| =+/9? + 72 + 122
= [81+ 49+ 144
= 274
Area of AABC = | AB x AC|

N[N —

V274 sq units
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Q. 14 Using vectors, prove that the parallelogram on the same base and
between the same parallels are equal in area.
Sol. Let ABCD and ABFE are parallelograms on the same base AB and between the same

parallel lines AB and DF.
Here, AB||CD and AE || BF

— N —> N
Let AB =aand AD =b
Area of parallelogram ABCD = axb
Now, area of parallelogram ABFF = KB X ATE

= (AD+ DE)
7 e - .
=AB ( ) [letDE = ka, where k is a scalar]
:Sx(8+ ka)
=@ xb)+ @ xka)
=@ xb)+ k@ xa)
=(5)><B>) [ §x§=0]

=Area of parallelogram ABCD
Hence proved.

Long Answer Type Questions

. b? +c% —a®
Q. 15 Prove that in any AABC, cos A = % , where g, b and c are the
c
magnitudes of the sides opposite to the vertices A, B and C,
respectively.
Sol. Here, components of C areccos AandcsinAis drawn.

B

/I
VAN

A
Dl«— C cos A—>
I !
gl

! b

C




310 NCERT Exemplar (Class XIl) Solutions

Since, CTD =b —-ccosA

In ABDC,
a® = (b —ccosA¥ + (csinAf
a® =b2 + c?cos® A—2bccos A + c?sin® A

=
= 2bccosA = b% — a2 + c?(cos?A + sin? A)
2 2 2
CosA:u
2bc
- — e . . .
Q. 16 If a, b and ¢ determine the vertices of a triangle, show that
1.2 - - - - - . .
E[b>< ¢ +c¢xa+axb] gives the vector area of the triangle. Hence,

deduce the condition that the three points Z, b and ¢ are collinear.

Also, find the unit vector normal to the plane of the triangle.

® Thinking Process

Here, we shall use the following two concepts.

(i) /f;, band ¢ are collinear, then the area of the triangle formed by the vectors will be

Zero.

(i) We know that, ;xt_;=|;||g| sinOn.

Sol. Since, a, b and ¢ are the vertices of a AABCC as shown.

A B_3 B
1 - —
AreaofAABC:§ B x AC |
— - —
Now, AB=b-a and AC=c-a
AreaofAABC:%m—a"xé—S\
~ 1B xG-Bxd-axd+axd|
1
:E|Bx8+§x6+8x§+6|
1
:§|8x8+5x8+8x3|
For three points to be collinear, area of the A ABC should be equal to zero.
15 5 - o -
= 5[bxc+0xa+axb]=0
= bxC+Cxa+axb=0

This is the required condition for collinearity of three points a,bandc.
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Let n be the unit vector normal to the plane of the A ABC.

— —
.~ ABxAC
n= —> —
|AB x AC |
EBrBxdsdd
= > o
| xb+bxc+cxal

Q. 17 Show that area of the parallelogram whose diagonals are given by a

- -
and b is M. Also, find the area of the parallelogram, whose

diagonals are 2i - 3 +kandi+ 33—12.
® Thinking Process
If;and ;are adjacent sides of a parallelogram, then the area formed by parallelogram
=| ; Xm and then we shall obtained the desired result.

Sol. Let ABCD be a parallelogram such that

q
A
e —
AB=p
By triangle law of addition, we get
AC=p+d-=a [say] ...()
Similarly, BD=-p+qd=b [say] -..(ii)
On adding Egs. (i) and (i), we get
d+B-24=G- @ +5)
On subtracting Eq. (i) from Eq. (i), we get
d-B-2p=p- @b
Now, Bxa:%(i—ﬁ)x(§+ [3))
~ @%@+ @ xB-Bxad - B xB)
- '@ xB+axb]
4
15 o
=—(@xb
2( xb)

So, area of a parallelogram ABCD = |6 X a| = %\ a x B|
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Now, area of a parallelogram, whose diagonals are 2i - ] +kandi+ 3] ~k.

=;Qi—i+k)xﬁ+3i—b\

= f\—2i + 3i + 7I2|
2
1

P RCETER

= % /62 s units
- 2 ~ A —> ~ A . d - >
Q.18 1fa=i—-j+k and b= —k, then find a vector ¢ such that axc=b
- >
and a-¢ =3.
® Thinking Process

We know that, for any two vectors

i j k
- o
axb={a, a, qg
b, b, by

oD > % ALr IRl YL
and a-b=ab,+a,b, + a;b, where a=a,i+a,j+akand b=b,i+b, j+bk.

So, we shall use this concept.

Sol. Let ¢
a

xi+y]+zl2
:f+]+|2and5’:]—k

i j ok
11 1=j-k
x y z
= i(z-y)-jz-x)+ky-x)=]-k
z-y=0 ()
x-—z=1 - (if)
x—y=1 (i)
Also, a-c=3
(i+]+|2)~(xi+yi+zl2)=3
= x+y+2z=3 ..(iv)

On adding Egs. (ii) and (iii), we get
2x —y—2z=2 (V)
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On solving Egs. (iv) and (v), we get

5
X =—
3
y=§—1=gandz=g
3 3 3
Now, g=2i+ 2+ %
3 3 3
:%(5i+2i+2|2)

Objective Type Questions

Q. 19 The vector in the direction of the vector i —2j+2k that has
magnitude 9 is

s e i-2j+2k
(@ i-2j+2k (b)%
©3(i-2j+2k d)9(i —2j + 2k
Sol. (¢) leta =i —2i + 2k
Any vector in the direction of a vector ais given by %.
|a
i-2j+2k i-2j+2k
JP 2% 422 3
. Vector in the direction of & with magnitude 9=9- #
=3(i —2]j + 2k)

Q. 20 The position vector of the point which divides the join of points
22 —3band a+b in the ratio 3 : 1,is

- i - e — -

3a-2b 7a-8b
@220 () 202 ©32 @22
2 4 4 4

Sol. (d) Let the position vector of the point R divides the join of points 2a -3banda + b.

3@ + b)+ 1(2a - 3b)
3+ 1
Since, the position vector of a point R dividing the line segment joining the points P and

Position vector R =

- -
mdq + np
+n

Q, whose position vectors are B and a in the ratio m : ninternally, is given by

N
p_oa
4
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Q. 21 The vector having initial and terminal points as (2, 5, 0) and (-3, 7,
4), respectively is

(@) —i +12j + 4k (b) 5i + 2j — 4k

(©) =51 + 2] + 4k di+j+k
Sol. (¢) Required vector = (-3 - 2)i + (7 - 5)j + (4 — Ok

=50 +2j + 4k

Similarly, we can say that for having initial and terminal points as

(i) (4,1,1)and (3, 13, 5), respectively.

(i) (1,1,9) and (6, 3, 5), respectively.

(iii) (1, 2, 3) and (2, 3, 4), respectively, we shall get (a), (b) and (d) as its correct
options.

Q. 22 The angle between two vectors a and b with magnitudes V3 and 4,
respectively and ab= 23 is

T T T 57
a) — b) = C) — d) =
( )6 ( )3 ( )2 (d) 2
Sol. (b) Here, |a| =+/3,|b| = 4anda- b =23 [given]
We know that, a-b =|a||b|cos 6
= 2/3=+/3-4-cosH
= cose—&—l
NER!
o="
3

Q. 23 Find the value of A such that the vectors a=2i+ Aj+k and
b =i + 2] + 3k are orthogonal.

(@0 (b) 1 ()

N | W
N

@ Thinking Process

Two non-zero vectors are orthogonal, if their dot product is zero. So, by using this
concept, we shall get the value of .

Sol. (d) Since, two non-zero vectors a and B are orthogonal i.e., a-b=0

@i+ Aj+k)(i+2]+3k=0
= 2+20+3=0

e 2
2



Vector Algebra 315

Q. 24 The value of A for which the vectors 3i — 6} +k and 2i - 4} +2k are
parallel, is

< b) > 2 d
@3 b)> Ch (d)

Sol. (@) Since, two vectors are parallel ie., angle between them is zero.
(3i 6]+k)( 4j+kk |3| 6]+k| |2| 4]+7»k|

)
W
&
U N

[+ &-B =|a| [b|cos0°=a-B =|a]|B]]
6+24+ h=1/9+ 36+ 134+ 16 + A2
30 + % = /46,20 + 22

900 + A% + 60A = 46 (20 + 2?) [on squaring both sides]
22 + B0 — 462 = 920 — 900
—4502 + 60.-20=0
— 4522 + 30+ 30 —20=0
—15M38L—2)+ 10(3L-2)=0
(10-150)(3h —2) =

L A

Alternate Method
Let a=3i- 6]+kandb 2|—4j+kk
_—6_ 2

= =—=A=—
-4 X 3

U
N | o

Q. 25 The vectors from origin to the points A and B are a=2i- 3] +2k and
b=2i+ 3j + k respectively, then the area of AOAB is equal to

(@) 340 (b) \25
() ¥229 (d) %\/229
Sol. (d) .. Area of AOAB = %|o7x «OB|

=%|(2i-3j+2|2)x(2i+sj+|2)|

ij ok
:% 2 -3 2
2 3 1
%\ [i(-3-6)-j@ - 4)+ k(6 + 6)]|

:%|79i+2] + 12K

Area of AOAB = % 81+ 4+ 144) = %«/229
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S
0

d — 2 d ) d Ao .
Q. 26 For any vector a, the value of (a x i)° +(a x j)° +(a x k)" is

2 2
(@ a (b)3a
*)2 Hz
(©4a (d)2a
Sol. (d) Let a=xi+yj+zk

22
at=x2+ 2+ 22

=z - yk
@ x i) = (2] - yk)(z] - yk)
= y2 + 7
Similarly, @xjP=x+2
and @ xk?2 =x2 + )2

2 2

L @xIP+@x])P+@xkP=y P al+ Pral )P

—2(x2 + 2 + 2)=2]°

- - -> > - o
Q.27 If|a|=10,|b| =2and a- b =12, then the value of |a x b|is
(@5 (b) 10 (c) 14 (d) 16
@ Thinking Process
- o . - oo
We know that, |a xb|=|a]||b||sinB|f and a-b =|a||b|cos 8 So, we shall use these
formulae to get the value of | ax §|
Sol. (d) Here, |a] =10,|b| =2anda-b =12 [given]
a-b =|a]|b|cos 0
12 =10x2cos 6

12 3
= cosf=—=—
20 5
= sin @ =4/1-cos®0 = 172—95
sine:iré
5

|a xB|=|a || B sin 0|
=10x2 ><i
5

=16
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Q. 28 The vectors Ai + j + 2Kk, i +Aj — k and 2i — j + A k are coplanar, if

@r=-2 b)x=0
(o)A =1 d)A=-1

Sol.(@) leta=2%i+j+2k B=i+Aj—kand ¢ =2i-]+2xk

(
(

Fora, b and € to be coplanar,

Ao12
1A% -1=0
2 -1 2
= A2 =) =1L+ 2)+2(-1-20)=0
= W —A-A-2-2-41L=0
= A2 —6r-4=0
= L +2)(% -21-2)=0
N
= k:—ZOrX:2_2m
= K:—Zork:2i22ﬁ:1_@
- - - . - - o
Q.29 If a, b and ¢ are unit vectors such that a + b + ¢
e = e T e
ofa-b+b-c+c-ais
@1 (b) 3
(c) —% (d) None of these

-

N 2
Sol. (c) Wehave, a+B+C=0anda =1B =1¢ =1

(§+H+€)(3+8+3)=
-~ a +aB+adc+ba+bB +BC+ca+cbB+c =
= §2+32+82+2(35+33+3§):0
[-a-b=b-a
= 1+1+1+2@b+b.c+ca)=0
= zmaaaz:_g
Q. 30 The projection vector of aonbis
> > > >
(@ 3—:’ b (b)z'—_f) (c)%b (d) ?
|bl | bl |a] |a|

= =
Sol. (a) Projection vector of aonbis given by = 538 = [g-b]ﬁ

=0, then the value
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- - - - o> -S> 7
Q.31 If a, b and ¢ are three vectors such that a + b+¢ =0 and |a|=2,
|b| 3and|c|—5 then the value of a-b+b-c+c-a is
(@0 (b) 1 (c)-19 (d) 38
Sol. (c) Here, a+B+c-0anda’ 4b2:9,c%:25

~a’+d@B+aC+Ba+B2+Bc+6a+SB+ct =0

- a?+b?+c?+ 2@ B+ B8+ 88)=0 [ @B -B37)
= 4+9+25+2(§B+3~€+3~5):0

= 5-8+b-6’+6’~5’:_738——19

Q. 32 If|Z| =4 and -3 <A <2, then the range of|k;| is

a) [0, 8] (b) [-12, 8]
0 [0, 12] (d) [8, 12]
Sol. (c) We have, |a |=4and -3<r<2

| A& | =[2|d]= /4
= | A& |=|-3|4=12atA=-3
|2a |=|0]4=0ati=0
and |2d | =[2]4=8atr=2

So, the range of\7§| is [0, 12].
Alternate Method

Since, -3<A<2
0<|a] <83

= 0<4|al <12
|na|e[0,12]

Q. 33 The number of vectors of unit length perpendicular to the vectors
;=2§+]+2f( andB=j+ﬁiS
(a) one (b) two

(c) three (d) infinite

Sol. (b) The number of vectors of unit length perpendicular to the vectors aandbisc (say)
ie., C=+(@xb).

So, there will be two vectors of unit length perpendicular to the vectors aandb.
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Fillers
Q. 34 Zhe vegcor a + b bisects the angle between the non-collinear vectors
aand b, if...... .

Sol. If vectora + b bisects the angle between the non-collinear vectors, then
a-@+ B)=\§|~|§ + B|cos 0
N
a.

@ + b)=aya® + b?cos 0

= cos 0 = a@+b) ()
aya® + b?
and B~(§+B)=|B|~|§+ B|Cose
b-@ + B) = bya® + b?cos 0 [since, 8 should be same]
S
= cose—bb\/% (i)
From Egs. (i) and (ii),
d@+b) B@+b) d b

= = =
a\/a2 + b2 b\/a2 + b2 |al |B

- > - > - > -
Q.351Ifr-a=0, r-b=0and r-c =0 for some non-zero vector r, then the
> o> o,
value of a-(b x ¢)1is......

Sol. Since, r'is a non-zero vector. So, we can say that a, b and ¢ are in a same plane.
a-Bxc)=0

. — .
[since, angle between &, b and ¢ are zero .., 6 = 0]

Q. 36 The vectors a =31 — 2j + 2k and b=-1-2k are the adjacent sides of
a parallelogram. The angle between its diagonals is......
Sol. We have, 5:8€72]+2I2and3:7i72l2
a+ B)=2i—2]and5)—5>=4f—2]+ 4k
Now, let 0 is the acute angle between the diagonals a+banda -b.
@+ b)-@ -b)
|a + b||a - b|
@i-2j)-(4i-2j+4k) 8+4 1

86+ 4116 2426 2

=" [ cos” = i}
4 4 2

coso =
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Q. 37 The values of k, for which |k Z|< Z| and k a +%Z is parallel to a

holds true are ...... .

Sol. We have, |k§\ <|3\ and ka + %3 is parallel to a.

ka|<|a] = |kl|al<a]
= k| <1 = —1<k<1
. 15 1 1
Also, since ka + 55’ is parallel to &, then we see that at k = - ka + 55 becomes a null
vector and then it will not be parallel to a.

So, ka + %3 is parallel toa holds true when k e]—1,1 [k = ;

Q. 38 The value of the expression|a x b’ + (a-b)2 is ...... )
Sol. |a xB|? + @ B) =|a|?|B|’sin> 0 + @- b’
=|d|?|B|* (1 - cos” 6) + @-B)°
=|al?|B|? -|a|?|b|2cos? 0 + (@-b)
=|a)%BJ* - @ BY + @ B)
|@xB|” + @By =|a|’|b|”

> o5 - o, - - .
Q. 39 1f|a x b|* +|a-b|?> =144 and | a| =4, then |b|is equal to ......
@ Thinking Process
> Sy Do Do D) . .
We know that,|a xb|” +|a-a|”=|a|"|b|". So, we shall use this concept here to find

N
the value of |b .

Sol. - |a xb|? +|a-B|> =144 =|a]?-| b|?
= |a| 2B| 2 =144
N Bj2o 144 144 _g
|5>|2 16
|b| =3

- . > A A > A A > A A
Q. 40 If a is any non-zero vector, then (a-i)-i +(a-j)-j+ (a-k) k is equal

Sol. Let d=ai+a,]+a,
i
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True/False

g b d . .. . d —>
Q. 41 1f|a| =| b|, then necessarily it implies a = + b.
Sol. True

If |
So, it is a true statement.

oy
i

ol
U
o)
I
s
ol

Q. 42 Position vector of a point P is a vector whose initial point is origin.
Sol. True

Since, I; = (YD): displacement of vector 5 from origin

> o

-> o - -
Q. 43 If|a + b| =| a — b|, then the vectors a and b are orthogonal

Sol. True
Since, la + B|=|§—B|
= |d + b =|a - b|?
= 2|d||B| = -2|a]|b|
= 4d||b| =0
= |al|b|=0
Hence, ;and Eare orthogonal. [-a-b= |§Hﬁ|cos 90° = (]
2 2
S - - -, . e
Q. 44 The formula (a +b)>=a +b +2axb is valid for 30
4 —> Ab
non-zero vectors a and b. -
Sol. False a
@+b)P°=@+Db)-@+Db) o B
-2 -2 P g 6&
=a +b +2ab

- - .
Q.451If a and b are adjacent sides of a rhombus, then
- o
a-b =0.
Sol. False
If§~8:0,then§~8:|§\|8\c0890°

Hence, angle between a and b is 90°, which is not possible in a rhombus.
Since, angle between adjacent sides in a rhombus is not equal to 90°.



11

Three Dimensional
Geometry

Short Answer Type Questions

5
Q. 1 Find the position vector of a point A in space such that OA is inclined
_)
at 60° to 0X and at 45° to 0Y and |OA | = 10 units.

Sol. Since, O_A is inclined at 60° to OX and at 45° to OY. Let O_A makes angle a with OZ.
cos? 60° + cos® 45° + cos® o = 1

12 N ,
—| +|—=| +cos?a=1 Py mP 4 n? =1
- (2) [@J * [ ]
11 )
= —+—+cos“a=1
472
= cosza:1—(l+1)
2 4
= Cosza:1—(§)
8
2 1
= cos?a =—
4
= Cosa:%:oos60°
o = 60°
]
OA |+— +—k
- '[ 7 2J
10( 1k] OA| =10
= i+—=j+ =
fj 5 [ [OA| ]

=5i+ 52+ 5k
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Q. 2 Find the vector equation of the line which is parallel to the vector
3i — 2j + 6k and which passes through the point (1, —2, 3).

® Thinking Process

Here, we use the formula v =b+ A a, where r is the equation of the line which passes

{

through b and parallel to a.
Sol. Let;:3| 2]+ 6k and b—T—ZJ + 3k
So, vector equation of the line, which is parallel to the vector ; =3 - 2] + 6k and passes
through the vectorg =i —2] +3kis ? = H+ k;.
r=(-2]+3Kk+ 3 -2]+6k)
x( 2] + GR)

)-1
Il

= (xf+y]+z|2) (iA—2]+ 3Kk) =
= (@ =1)i + (y+2)j + (- 3k = 43I —2] + 6K
Q. 3 Show that the lines Y- :y;2:z;3 and x;4:y—1 =z intersect.

Also, find their point of intersection.
® Thinking Process
If shortest distance between the lines is zero, then they intersect.

Sol. We have, x=1y,=2,2=3 and a,=2,b; =3¢, =4
Also, x,=4Yy,=12=0and a,=5b, =2,¢c, =1
If two lines intersect, then shortest distance between them should be zero.
Shortest distance between two given lines

Xo =X Vo= Y1 20— 2

\/(b1c2 — by P+ (Cay —Coa))? + (ab, — @b,

4-1 1-2 0-3
2 3 4
5 2 1

J@1-2.47 + (4.5-1.20 + 2.2 - 5.3

3 -1 38
2 3 4
5 2 1

T 25+ 324+ 121
33— 8)+ 12 —20) - 3(4 - 15)
J470
-15-18+33 0
- Ja7:0  Jaro

Therefore, the given two lines are intersecting.
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For finding their point of intersection for first line,
x-1 y-2 z-3
2 3 4
= x=2A+1y=3r+2andz=4r+ 3
Since, the lines are intersecting. So, let us put these values in the equation of another line.
2A+1-4 3+2-1 4+3

=X

Thus,
5 2 1
2 -3 3A+1 4r+3
= = =
5 2 1
2L -3 4r+ 3
= b
5 1
= 2L—3=201L+ 15
= 18L=-18=-1

So, the required point of intersection is

x=2-N+1=-1
y=3(-1+2=-1
z=4(-1)+3=-1

Thus, the lines intersect at (-1, =1, = 1).

Q. 4 Find the angle between the lines
r=31-2j+6k +2(2i +j+2k)and r = (2§ - 5k) + n(6i + 3j + 2Kk).

® Thinking Process

- -
|b1'bz| . . - >
We know that, cos 0 =—————, where, O1s the angle between the lines a;+ A b,
b1l - |bs
- —>
and a,+ub,.
ol. We have, 7:3i72ﬁ+6l2+k(2f+ﬁ+2l2)
Sol. Weh j j
and r = @] - 5K)+ (6] + 3] + 2K)
where, a,=3i-2j+6k b, =2i+]+2k
and a2:2]—5ﬁb2=6i+3]+2I2
If 6is angle between the lines, then
— >
cosh = Lbfb{
by - [y

@i+ j+2k)-(6i+3j+2K)
21 + j+2k||6i + 3j+ 2 K
_12+3+4 19

T Jov49 2
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Q. 5 Prove that the line through A(0, —1, —1) and B(4, 5, 1) intersects the

line through C (3, 9, 4) and D (—4, 4, 4).

Sol. We know that,the cartesian equation of a line that passes through two points (x;, y;, z;)and

(%5, Yo, Z5)i8

X-X% _Y-% _Z-%
Xo=% YYo= Y1 -4
Hence, the cartesian equation of line passes through A(0, —1, —1)and B(4, 5, 1)is
x-0_ y+1 z+1
4-0 5+1 1+1
N X _y+ 1 _Z+ 1
4 6 2
and cartesian equation of the line passes through C(3, 9, 4)and D(-4, 4, 4)is
x-3 y-9 z-4
—4-3 4-9 4-4
x-3 y-9 z-4
-7 5 0
If the lines intersect, then shortest distance between both of them should be zero.
Shortest distance between the lines

=

Xo =% Yo Lo~ 4

\/(b102 — b, + (Ciay —Coa,)? + (ashy, —anb,)?
3-0 9+1 4+1
4 6 2
-7 -5 0
J(6:0+ 107 + (—14 - 0 + (-20 + 42)°
3 10 5
4 6 2
-7 -5 0
100 + 196 + 484
3(0+ 10) = 10(14) + 5(~20 + 42)
780
30-140+ 110
= -

0

So, the given lines intersect.

.. (i)

Q. 6 Prove that the linesx=py +q, z=ry+sandx=p'y+q, z=r'y +s’

are perpendicular, if pp’ + ' +1=0.

()
.. (i)

(V)

Sol. We have, x=py+q:>y:%
and z:ry+s:>y:z;s
- : ,;q - 7y == . : [using Eqs. () and (i)] ...(ii
Similarly, %ﬂ'%z Z;S’
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From Egs. (iii) and (iv),
a=p b =1ci=r
and a,=p,by,=1c, =1
If these given lines are perpendicular to each other, then
a;a, + bjp, +c,c, =0
= pp'+1+m=0
which is the required condition.

Q. 7 Find the equation of a plane which bisects perpendicularly the line
joining the points A(2, 3, 4) and B (4, 5, 8) at right angles.

Sol. Since, the equation of a plane is bisecting perpendicular the line joining the points A2, 3, 4)
and B(4, 5, 8) at right angles.

So, mid-point of ABis (2 4 % ﬂ) ie. (3 46).

Also, N=(4-2)+(5-3)] +8-4) k=2i+ 2]+ 4k

So, the required equation of the plane is (7 - §)~ﬁ =0.

= [(x-3)i+(y-4j+z-6Kk-Qi+2]+4k)=0 [+ a=3i+4] + 6Kk
= 2x —6+2y—-8+4z-24=0

= 2x +2y+ 4z=38

: x+y+2z=19

Q. 8 Find the equation of a plane which is at a distance 34/3 units from
origin and the normal to which is equally inclined to coordinate axis.

Sol. Since, normal to the plane is equally inclined to the coordinate axis.

]
Therefore, COSa =COSP =CcoSy = —
a B =73
1
So, the normal is N LI L j + ——=k and plane is at a distance of 3+/3 units from origin.
73 f f P 9
N
) LD ~ N
The equation of plane is r-N = 33 { N = W}

- A
[since, vector equation of the plane at a distance p from the originis r-N = p]

1A
|+
= (x?+y]+z|2)(\/7 */7 ‘/7]:3@
= ﬁ+T+T:3x/§
: x+y+2z=3J/3-43=9

So the required equation of planeisx + y+ z=09.
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Q. 9 If the line drawn from the point (-2, —1, —3) meets a plane at right
angle at the point (1, —3, 3), then find the equation of the plane.

Sol. Since, the line drawn from the point (-2, —1, — 3) meets a plane at right angle at the point
(1,-33). So, the plane passes through the point (1 -3 3) and normal to plane is

(=3i +2j — 6k).

- ~ ~ A
= a=i-3j+3k
and N=-3i+2j-6k

- o> -
So, the equation of required plane is (r —a)-N=0

= [(xi+yj+zk)—(i -3j+3Kk)](-3i +2j -6k)=0
= [x-1i+(y+3j+(z-3)k(3i+2j-6K=0
= -3x+3+2y+6-6z+18=0
= -3x+2y—-6z=-27
3x -2y +6z-27=0

Q. 10 Find the equation of the plane through the points (2, 1, 0), (3, =2, —2)
and (3, 1, 7).
® Thinking Process
Here, apply the equation of the plane passing through the points (x,, 1, 2), (%, 5,2,)
X=% Y=y Z7Z
and (x,,y5,25)is given by | X, —x; Y, =Y, z,—2,|=0.
X=X Ys=Y1 3=
Sol. We know that, the equation of a plane passing through three non-collinear points (x;, y;, z,),
(x5, Yo, Zy)and (x5, y5, Z3)is
X-—x Y- Z-Z
Xo=X Yo=Y Zp—%|=0
X¥3=X% Ys= W 434
x-2 y-1 z-0

= 3-2 -2-1 -2-01|=0
3-2 1-1 7-0
x-2 y-1 z
= 1 -3 -2|=0
1 0 7
= (x=2)21+ 0)—=(y=NT7 +2)+ z(3)=0
= - 21x+ 42 -9y+ 9+ 3z=0
= —-21x- 9y + 3z=-51

o 7x + 3y—z=17
So, the required equation of plane is 7x + 3y —z=17.
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Q. 11 Find the equations of the two lines through the origin which intersect

. x—3 -3 z T
the line YT 2y angles of — each.
1 1 3
Sol. Given equation of the line is = ; 8_ %3 = ? =X
Y’ Q
0,10, 0)
(@]
X X
P

Y @n+3 r+3 N

2 1 1
So, DR’s of the line are 2, 1, 1 and DC'’s of the given line are —, ——, —.
9 J6' V6’ 16
Also, the required lines make angle%with the given line.
From Eq. (i), x=@r+3)y=(A+3) and z=21
S0 = aa, + bb, +cc,
\/af + b2+ cf\/ag +b2+ck
T (4r+6)+ A+ 3)+ ()
cos— =
8 VB@er+ 32 + (h+ 8P + 22
1 6L+ 9
= — =
2 VB 4r% + 9+ 120+ 2% + 9+ 61+ 22)
J6 6L+ 9
= A L
2 602 + 181 + 18
= 6y(A% + 3L+ 3) =2 (6A + 9)
= 36(A% + 3k + 3)=36(4r% + 9+ 12))
= A2+ 30+ 3=402 + 9+ 121
= 32+ 9L+ 6=0
= A2 +3+2=0
= MA+2)+1rh+2)=0
= A+HA+2)=0

o r=-1-2
So, the DC’sare 1,2, —1and -1,1, - 2.
Also, both the required lines passes through origin.
. . . x y z x y z
So, the equations of required lines are 155 and it
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Q. 12 Find the angle between the lines whose direction cosines are given by
the equation{ +m +n =0 and [> + m® —n® =0.

Sol. Eliminating n from both the equations, we have
P+mP-(1-mf=0

Pim?-P-m’+2mi=0 = 2Im=0

=
= Im=0 = (-m-nm=0 [vl=-m-n]
= (m+nm=20
= m=-n = m=0
= 1=0,1l=-n
Thus, Dr’s two lines are proportional to 0, —n, nand -n, 0, n i.e., 0,—1,1 and -1, 0, 1.
So, the vector parallel to these given lines are ; = —] +kand 3 =-i+k
-
ab 1 1 1
Now, cos 0 = =—=:-—= = 0080 =—
- = \/§ \/§ 2
|al| b|
0T { cos™ = 1}
3 3 2

Q. 13 If a variable line in two adjacent positions has direction cosines I, m, n
and [ +0l, m +3dm, n + dn, then show that the small angle 66 between
the two positions is given by 802 =81% + &m? + n°.

Sol. We have I, mnand I+ 8, m+ & m, n+ dn as direction cosines of a variable line in two
different positions.

P+m?+n®=1 ()
and (I+ 802+ (Mm+8mp + (n+ dn)° =1 (i)
= PamP+nP+8l+om’+6n°+2(18l+mdém+ndn)=1
= S +om +on°=-2(181l+mdém+ndn) [ 1%+m?+n?=1]
= 181+mdm+ nﬁnzg(az% sm? + 8n°) ... (i)

Now, ; and H are unit vectors along a line with direction cosines I, m,n and
(I+ 8l),(m+ dm), (n + 6n), respectively.
;:lf+ m]+nR and E:(Z+ 6Z)f+ (m+ 6m)]+ (n+ Bn)R

= cosso= 22 _3p [ |a] =|b| = 1]
lal|b]
= cosd0=1(l+8)+ m(m+ dm)+ n(n+ dn)

=(P+m’+n?)+ (I8l+ mdm+ ndn)
1

=1 - (812 + 5m® + 8n?) [using Eq. (iii)]
= 2(1-cos 80)= (8% + 8m? + &n?)
= 2-23in2%= 52 + 8m? + on? [‘.'1—0039:23in2 g}
2
= 4 (?) =8P+sm’ +6n° [since,% is small, then sin ?:%}

§0°=0P +5m* +8n°
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Q. 14 If 0 is the origin and A is (a, b, ¢), then find the direction cosines of
the line OA and the equation of plane through A at right angle to OA.
. . b c
Sol. Since, DC’s of line OA are , and .
\/az+b2+02 \/az+b2+02 \/az+b2+cg
Also, ;=O_)A:;=ai+b]+ck

The equation of plane passes through (a, b, c) and perpendicular to OA is given by

[(x?+yi+zl2)~(a€+bi+cl2]:(

U
©

n
+ bj+cl2).(ai + bj+cR)
= ax + by+cz=a’ + b% +c?

Q. 15 Two systems of rectangular axis have the same origin. If a plane cuts

them at distances a, b, ¢ and a’, b’, ¢’, respectively from the origin,
1 1 1 1 1 1
then prove that St = +

= + .
a b2 C,2 a/2 er C/Z
Sol. Consider OX, OY, OZ and ox, oy, 0z are two system of rectangular axes.
Let their corresponding equation of plane be

XL YL 2y ()
a b c
and LA A 0
a b c
Also, the length of perpendicular from origin to Egs. (i) and (ii) must be same.
0 0 O 0O 0 O
+ -+ -1 — 4 =+ — -1
a b _c _.a_ b _c
\/i+i+ 1 \/1 N 1 . 1
a2 bz c2 8/2 b/? c72
N \/L+L+L,\/i+i+i
a? b? c? \a® b? c?
1 1 1 1 1 1
= + 5+ —=

a2 b2 c2 a,2 by2 Cr2

Long Answer Type Questions

Q. 16 Find the foot of perpendicular from the point (2, 3, —8) to the line
b-—x 'y 1-z

2 6
given point to the line.
Sol. We have, equation of line as A-x

. Also, find the perpendicular distance from the

= =

= x=—-2A+4y=6rand z=-3A1+1
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Let the coordinates of L be (4 — 2A, 6, 1— 3A) and direction ratios of PL are proportional to

(4-21-2,6L-31-31+8) ie, (2 -2k, 6L—3 9-3)).

Also, direction ratios are proportional to —2, 6, — 3. Since, PL is perpendicular to give line.
—2@2-20)+66BL-3)-39-31=0

= —4+ 40+ 36L—18-27 + L =0

= d90=49 = Ar=1
So, the coordinates of L are (4—- 24, 60, 1-3))i.e., (2,6 —2).

P (2,3 -8)
L
4-x_Y _1-z
2 6 3
Also, length of PL = \/(2 —2% + (6-37° + (-2 + 87

= J0+ 9+ 36 = 3/5units

Q. 17 Find the distance of a point (2, 4, —1) from the line
x+5 y+3 z-6

1 4 -9
Sol. We have, equation of the line as TS y; S_ 2_96 =2
= x=A-5y=4r-3 z=6- 91

Let the coordinates of Lbe (A — 5, 41— 3, 6 — 9A), then Dr'sof PLare (A — 7, 4L — 7,7 — 9\).
Also, the direction ratios of given line are proportional to 1, 4, -9.
Since, PL is perpendicular to the given line.
A=7)1+(@N=T7) 4+ (7 -9)-(-9)=0
= A—=7+160L-28+ 8L -63 =0
= WBL=98 = r=1
So, the coordinates of L are (-4, 1, — 3).

Required distance, PL = /(-4 —2)° + (1— 47 + (-3 + 1
=,/36+ 9+ 4=7units

. . . 3
Q. 18 Find the length and the foot of perpendicular from the point (1, > 2)
to the plane 2x —2y +4z +5=0.
Sol. Equation of the given planeis2x —2y + 4z+ 5=0 ()
= H =2i- 2] + 4k
So, the equation of line through (1, g 2) and parallel to H is given by
x-1_ y-3/2 z-2
2 2 4
= x:2k+1,y:—2x+§and Z=4r+ 2

=
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If this point lies on the given plane, then

2(2X+1)—2(—2 A+ g )+ 4(4n+2)+5=0 [using Eq. (i)]
= IA+2+41L-3+160A+8+5=0

24X:—12:k:_—1
2

U

Required foot of perpendicular

{2 x[ﬂj+ 1,-2 x(j)+§,4x(_—1j+2:} ie., (0,3 oj
2 2 2 2 2
. . » (3 5Y 5

Required length of perpendicular = /(1 - 0)° + 575 +@2-0)

= 1+ 1+ 4=+/6units

Q. 19 Find the equation of the line passing through the point (3, 0, 1) and

Sol.

parallel to the planes x + 2y =0 and 3y —z =0.
Equation of the two planes are x + 2y =0and 3y — z= 0.
Let nj and nz are the normals to the two planes, respectively.
rz=i+2] and n_;=3]—lz

Since, required line is parallel to the given two planes.

- - i l K
Therefore, b=nxn,={1 2 0
0 3 -1
=i (2)-j =D+ k@)
=-2i+ ] + 3k

So, the equation of the lines through the point (3, 0, 1)and parallel to the given two planes are

(x-3)i+(y-0j+@z-1Nk + (=20 + ]+ 3Kk)
= (fo)i+yi+(zf1)l2+7»(72f+]+3l§)

Q. 20 Find the equation of the plane through the points (2, 1, - 1), (-1,3, 4)

Sol.

and perpendicular to the plane x- 2y + 4z =10.

The equation of the plane passing through (2, 1, — 1) is

ax-2)+b(y-+c(z+1)=0 (1)
Sicne, this passes through (-1, 3, 4).
a-1-2)+b@B-NH+c@4+1=0
= -3a+2b+5c=0 ()]
Since, the plane (i) is perpendicular to the plane x — 2y + 4z =10.
o 1.a-2-b+4.c=0
= a-2b+4c=0 .. (iii)
On solving Egs. (i) and (iii), we get

a _-b c
8+10 17 4

= a=181b=17 1, c = 4L
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From Eq. (i),

18A(x —2)+ 17 A(y—1)+ 4r(z+1)=0
= 18x - 36+ 17y—-17+4z+ 4=0
= 18x + 17y + 4z-49=0

18x + 17y + 4z=49

Q. 21 Find the shortest distance between the lines gives by

% A A A
r=@8+3\)i—(9+16A)j+ (10 + 7A)k
_) A A A A A A
and r =15i +29j + 5k +p (31 +8j —5Kk).
Sol. We have, F =843 (@+16))] + 10+ 72)k)
=8i — 9j + 10k + 311 - 161] + 72k
=8i - 9] + 10k + M3i — 16] + 7K)
= a,=8i - 9j+10k and b = 3i 16 + 7k 0
Also ¥ =151 +29] + 5k + u (31 + 8] - 5k)
= a2:15€+29i+5l2 ande:Si+8]—5I2 (D)}
b xb,) (@, -a,
Now, shortest distance betwen two lines is given by %
by x|
i j k
-
b, xb, =3 -16 7
3 8 -5

=i(80-56)— j (- 15— 21)+ k (24 + 48)
=24 + 36j + 72k
Now, b, xb,| = /247 + (36] + (72)?

12,22 +3%°+6°=84

and @, —a)=(15-8)i+ @9+ 9)j + (5- 10)k
=7i+38] - 5k
(241 + 36] + 72K)- (7i + 38] - 5 K)
84 |
168 + 1368 — 360 _[1176]
84 RS

Shortest distance =

14 units

Q. 22 Find the equation of the plane which is perpendicular to the plane
5x + 3y + 6z + 8 =0 and which contains the line of intersection of the
planes x +2y +3z-4=0and2x +y -z +5=0.

Sol. The equation of a plane through the line of intersection of the planes x + 2y + 32— 4=0

and2x + y—-z+ 5=0is
(x+2y+3z-4)+r2x+y-2z+5=0
= x(1+20)+y@C+ M+ 2z(-r+3)-4+5L=0 (1)



334 NCERT Exemplar (Class XII) Solutions

Also, this is perpendicular to the plane 5x + 3y + 62+ 8= 0.

501+2M)+ 32+ AM)+6(3-2)=0 [ a a,+ bb, +ce, =0]
= 5+ 10+ 6+ 3L+ 18-6A=0
A=-29/7
From Eq. (i),
x[1+2 (ﬁﬂ-k y[2—§j+ z(§+ 3)—4+5 (ﬁj:o
7 7 7 7
= x(7-58)+y(14-29)+z(@29+21)-28-145=0
= —51x —15y + 50z -173=0

So, the required equation of plane is 51x + 15y — 50z + 173 = 0.

Q. 23 If the plane ax + by =0 is rotated about its line of intersection with
the plane z =0 through an angle a, then prove that the equation of

the plane in jts new position is ax + by + (yJa® +b? tan a) z =0.

Sol. Equation of the planeis ax + by = 0 ()
..Equation of the plane after new position is
ax cosa by cos a
+
\/az + b2 \/b2 +a®
ax . by
\/ag + b? \/bg +a’

= ax + by + ztana yo? + b =0 [on multiplying with 1/a® + b?]
Alternate Method
Given,planes are ax+by=0 ()
and z=0 (i)
Therefore, the equation of any plane passing through the line of intersection of planes
(i) and (i) may be taken as ax + by + k = 0. - (il
b
\/az+b2+k21 \/a2+b2+k21
c - . . a b
————— and direction cosines of the normal to the plane (i) are , ,
Va? + b2 + k2 Va2 +b% Va?+b?
0.
Since, the angle between the planes (i) and (ii) is o,
a-a+b-b+k-0

Va2 + b? + k2\Ja? + b2

_ a® + b?
\a? + b2 + k2

= k?cos?a = a’ (1-cos®a) + b? (1-cos® a)

+ zsina =0

+ztana =0 [on dividing by cos a]

Then, direction cosines of a normal to the plane (iii) are

Cos a =

2 2\ ain?
a“ + b°)sin“a
o )
Cos“ a

k =+ .a° + b’tan a

On putting this value in plane (iii), we get the equation of the plane as

ax + by + zya® + b> tana. =0
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Q 24 Fmd the equation of the plane through the intersection of the planes

r (i+3))-6=0 and (31 - j-4k)=0, whose perpendicular
distance from origin is unity.
Sol. We have, n =+ 3j).d, =6 and n_; —@i-j-4k)d,=0
Using the relation, r. (r?1 +An, o) =d; +d,A

-

= r[(i+3j)+r(@i-j-4k)]=6+0-1
= P+ 30+ B-2j+k(Ca)]=6 0
On dviding both sides by \/(1 + 302 + (83— 12 + (- 4%, we get

v+ 30+ (3 W + k(- 42)] 6
\/(1 +32 + B2+ (4N \/(1 + 307 + (3= AP + (- 4n)?

Since, the perpendicular distance from origin is unity.
6

Ja+ 32 + (3= + (- Y

= 1+ 302 + (3= A2 + (- 40> =36
= 1+ 92 + 6A+ 9+ 22 — 6L+ 16)% =36
= 2602 + 10 = 36
= 2 =1
A=t 1

Using Eq. (i), the required equation of plane is
P03+ @FNj+ (F HkI=6

= Fo[(1+3)i + (3= 1)j+ (- 9k]=
and roI- 3+ (3+1)1+4] 6
= (4|+2] ) 6
and %(2|+4]+4k) 6
= dx +2y—-4z-6=0
and -2x+4y+4z-6=0

Q. 25 Show that the points (i - j+3k)and 3 (i + j + k) are equidistant from

the plane r (51 +2j - 7k) + 9 =0 and lies on opposite side of it.
Sol. To show that these given points (| - | + 3k)ar1d 3(| + j + k)are equidistant from the plane
¥ (51 + 2] - 7k) + 9= 0, we first find out the mid- point of the points which is 2] + j + 3k.
On substituting ? by the mid-point in plane, we get
LHS =i+ j+ 3k)-(5i +2j—-7k)+ 9
=10+2-21+9=0

=RHS
Hence, the two points lie on opposite sides of the plane are equidistant from the plane.
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- ~ ~ ~ d ~ ~ ~
Q. 26 AB =3i — j+k and CD =-3i +2j + 4k are two vectors. The position
vectors of the points A and C are 6i+7j+4k and —9i +2Kk,
respectively. Find the position vector of a point P on the line AB and a

point Q on the line €D such that PY) is perpendicular to A% and C?)
both.
Sol. We have, A_>B=3i—i+lzand C_I)D=—3i+2i+4l2
Also, the position vectors of A and C are 6i + 7] + 4kand - 9} + ZR, respectively. Since, PE)

is perpendicular to both ATB and CT:).

So, P and Q will be foot of perpendicular to both the lines through A and C.

Now, equation of the line through A and parallel to the vector ATB is,
?:(6€+7]+ 4R)+ }»(SE—}+I2)

and the line through C and parallel to the vector CTD is given by

F=—9j+2k+pn(3i+2]+ 4k 0
Let 7:(6?+7]+4I2)+>»(3i7]+l§)
and F=—0j+2k+u (=31 +2] + 4k) (i)

LetP(6+ 3\ 7 — A 4+ A)is any point on the first line and Q be any point on second line is
given by (— 3, — 9+ 2u,2 + 4p).
—

PQ=(-3u-6-3%)
=(-3u-6-3)

F(9+2p -7+ Nj+ @+ 4p—4- Nk

i

i+@u+r-16)j+@p-1r-2)k

If Pa is perpendicular to the first line, then
3-3u-6-30)-@Ru+r-16)+ (4p-1-2)=0

= —9u-18-9r-2u —A+16+4p-21-2=0

= —7pu—-11A-4=0

. (i)
If Pa is perpendicular to the second line, then

-3-3u-6-3M)+2Q2u+Ar-16)+4(4n-21-2)=0
= I + 18+ 9+ 4p +21-32 +16pn —-41-8=0
= 29n+70-22=0 (iv)
On solving Egs. (iii) and (iv), we get

-49p -771-28=0
= 319u +77x-242=0
= 270pn -270=0
= p=1
Using p in Eq. (iii), we get
-7M-11x-4=0

= -7-11A-4=0
= -11-11x=0
= Ar=-1

PQ=[-3(N-6-3C1N]i+R0+(1)-16]]+ [4) - (-1)-2]k
= - 6i - 15 + 3k
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Q. 27 Show that the straight lines whose direction cosines are given by
2l +2m —n =0 and mn +nl +Im =0 are at right angles.

Sol. Wehave, 2l+2m-n=0 ()
and mn+nl+Iim=0 (D)}
Eliminating m from the both equations, we get

m=" _221 [from Eq. (i)]
= (n_ZZjn+nl+l(n_2/J=O
2 2
n? —2nl+2nl+ nl-21°
= =0
2
= N +nl-2 =0
= n®+2nl-nl-2 =0
= n+2h(n-0=0
= n=-2land n=1
-21-21 -2l
m= ,m=
2 2
= m=-21 m:;l
2
Thus, the direction ratios of two lines are proportionalto [, -2, -2 and [, _?l L
= 1,-2,-2and 1,_?1,1
= 1,-2,-2and2,-12
Also, the vectors parallel to these lines are ; =i —2] -2k and B =2i- ] + 2k,
respectively.
oS 0 = i. ki _ (i—2j —2k;~(§| - j+2k)
la|[b] '
2 —
_2+2-4_
9
0=" {.-cosﬁ=0}
2 2

Q. 281f1,, my, ny, I, my, nyand I;, m;, n, are the direction cosines of three

mutually perpendicular lines, then prove that the line whose direction
cosines are proportional to /; + [, +[;, m; +m, + m; and n; +n, +n,4
makes equal angles with them.

Sol. Let a=4i+m j+nk

hd ~ ~ ~
c=Li+myj+ngk

{

d=( +L+ L)i+(m+m,+m)j+ [ +n, +ny)k
- - > - > -
Also, let a., Band y are the angles between a and d, b and d, ¢ and d.
cosa =10+ I, +13)+m (m +my, +mg)+n (N + n, +ny)
=P+ LL+ L0+ m+mmy,+m mgtn?+n n, +nn,
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=(B+m?+ )+ (L L+ L L+ mmy+m mg+ 0 Ny + 0 ng)
=1+0=1
o B+m?+n?=1andl LL, L Ll mLm,m Lmgn Lnyn Lngl

Similarly, cosp =1, (l; + I, + l3)+ my, (M + My + mg) + Ny (N + Ny + Ny)

=1+ 0andcosy=1+0
= COS oL =COS B =COS ¥
= a=B=y
So, the line whose direction cosines are proportional to 4 + 1L + I, my+my +mg,
n, + n, + ny makes equal angles with the three mutually perpendicular lines whose direction
cosines are L, my, n,, ,, m,, n, and 1, my,n, respectively.

Objective Type Questions

Q. 29 Distance of the point (o, B, y) from Y-axis is

(@B (b) [B]
©[B] +]7l <d>\/a2+v2
Sol. (d) Required distance = \/(a —0°% +(B-B) \/(x +y°

Q. 30 If the direction cosines of a line are k, k and k, then

@k>0 (b)0 <k<1
1 1
k=1 dk=—or——
(c) (d) NE] NE]
Sol. (d) Since, direction cosines of a line are k, k and k.
I=k,m=k and n=k
We know that, P+m+n?=1
= k% + k% + k% =1
= K2 = 1
3
K=+
3
22 34 64 e
Q 31 The distance of the plan ; i+ 5 j-— 5 k | =1 from the origin is
(@1 (b) 7
(c); (d) None of these

Sol. (@) The distance of the plane r (%i + g] - gAj = 1from the origin is 1.

- -
[since, r- n =d is the form of above equation, where d represents the distance of

plane from the origini.e., d =1]
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. . . -2 - -
Q. 32 The sine of the angle between the straight line a ; y Z 3.7 5 4
and the plane 2x —2y +z =51is
10 4 243 V2

Sol. (d) We have, the equation of line as
x-2 y-3 z-4
3 4 5
Now, the line passes through point (2, 3, 4) and having direction ratios (3, 4, 5).
Since, the line passes through point (2, 3, 4) and parallel to the vector (3i + 4j + 5k).
B =3i+ 4] + 5k
Also, the cartesian form of the given plane is2x —2y + z=15.
= (xi+yj+zk)@i-2j+k)=5

n=@i-2j+k
6. \(3i+4j+5|2).(2i—2]+|2)\
re m: JP+ 218 Jarari
_[6-8+5]_ 3 1
J50-3 152 52
V2

sin®=—
10

We know that, sin6 =

Q. 33 The reflection of the point (o, B, y) in the XY-plane is

a) ((X,B,O) (b) (O/O/Y) (C) (_Uv/_B/Y) (d) ((X,B,_'Y)
Sol. (d) In XY-plane, the reflection of the point (., B, v) is (., B, — v).

Q.34 The area of the quadrilateral ABCD where A (0,4,1),
B (2,3, -1),C (4,5 0), and D (2, 6, 2) is equal to

(@) 9 sq units (b) 18 sq units
(c) 27 sq units (d) 81 sq units
Sol. (@ Wehave, AB={2-0)i+3-4)]+(-1-Nk=2i-]-2k

BC=(4-2)i + (5-3)j + 0+ k=2 + 2] + k
CD = 2 - 4)i + (6- 5)j +
DA =(0-2)i + (4 6)] + (1-2)k = -2} —2] —k
i ] k
" Area of quadrilateral ABCD =|AB ><BC|= 2 -1 =2
2 2 1

+@-0k=-2i+]+2k

=i+ a-je+ 9+k@4+2)
=[3i - 6] + 6k|

=.,9+ 36+ 36 =9 sq units
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Q. 35 The locus represented by xy + yz =0 is
(a) a pair of perpendicular lines
(b) a pair of parallel lines
(c) a pair of parallel planes
(d) a pair of perpendicular planes
Sol. (d) We have, xy+yz=0
= Xy =-yz
So, a pair of perpendicular planes.

Q. 36 If the plane 2x — 3y + 62z — 11 =0 makes an angle sin * o with X-axis,
then the value of a is

J3 Jz
N2 b) Y2
()2 ()3
2 3
fl d) 2
(C)7 ()7

Sol. (¢) Since, 2x — 3y + 62— 11=0 makes an anglesin™' o with X-axis.

- ~ ~ A d ~ A A
b=(i+0j+ 0k)and n=2i -3j+ 6k

B -
We know that, sinez%
bl -[n|

_10i)-@i-3j+6k)| _2

ViJ4+9+3 7

Fillers

Q. 37 If a plane passes through the points (2, 0,0) (0, 3, 0) and (0, 0, 4) the
equation of plane is ......... .

Sol. We know that, equation of a the plane that cut the coordinate axes at (a, 0, 0) (0, b, 0) and

0,00 isX+ Y21
a b c
Hence, the equation of plane passes through the points (2, 0, 0), (0, 3, 0) and (0, 0, 4) is
x y z
—+ =+ =1
2 3 4

Q. 38 The direction cosines of the vector (2i + 2] — k) are ......... .
4 22
Ja+a+1 Ja+ 4417 Ja+ 4417733

Sol. Direction cosines of (2? + 2] - R)are %1




Three Dimensional Geometry 341

Q. 39 The vector equation of the line X 3_ o_yt4_z-6 1S veeeeeee .

Sol. Wehave,;:5if4i+6I23nd§:3i+7]+2|2
So, the vector equation will be
¥ =(51 - 4] + 6k)+ A(3i + 7] + 2k
= (xi+yj+ zK) - (5i — 4] + 6K)= (3 + 7] + 2K)

= (x—5)i+(y+4)]+(z—6)|2=k(3i+7]+2l2)
Q. 40 The vector equation of the line through the points (3, 4, —7) and (1, -1,
6) iS .eeeunen. .

Sol. We know that, vector equation of a line passes through two points is represented by
- - - >
r=a+Ai(b-a)

- A
and b=i-]j
N (b-a)=-2i - 5j+ 13k
So,therequiredequatign is o o o R
xi+ yj+ zk=3i + 4j -7k + L (-2i — 5j + 13k)
- (@x-3)i+(y—4)j+(z+7)k=1r(-2i -5] +13K)

A

*> ~ ~
Q. 41 The cartesian equation of the plane r - (i + j — k) =2is ......... .

Sol. We have, ?-(i+]—|§):2
= (xi+yi+zR)-(i+]—R)=2
= X+y—-z=2

which is the required form

True/False

Q. 42 The unit vector normal to the plane x + 2y +3z — 6 =0 is
i 2 gk
e V1T V4

Sol. True

We have, H:f +2]+3l2

. i +2j+3k i 2] 3k
N= —————=— + —

= = 4
JP o232 V4 V14 (14



342 NCERT Exemplar (Class XII) Solutions

Q. 43 The intercepts made by the plane 2x -3y +5z+4 =0 on the

coordinate axis are —2, %and —% .

Sol. True
We have, 2x —3y+5z+4=0
= 2x -3y +5z=-4
2x 3y bz
= —_— -+ —=1
-4 -4 -4
x y z_
= T2+E_E_1
3 5
x oy z
= _2+4+(4)—1
3 5

So, the intercepts are -2, % and — —.

Q. 44 The angle between the line r= (5i — j—4k) + 1 (2i — j+ k) and the
PR S N 5
plane r (3i —4j—K)+5=0issin™* [J
2491

Sol. False
We have, 3=23 —i +k and H: 3i —4] ~k
Let 0 is the angle between line and plane.
- - ~ ~ A ~ ~ A
|b-n| _|RI—j+k)-(3i —4j k)]
26

Then, sSino = -
6| Ve
_|6+ 4—1|_ 9
J156 2439
. 9
0=sin" ——
2439

- ~ ~ ~ - A ~
Q. 45 The angle between the planes r (2i —3j+k)=1and r (i —j) =4 is

(%)

Sol. False
We know that, the angle between two planes is given by cos 6 = %
Iny| [y
- ~ ~ ~ - ~oon
Here, n, =@i-3j+k)and n, =(i —j)
cos g |@I=3i+k) (i-])|
JA+9+1 1+1
= cos 0 = 2+3 _ 5
N SN PN

2
5
0=cos | —
(2ﬁ j
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ﬁ A A A A A A
Q. 46 The line r =2i —3j—k +A (i — j + 2k) lies in the plane
_) ~ A A
r Bi+j—k)+2=0.
Sol. False

We have,

)

=2i-3j-k+n(i-]j+2k)
= (xf+y]+z):?(2+7»)+i(—3—k)+l2(—1+2?»)

Since, x =@+ 1),y=(—3-X) and z=(-1+ 2A) are coordinates of general point which
should satisfy the equation of the given plane.

[@+2)i+(3-0]j+@L-1k][i+]-k]=2

= @+1M)-3-r-2r+1=2
= -2r=2
= A=-1
N R . R
r=QR-Ni +-=3+Nj+(-2-1)k
=i-2j-3k
Again, from the equation of the plane
r@i+i-k+2=0
= (i-2j-3k) @i+j-k+2=0
= B8-2+3)+2=0
= 6=0

which is not true.

So, the line ¥ =2i —3] —k+ X(i - ] + 2R)does not lie in a plane.

5 +4 z-6.
7 2

4) A A A A A A

r =5i —4j+6k +A (3i +7j+2k)

Q. 47 The vector equation of the line a 3_

Sol. True
We have, x=5y=-4z=6
and a=3b=7.c=2

?:(5?—4]+ 6I2)+ 7»(3?+7]+2I2)

Q. 48 The equation of a line, which is parallel to 2i +]+3f< and which
x-5 y+2 z-4

passes through the point (5, -2, 4) is

-1 3
Sol. False
Here, =5y =-22=4
and a=2,b=1¢=38
x-5 y+2 z-4
= = =

2 1 3
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Q. 49 If the foot of perpendicular drawn from the origin to a plane is

(5, — 3, — 2), then the equation of plane is r (5i —3j—2Kk) =38.
Sol. True

H
Since, the required plane passes through the point P (5, — 3, —2) and is perpendicular to OP.

and
Now, the equation of the plane is

U v U U

a=5i-3j-2k

N — ~ ~ ~
n=0P=5i-3]-2k
- >
r—a

N
r-

(

—

S, Bl

O o

N
-n

(51 - 3j —2k) = (51 - 3] —2K)- (5i — 3] — 2k)
(51 -3j-2K)=25+9+4
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Linear Programming

Short Answer Type Questions

Q. 1 Determine the maximum value of Z=11x+7y subject to the
constraints2x + y <6, x<2,x>0,y > 0.
@ Thinking Process

Using constraints, get the corner points for the bounded region and then for each corner
point check the corresponding value of Z.

Sol. We have, maximise Z=11x+7y ()
Subject to the constraints

2x + y<6 (i)

x <2 ... (iii)

x>0 y=>0 . (iv)

We see that, the feasible region as shaded determined by the system of constraints (i) to
(iv) is OABC and is bounded. So, now we shall use corner point method to determine the

maximum value of Z.
C
%‘ )

XV
" oAle
X

Y
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Corner points Corresponding value of Z
(0,0) 0
(2,0 22
2,2 36
(0,6) 42 «Maximum

Hence, the maximum value of Z is 42 at (0,

6).

Q. 2 Maximise Z = 3x + 4y, subject to the constraints x + y <1, x>0, y > 0.

Sol. Maximise Z = 3x + 4y, Subject to the cons
x+ y<lx

The shaded region shown in the figure as
points O, A and Bare (0, 0), (1, 0) and (0, 1

traints
>0 y>0.

OAB is bounded and the coordinates of corner
), respectively.

Y
A
% B
0 A
X' >X
I3
X
A
N
2
yr
Corner points Corresponding value of Z

©,0)
(1,0
o,

0
3

4 «Maximum

Hence, the maximum value of Z is 4 at (0, 1).

Q. 3 Maximise the function Z =11x + 7y, subject to the constraints x <3,

y<2 x>0and y >0.

Sol. Maximise Z =11x + 7y, subject to the constraints x <3, y<2,x >0, y >0.

y
c B
0.9 By 2
A
X 00,0 13,0 X
yx=3
Y/

The shaded region as shown in the figure as OABC is bounded and the coordinates of
corner points are (0, 0), (3, 0), (3, 2) and (0, 2), respectively.
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Corner points Corresponding value of Z
(©,0) 0
(3,0 33
(3.2 47 «Maximum
©0,2) 14

Hence, Z is maximum at (3, 2) and its maximum value is 47.

Q. 4 Minimise Z =13x-15y subject to the constraints x+y <7,
2x -3y +6>0,x>0and y > 0.
Sol. Minimise Z = 13x — 15y subject to the constraints x + y<7,2x — 3y + 6>0,x >0, y > 0.

Y
L

(3.4)

0,2
X< A > X

(3.0[(0.0) (0.7

20-3y+6=0 | x+y=7

Shaded region shown as OABC is bounded and coordinates of its corner points are (0, 0),
(7,0), (3, 4) and (0, 2), respectively.

Corner points Corresponding value of Z
©,0) 0
(7,0 91
(3,4) -21
©,2) =30 <~ Minimum

Hence, the minimum value of Z is (-30) at (0, 2).
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Q. 5 Determine the maximum value of Z=3x +4y, if the feasible region
(shaded) for a LPP is shown in following figure.

Y

Sol. As clear from the graph, corner points are O, A, E and D with coordinates (0, 0), (52, 0),
(144, 16) and (0, 38), respectively. Also, given region is bounded.

Here, Z=23x+ 4y
2x + y=104 and 2x + 4y =152
= -3y =-48
= y=16and x =44
Corner points Corresponding value of Z
(©,0) 0
(52,0) 156
(44,16) 196 «—Maximum
(0,38) 152

Hence, Z is at (44, 16) is maximum and its maximum value is 196.

Q. 6 Feasible region (shaded) for a LPP is shown in following figure.
Maximise Z =5x + 7y.

B (3,4)

C(0,2

01,0 A(7,0)

Sol. The shaded region is bounded and has coordinates of corner points as (0, 0), (7, 0), (3, 4)
and (0, 2). Also, Z = 5x + 7y.

Corner points Corresponding value of Z
(0,0) 0
(7,0 35
3.4 43 «Maximum
0,2 14

Hence, the maximum value of Z is 43 at (3, 4).
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Q. 7 The feasible region for a LPP is shown in following figure. Find the
minimum value of Z =11x + 7y.

Y
(0, 5)
23
3.2
. > X
| *&\i‘%
\\6\ )

Sol. From the figure, it is clear that feasible region is bounded with coordinates of corner points

as (0, 3), (8,2) and (0, 5). Here, Z =11x +7y.
N x+3y=9andx+ y=5

= 2y=4
y=2andx =3
So, intersection points of x + y=5and x + 3y =9is (3, 2).
Corner points Corresponding value of Z
(0,3) 21 < Minimum
(3,2 47
(0, 5) 35

Hence, the minimum value of Z is 21 at (0, 3).

Q. 8 Refer to question 7 above. Find the maximum value of Z.
Sol. From question 7, above, itis clear that Z is maximum at (3, 2) and its maximum value is 47.

Q. 9 The feasible region for a LPP is shown in the following figure. Evaluate
Z =4x+y at each of the corner points of this region. Find the

minimum value of Z, if it exists.

Y
A
—>
\
x+2y=4
> X
0 £ T
4 J’\\
o

Sol. From the shaded region, it is clear that feasible region is unbounded with the corner points
A(4,0),B(2,1)and C (0, 3).
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Also, we have Z=4x+y.
[since,x+2y=4andx+ y=3=y=1and x =2]

o,

Corner points | Corresponding value of Z

(4,0) 16
2,1 9
0,3) 3 «Minimum

Now, we see that 3 is the smallest value of Z at the corner point (0, 3). Note that here we
see that, the region is unbounded, therefore 3 may or may not be the minimum value of Z.

To decide this issue, we graph the inequality 4x + y <3 and check whether the resulting
open half plan has no point in common with feasible region otherwise, Z has no minimum
value.

From the shown graph above, it is clear that there is no point in common with feasible
region and hence Z has minimum value 3 at (0, 3).

Q. 10 In following figure, the feasible region (shaded) for a LPP is shown.
Determine the maximum and minimum value of Z = x + 2y.

A

8y |

Sol. From the shaded bounded region, it is clear that the coordinates of corner points are

(3 24) [18 2) (7 3) (3 15)
==\l =l|lz>]and| =, — |
13 13)\7 7)\2 4 2 4
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Also, we have to determine maximum and minimum value of Z = x + 2y.

Corner points

Corresponding value of Z

(3 24]
1313
18 2
(7’?)
73
53)
315
%)

348 51 12

2 2 3
13 13 13 13
18 4 22
— f:—:BlMinimum
7 7 7 7
7 6 20
= =5
2 4 4
3 30 36
—+ —=—=9Maximum
2 4 4

Hence, the maximum and minimum values of Z are 9 and 3

1 .
> respectively.

Q. 11 A manufacturer of electronic circuits has a stock of 200 resistors, 120
transistors and 150 capacitors and is required to produce two types of
circuits A and B. Type A requires 20 resistors, 10 transistors and 10

capacitors.

Type B requires 10 resistors,

20 transistors and 30

capacitors. If the profit on type A circuit is ¥ 50 and that on type B
circuit is ¥ 60, formulate this problem as a LPP, so that the
manufacturer can maximise his profit.

® Thinking Process

For maximising the profit, use resistor constraint, transistor constraint, capacitor
constraint and non-negative constraint.

Sol. Let the manufacturer produces x units of type A circuits and y units of type B circuits.
Form the given information, we have following corresponding constraint table.

Type A (x) Type B (y) Maximum
stock
Resistors 20 10 200
Transistors 10 20 120
Capacitors 10 30 150
Profit 350 360

Thus, we see that total profit Z = 50x + 60y (in ).
Now, we have the following mathematical model for the given problem.

Maximise
Subject to the constraints.

=
and
=
and
=
and

Z =50x + 60y (1)
20x + 10y <200 [resistors constraint]
2x + y <20 ()]
10x + 20y <120 [transistor constramt]
x+2y <12 (i)
10x + 30y <150 [capacitor constramt]
x + 3y <15 (iv)
x>0y>0 [non-negative constraint] ...(v)

So, maximise Z = 50x + 60y, subjectto2x + y <20, x + 2y <12, x + 3y <15 x>0, y>0.
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Q. 12 A firm has to transport 1200 packages using large vans which can carry
200 packages each and small vans which can take 80 packages each.
The cost for engaging each large van is ¥ 400 and each small van is
200. Not more than ¥ 3000 is to be spent on the job and the number of
large vans cannot exceed the number of small vans. Formulate this
problem as a LPP given that the objective is to minimise cost.

Sol. Let the firm has x number of large vans and y number of small vans. From the given
information, we have following corresponding constraint table.

Large vans (x) Small vans (y) Maximum /
Minimum
Packages 200 80 1200
Cost 400 200 3000

Thus, we see that objective function for minimum cost is Z = 400 x + 200y.
Subject to constraints

200x + 80y 1200 [package constraint]
= bx +2y>30 ()
and 400x + 200y < 3000 [cost constraint]
= 2x + y<15 ()]
and x<y [van constraint] ...(iii)
and x>0y>0 [non-negative constraints] ...(iv)
Thus, required LPP to minimise cost is minimise Z = 400x + 200y, subject to 5x + 2y > 30.
2x + y<15
x <y
x>0 y=0

Q. 13 A company manufactures two types of screws A and B. All the screws
have to pass through a threading machine and a slotting machine. A
box of type A screws requires 2 min on the threading machine and 3
min on the slotting machine. A box of type B screws requires 8 min on
the threading machine and 2 min on the slotting machine. In a week,
each machine is available for 60 h. On selling these screws, the
company gets a profit of ¥ 100 per box on type A screws and ¥ 170 per
box on type B screws.
Formulate this problem as a LPP given that the objective is to
maximise profit.

Sol. Let the company manufactures x boxes of type A screws and y boxes of type B screws.
From the given information, we have following corresponding constraint table

TypeA(x) | Type B(y) | Maximum time available
on each machineina

week
Time required for screws on 2 8 60 x 60 (min)
threading machine
Time required for screws on 3 2 60 x 60 (Min)

slotting machine
Profit 100 170
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Thus, we see that objective function for maximum profit is Z = 100x + 170y.
Subject to constraints

2x + 8y <60 x 60 [time constraint for threading machine]
= x + 4y <1800 (1)
and 3x +2y <60 x60 [time constraint for slotting machine]
= 3x + 2y <3600 - (i)
Also, x>0y>0 [non-negative constramts] (iii)
. Required LPP is,
Maximise Z =100x + 170y

Subject to constraints x + 4y <1800, 3x + 2y <3600, x >0,y > 0.

Q. 14 A company manufactures two types of sweaters type A and type B. It
costs ¥ 360 to make a type A sweater and ¥ 120 to make a type B
sweater. The company can make atmost 300 sweaters and spend
atmost ¥ 72000 a day. The number of sweaters of type B cannot exceed
the number of sweaters of type A by more than 100. The company
makes a profit of ¥ 200 for each sweater of type A and % 120 for every
sweater of type B.

Formulate this problem as a LPP to maximise the profit to the
company.

Sol. Let the company manufactures x number of type A sweaters and y number of type B

sweaters.

From the given information we see that cost to make a type A sweater is ¥360 and cost to
make a type B sweater is I 120.

Also, the company spend atmost T 72000 a day.
S 360x + 120y <72000
= 3x + y <600 ()

Also, company can make atmost 300 sweaters.
x + y <300 ()]

Further, the number of sweaters of type B cannot exceed the number of sweaters of type A
by more than 100 i.e.,

x+ 100>y
= x—y=-100 (i)
Also, we have non-negative constraints for x and yie., x >0,y >0 . (iv)

Hence, the company makes a profit of ¥200 for each sweater of type A and %120 for each
sweater of type B i.e.,

Profit (Z) =200x + 120y
Thus, the required LPP to maximise the profit is
Maximise Z = 200x + 120y is subject to constraints.
3x + y <600
x + y <300
x—-y>-100
x>0,y>0
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Q. 15 A man rides his motorcycle at the speed of 50 km/h. He has to spend
% 2 per km on petrol. If he rides it at a faster speed of 80 km/h, the
petrol cost increases to ¥ 3 per km. He has atmost ¥ 120 to spend on
petrol and one hour’s time. He wishes to find the maximum distance that
he can travel. Express this problem as a linear programming problem.

Sol. Let the man rides to his motorcycle to a distance x km at the speed of 50 km/h and to a
distance y km at the speed of 80 km/h.
Therefore, cost on petrol is2x + 3y.
Since, he has to spend ¥ 120 atmost on petrol.
: 2x + 3y <120 (1)

Also, he has atmost one hour’s time.
x y
—+ —<1
50 80
= 8x + 5y <400 (D)}
Also, we have x >0, y > 0 [non-negative constraints]
Thus, required LPP to travel maximum distance by him is

Maximise Z = x + y, subject to2x + 3y <120, 8x + 5y <400, x >0, y >0

Q. 16 Refer to question 11. How many of circuits of type A and of type B,
should be produced by the manufacturer, so as to maximise his profit?
Determine the maximum profit.

® Thinking Process

Using the constraints draw the graph to get the corner points and find the maximum
value of possible corner points (as asked).

Sol. Referring to solution 11, we have
Maximise Z = 50x + 60y, subject to
2x+ y<20,x+ 2y <12, x + 3y<15x 20 y20
From the shaded region it is clear that the feasible region determined by the system of

constraints is OABCD and is bounded and the coordinates of corner points are (0, 0),

(10, 0), (% g) (6, 3) and (0, 5), respectively.

[since, x + 2y =12 and 2x + y:20:>x:2—§,y:gandx+ 3y=15
andx +2y=12= y=3and x = 6]

(0, 20)

S~ x+3y=15
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Corner points Corresponding value of Z=50x + 60y
(0,0 0
(10,0) 500
(23—83) 143ﬂ+ f—o=@=546.66eMaximum
6,3) 480
(0,5) 300

Since, the manufacturer is required to produce two types of circuits A and B and it is clear
that parts of resistor, transistor and capacitor cannot be in fraction, so the required
maximum profit is 480 where circuits of type A is 6 and circuits of type B is 3.

Q. 17 Refer to question 12. What will be the minimum cost?

Sol. Referring to solution 12, we have minimise Z = 400x + 200y, subject to 5x + 2y > 30,
2x + y<15x <y, x>0 y>0.
On solving x — y = 0and 5x + 2y = 30, we get
30 30

x
7 7

Ny (0. 15) 2

Onsolvingx —y=0and2x + y=15wegetx =5 y=5
So, from the shaded feasible region it is clear that coordinates of corner points are (0, 15),

30 30
(5, 5)and (— — |
77
Corner points Corresponding value of Z= 400x + 200y
(0,15) 3000
(5,5 3000
(2@) 400 x22 4 200 x22 = 189%0
77 7 7 7
=2571.43 <~ Minimum

Hence, the minimum cost is ¥ 2571.43.
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Q. 18 Refer to question 13. Solve the linear programming problem and
determine the maximum profit to the manufacturer.

Sol. Referring to solution 13, we have
Maximise Z =100 x + 170y subject to
3x + 2y <3600 x + 4y <1800, x >0, y >0
From the shaded feasible region it is clear that the coordinates of corner points are (0, 0),
(1200, 0), (1080, 180) and (0, 450).
On solving x + 4y =1800and 3x + 2y = 3600, we get x = 1080 and y =180

(0, 1800)

(0,430 (1080, 180)

x+4y=1800

(0,0) (1200, o\ (1800, 0) s
3x+2y=3600

Corner points Corresponding value of Z=100x+ 170y
(0,0) 0
(1200, 0) 1200 x 100 = 120000
(1080, 180) 100 x 1080 + 170 x 180 = 138600 «— Maximum
(0,450) 0+ 170 x450=76500

Hence, the maximum profit to the manufacturer is 138600.

Q. 19 Refer to question 14. How many sweaters of each type should the company
make in a day to get a maximum profit? What is the maximum profit?

Sol. Referring to solution 14, we have maximise Z =200x + 120 y
subjectto x + y <300, 3x + y <600, x —y>-100,x >0, y > 0.
On solving x + y=300and 3x + y = 600, we get
x =150, y =150
Onsolvingx — y=-100and x + y = 300, we get
x=100, y =200

(0, 600)

(0, 300)

(100
(150, 150)
(0, 100)

(-100, 0)

(0,0)  (200\0) (300N0)

x+y=300

x—y=-100
3x+y=600
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From the shaded feasible region it is clear that coordinates of corner points are (0, 0),
(200, 0), (150, 150), (100, 200) and (0, 100).

Corner points | Corresponding value of Z =200x + 120y
(0,0) 0
(200, 0) 40000
(150, 150) 150 x200 + 120 x 150 = 48000 «—Maximum
(100, 200) 100 x200 + 120 x200 = 44000
(0, 100) 120 x 100 = 12000

Hence, 150 sweaters of each type made by company and maximum profit = T 48000.

Q. 20 Refer to question 15. Determine the maximum distance that the man
can travel.

Sol. Referring to solution 15, we have

(0, 80)

(0, 40 <@, @)

7 7

2x+3y=120

8x+5y=400
Maximise Z = x + y, subject to

2x + 3y <120, 8x+ 5y <400, x >0,y >0
On solving, we get

8x + 5y = 400and 2x + 3y =120, we get

o300 80
7777
From the shaded feasible region, it is clear that coordinates of corner points are (0, 0),
(50, 0), (@ @j and (0, 40).
7 7
Corner points Corresponding valueof Z=x+y
(0,0) 0
(50,0) 50
@@ @=54% km  <«—Maximum
7 7 7 7
(0, 40) 40

Hence, the maximum distance that the man can travel is 54% km.
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Q. 21 Maximise Z = x +y subject to x +4y <8, 2x +3y <12, 3x+y <9,
x>0andy >0.
Sol. Here, the given LPP is,

0,9

3x+y=9

Maximise Z = x + y subject to,
x+4y<82x+ 3y<12,3x+ y<9 x>0 y>0.
On solving x + 4y =8and 3x + y =9, we get
28 15
SRR TIR AT
From the feasible region, it is clear that coordinates of corner points are (0, 0), (3, 0),

(§ Ej and (0, 2).
11 11
Corner points ValueofZ=x+y
0,0 0
[€RY) 3
(EE) £:3E<—Maximum
IR 11 11
0,2) 2

Hence, the maximum value is 3%.

Q. 22 A manufacturer produces two models of bikes-model X and model Y.
Model X takes a 6 man-hours to make per unit, while model Y takes
10 man hours per unit. There is a total of 450 man-hour available per
week. Handling and marketing costs are ¥ 2000 and % 1000 per unit for
models X and Y, respectively. The total funds available for these
purposes are ¥ 80000 per week. Profits per unit for models X and Y are
% 1000 and % 500, respectively. How many bikes of each model should
the manufacturer produce, so as to yield a maximum profit? Find the
maximum profit.

® Thinking Process

First check whether the drawn graph (by using constraints) gives bounded region or not
and then get the maximised profit on corresponding corner points.

Sol. Let the manufacturer produces x number of models X and y number of model Y bikes.
Model X takes a 6 man-hours to make per unit and model Y takes a 10 man-hours to make
per unit.
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There is total of 450 man-hour available per week.
~.6x + 10y <450

= 3x + by <225 ()
For models X and Y, handling and marketing costs are ¥ 2000 and %1000, respectively, total
funds available for these purposes are T 80000 per week.
2000x + 1000y < 80000
= 2x + y<80 (i)
Also, x>0,y>0
Hence, the profits per unit for models X and Y are ¥ 1000 and 500, respectively.
~.Required LPP is
Maximise Z =1000x + 500y
Subject 10,3x + 5y <225 2x + y<80,x 20,y >0
From the shaded feasible region, it is clear that coordinates of corner points are (0, 0),
(40, 0), (25, 30) and (0, 45).
On solving 3x + 5y =225and 2x + y = 80, we get

x=25y=230

2x+y=80 3x+5y=225

Corner points Value of Z=1000x + 500y
©,0) 0
(40,0) 40000 «—Maximum
(25, 30) 25000 + 15000 = 40000 «—Maximum
(0,45) 22500

So, the manufacturer should produce 25 bikes of model X and 30 bikes of model Y to get a
maximum profit of ¥ 40000.

Since, in question it is asked that each model bikes should be produced.

Q. 23 In order to supplement daily diet, a person wishes to take some X and
some wishes Y tablets. The contents of iron, calcium and vitamins in X
and Y (in mg/tablet) are given as below

Tablets Iron Calcium Vitamin
X 6 3 2
Y 2 3 4

The person needs atleast 18 mg of iron, 21 mg of calcium and 16 mg of
vitamins. The price of each tablet of X and Y is ¥ 2 and %1,
respectively. How many tablets of each should the person take in order
to satisfy the above requirement at the minimum cost?
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Let the person takes x units of tablet X and y units of tablet Y.
So, from the given information, we have

6x +2y>18=3x + y>9 ()
3x + 3y>21=>x+ y>7 ... (i)
and 2x + 4y >16=>x + 2y >8 . (i)
Also, we know that here, x >0, y >0 . (iv)

The price of each tablet of X and Yis ¥ 2 and ¥ 1, respectively.
So, the corresponding LPP is minimise Z =2x + y, subject to 3x + y>9, x+ y>7,
x+2y>28x>0y=>0
From the shaded graph, we see that for the shown unbounded region, we have coordinates
of corner points A, B, C and D as (8, 0), (6, 1), (1, 6), and (0, 9), respectively.
[onsolvingx + 2y=8and x + y=7,we getx = 6, y=1and on solving 3x + y = 9and
x+y=7,wegetx=1y=6]

A\, 0.9
©,7)
,
0
6, 1)B f+2y=8
@ 0\@\0) (7, ONA (8, 0)
3x+y=9 2xt+y=8 xty=7
Corner points Valueof Z=2x+y
(8,0) 16
61 13
(1,6) 8 «—Minimum
0,9 9

Thus, we see that 8 is the minimum value of Z at the corner point (1, 6). Here, we see that
the feasible region is unbounded. Therefore, 8 may or may not be the minimum value of Z.
To decide this issue, we graph the inequality

2x + y<8 (V)

and check whether the resulting open half has points in common with feasible region or not.
If it has common point, then 8 will not be the minimum value of Z, otherwise 8 will be the
minimum value of Z.

Thus, from the graph it is clear that, it has no common point.
Therefore, Z =2x + yhas 8 as minimum value subject to the given constraints.

Hence, the person should take 1 unit of X tablet and 6 units of Y tablets to satisfy the given
requirements and at the minimum cost of ¥ 8.



Linear Programming 361

Q. 24 A company makes 3 model of calculators; A, B and C at factory I and
factory II. The company has orders for atleast 6400 calculators of
model 4, 4000 calculators of model B and 4800 calculators of model C.
At factory I, 50 calculators of model A, 50 of model B and 30 of model
C are made everyday; at factory II, 40 calculators of model 4, 20 of
model B and 40 of model C are made everyday. It costs ¥ 12000 and <
15000 each day to operate factory I and II, respectively. Find the
number of days each factory should operate to minimise the operating
costs and still meet the demand.
Sol. Let the factory | operate for x days and the factory Il operate for y days.
At factory |, 50 calculators of model A and at factory I, 40 calculators of model A are made
everyday Also, company has ordered for atleast 6400 calculators of model A.
50x + 40y > 6400= 5x + 4y > 640 ()
Also at factory |, 50 calculators of model B and at factory Il, 20 calculators of modal B are
made everyday.
Since, the company has ordered atleast 4000 calculators of model B.

-~ 50x + 20y > 4000=> 5x + 2y > 400 (i)
Similarly, for model C, 30x + 40y > 4800

= 3x + 4y > 480 ..(ii)
Also, x>0y>0 . (iv)

[since, x and y are non-negative]

It costs ¥ 12000 and T 15000 each day to operate factories | and I, respectively.
.Corresponding LPP is,
Minimise Z =12000x + 15000y, subject to

5x + 4y > 640

5x + 2y > 400

3x + 4y > 480

x>0, y>0

On solving 3x + 4y = 480 and 5x + 4y = 640, we get x = 80, y = 60.
On solving 5x + 4y = 640 and 5x + 2y = 400, we get x = 32, y =120
Thus, from the graph, it is clear that feasible region is unbounded and the coordinates of
corner points A, B, C and D are (160, 0), (80, 60), (32, 120) and (0, 200), respectively.

0 (80, 0)\ (126\0) 155 +0) 760
P 3x+4y 480

Sx+2y=400 554 4= 640 4x+5y=620
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Corner points Value of Z = 12000 x + 15000y
(160, 0) 160 x 12000 = 1920000
(80, 60) (80 x 12 + 60 x 15) x 1000 = 1860000 «— Minimum
(32,120) (32 x 12+ 120 x 15) x 1000 =2184000
(0, 200) 0+ 200 x 15000 =3000000

From the above table, it is clear that for given unbounded region the minimum value of Z
may or may not be 1860000.
Now, for deciding this, we graph the inequality

12000x + 15000y < 1860000

= 4x + 5y <620
and check whether the resulting open half plane has points in common with feasible region
or not.

Thus, as shown in the figure, it has no common points so, Z = 12000x + 15000y

has minimum value 1860000.

So, number of days factory | should be operated is 80 and number of days factory Il should
be operated is 60 for the minimum cost and satisfying the given constraints.

Q. 25 Maximise and minimise Z = 3x — 4y subject to x — 2y <0, —3x + y < 4,
x—y<6andx, y>0.
Sol. Given LPPiis,
maximise and minimise Z = 3x — 4y subjecttox —2y <0, -3x + y<4,x — y<6,x, y >0.
[onsolvingx —y=6andx —2y =0 we getx =12, y = €]

From the shown graph, for the feasible region, we see that it is unbounded and coordinates
of corner points are (0, 0), (12, 6) and (0, 4).

Corner points Corresponding value of Z = 3x — 4y
0,0 0
0,4) —16 <~ Minimum

(12,6) 12— Maximum
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For given unbounded region the minimum value of Z may or may not be —16. So, for
deciding this, we graph the inequality.

3x —4y<-16
and check whether the resulting open half plane has common points with feasible region or
not.
Thus, from the figure it shows it has common points with feasible region, so it does not have
any minimum value.
Also, similarly for maximum value, we graph the inequality 3x — 4y >12
and see that resulting open half plane has no common points with the feasible region and
hence maximum value 12 exist for Z = 3x — 4y.

Objective Type Questions

Q. 26 The corner points of the feasible region determined by the system of
linear constraints are (0, 0), (0, 40), (20, 40), (60, 20), (60, 0). The
objective function is Z =4x + 3y. Compare the quantity in column A
and column B.

ColumnA ColumnB
Maximum of Z 325

a) The quantity in column A is greater

b) The quantity in column B is greater

¢) The two quantities are equal

d) The relationship cannot be determined on the basis of the information supplied.

— o~ o~ —

Sol. () Corner points Corresponding value of
Z=4x+ 3y
©,0) 0
(0, 40) 120
(20, 40) 200
(60, 20) 300 < Maximum
(€0, 0) 240

Hence, maximum value of Z = 300< 325
So, the quantity in column B is greater.

Q. 27 The feasible solution for a LPP is shown in following figure. Let

Z = 3x — 4y be the objective function. Minimum of Z occurs at

y (4, 10)

©.8)

S

©.0)

g (6, 8)
:

= —

(@) (0, 0) (b) (0, 8)

:(SY O:) t

(0) (5, 0) (d) (4, 10)
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Sol. () Corner points Corresponding valueof Z = 3x -4y
(0,0) 0
(5,0) 15¢—Maximum
(6,5) -2
(6,8) -14
(4,10 -28
(0, 8) —32¢—Minimum

Hence, the minimum of Z occurs at (0, 8) and its minimum value is (-32).

Q. 28 Refer to question 27. Maximum of Z occurs at
(@ (5, 0) (b) (6, 5) (© (6, 8) (d) (4,10)
Sol. (a) Refer to solution 27, maximum of Z occurs at (5, 0).

Q. 29 Refer to question 7, maximum value of Z + minimum value of Z is

equal to
(@ 13 (b) 1 ()13 (d)-17
Sol. (d) Refer to solution 27, maximum value of Z + minimum value of Z

=15-32=-17

Q. 30 The feasible region for an LPP is shown in the following figure. Let
F =3x—4y be the objective function. Maximum value of F is

o
(12, 6)
©.4f
(12, 0)
(@0 (b) 8 (€) 12 (d)y-18
Sol. (c) The feasible region as shown in the figure, has objective function F = 3x — 4y.
Corner points Corresponding value of F = 3x -4y
0,0 0
(12,6) 12 «—Maximum
(0,4) —16 «—Minimum

Hence, the maximum value of Fis 12.

Q. 31 Refer to question 30. Minimum value of F is
@ao (b) -16 (012 (d) Does not exist

Sol. (h) Referring to solution 30, minimum value of F is =16 at (0, 4).
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Q. 32 Corner points of the feasible region for an LPP are (0, 2), (3, 0), (6, 0),
(6, 8) and (0, 5). Let F=4x+6y be the objective function. The
minimum value of F occurs at

(@) Only (0, 2)

(b) Only (3, 0)

(c) the mid-point of the line segment joining the points (0, 2) and (3, 0)
(d) any point on the line segment joining the points (0, 2) and (3, 0)

Sol. (@)

Corner points Corresponding value of
F=4x+ 6y

12¢—Minimum

12¢=Minimum
24
72« Maximum
) 30

Hence, minimum value of F occurs at any points on the line segment joining the points (0, 2)
and (3, 0).

Q. 33 Refer to question 32, maximum of F— minimum of F is equal to
(a) 60 (b) 48 (c) 42 (d)18
Sol. (a) Referring to the solution 32, maximum of F — minimum of F =72 — 12 = 60

Q. 34 Corner points of the feasible region determined by the system of linear
constraints are (0, 3), (1, 1) and (3, 0). Let Z = px + qy, where p, g > 0.
Condition on p and g, so that the minimum of Z occurs at (3, 0) and

(1, 1) is
@p=2q (b)p=% (0 p=3q dp=q
Sol. (b) . .
Corner points | Corresponding valueof Z = px + qy; p,q>0
©,3) 3q
(11 p+q
(3,0) 3p

So, condition of pandq, so that the minimum of Z occurs at (3, 0) and (1, 1) is
p+q=3p=2p=q
-9
P=2
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Fillers

Q. 35 1In a LPP, the linear inequalities or restrictions on the variables are
called... .

Sol. InalLPP the linear inequalities or restrictions on the variables are called linear constraints.

Q. 36 In a LPP, the objective function is always... .

Sol. InaLPP objective function is always linear.

Q. 37 In the feasible region for a LPP is ..., then the optimal value of the
objective function Z = ax + by may or may not exist.

Sol. If the feasible region for a LPP is unbounded, then the optimal value of the objective
function Z =ax + by may or may not exist.

Q. 38 In a LPP, if the objective function Z = ax + by has the same maximum
value on two corner points of the feasible region, then every point on
the line segment joining these two points give the same ... value.

Sol. InaLPR if the objective function Z =ax + by has the same maximum value on two corner
points of the feasible region, then every point on the line segment joining these two points
give the same maximum value.

Q. 39 A feasible region of a system of linear inequalities is said to be ..., if it
can be enclosed within a circle.

Sol. A feasible region of a system of linear inequalities is said to be bounded, if it can be
enclosed within a circle.

Q. 40 A corner point of a feasible region is a point in the region which is the
. of two boundary lines.

Sol. A corner point of a feasible region is a point in the region which is the intersection of two
boundary lines.

Q. 41 The feasible region for an LPP is always a ... polygon.

Sol. The feasible region for an LPP is always a convex polygon.
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True/False

Q. 42 If the feasible region for a LPP is unbounded, maximum or minimum of
the objective function Z = ax + by may or may not exist.

Sol. True

Q. 43 Maximum value of the objective function Z = ax + by in a LPP always
occurs at only one corner point of the feasible region.
Sol. False

Q. 44 In a LPP, the minimum value of the objective function Z = ax + by is
always 0, if origin is one of the corner point of the feasible region.
Sol. False

Q. 45 In a LPP, the maximum value of the objective function Z = ax + by is
always finite.

Sol. True
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Probability

Short Answer Type Questions

Q. 1 For a loaded die, the probabilities of outcomes are given as under
P(1)=P(2)=0.2, P(3)=P(5) =P (6) =0.1and P (4) =0.3.
The die is thrown two times. Let A and B be the events, ‘same number

each time” and ‘a total score is 10 or more’, respectively. Determine
whether or not A and B are independent.

® Thinking Process
First, find P(A), P(B) and P(A MB) and then use the concept that two events A and B are
called independent events, if P(A MB) =P(A)-P(B).
Sol. For aloaded die, it is given that
P(1)=P@)=0.2,
P(3)=P(5)=P(6)=01and P(4)=0.3

Also, die is thrown two times.

Here, A =Same number each time and B = Total score is 10 or more

o A={1 1,2 2),@3 3),4 4),(5 5),(6 6)}

So, PA=PO, 1+P(@2, 2 +P(@3,3)+P(4 4 +P(5,5 +P(66)]
=[P)-P(N)+ PR)-P@2)+ P(3)- P(3)+ P(4)- P(4)+ P(5)- P(5) + P(6)- P(6)]
=[02x02+ 02x%x02+ 01x01+ 0.3x03+ 01x01+ 01x01]
=004+ 004 + 001+ 009 + 001+ 0.01=0.20

and B={(4,6),(6,4),(5,5),(5,6),(6,5), (6,6)}

PB)=P4,6)+P®6,4+P(5,5)+P(5,6)+P(®6 5 +P(6,6)
=P(4)- P(6) + P(6)- P(4)+ P(5)- P(5) + P(5)- P(6) + P(6)- P(5) + P(6)- P(6)
=03x01+01x03+01x01+01x01+ 01x01+ 01x01
=003+ 003+ 001+ 001+ 001+ 001=010
Also, AnB={(5,5),(6,6)}
P(AnB)=P(55)+ P(6 6)= P(5)- P(5) + P(6)- P(6)
= 01x01+ 01x01= 001+ 001=002

We know that, for two events A and B, if P(A n B) = P(A)- P(B), then both are independent

events.

Here, P(An B)=002 and P(A)- P(B)=020 x010= 0.02
Thus, P(AnB)=P(A)- P(B)= 002
Hence, A and Bare independent events.
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Q. 2 Refer to question 1 above. If the die were fair, determine whether or not
the events A and B are independent.
@ Thinking Process

In a fair die, we have equally likely outcomes. So, with the given events A and B, we first
find P(A),P(B) and P(A MB)and then check whether they are dependent or independent.

Sol. Referring to the above solution, we have
A={(1,1),(22),3,3) (4.4),(5,5), 6 6)}

= n(A)=6 and n(S)=6° =36 [where, S is sample space]
pay="A_ 6 _1
nS) 6 6
and B={(4,6),(6,4),(5,5), 6, 5), (5 6), (6,6)}
= n(B)=6 and n(S)=6° =36
P(B) = @ — ﬁ — 1
nS) 36 6
Also, AnB={(55), (6,6)}
= n(AnB)=2and n(S)= 36
P(AnB)= 2_1
36 18
Also, P(A)-P(B) = é
1 1
Thus, P(AnB)=P(A)- P(B) { T8 # %}

So, we can say that both Aand B are not independent events.

Q. 3 The probability that atleast one of the two events A and B occurs is 0.6.
If A and B occur simultaneously with probability 0.3, evaluate
P(A) + P(B).

Sol. We know that, A U B denotes the occurrence of atleast one of A and B and A n B denotes
the occurrence of both A and B, simultaneously.

Thus, P(AUB)=06 and P(AnB)=0.3
Also, P(AUB)=P(A)+ P(B)— P(An B)

= 0.6=P(A)+ P(B)- 0.3

= P(A)+ P(B)= 0.9

= [1-P(A)]+[1-P([B)]=09 [ P(A)=1-P(A)and P(B)=1- P(B)]
= P(A)+ P(B)=2 - 0.9=11

Q. 4 A bag contains 5 red marbles and 3 black marbles. Three marbles are
drawn one by one without replacement. What is the probability that
atleast one of the three marbles drawn be black, if the first marble is
red?

Sol. LetR ={5red marbles} and B = {3 black marbles}

For atleast one of the three marbles drawn be black, if the first marble is red, then the
following three conditions will be followed

(i) Second ball is black and third is red (E;).

(if) Second ball is black and third is also black (E ,).

(iii) Second ball is red and third is black (Ej).
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53 4_60_5
P(E R)-PR,/RB)==-S.—=— ==
€)= PB/ /RBi)= 87 6 336 28
532 3 5
P(E,)=P(R,)-P(B,/R B,/RB)=~-2.2=—
(Eo)=P(Ry)-P(By/R)-P(B,/ )876336 =
543 60 5
d  P(Ey)=PR,)-PRy/R,)-PB/RRy)==-=- == =
an (Ea)=P(R)- PR /) PB T RiR,) = 87 6 33 28
P(E)=P(E,) + P(E,) + P(E,) = S,5.05
o 2 3728 56 28
10+5+1O 2£
56 56

Q. 5 Two dice are thrown together and the total score is noted. The events E,
Fand G are ‘a total of 4’, ‘a total of 9 or more” and ‘a total divisible by 5,
respectively. Calculate P (E), P(F) and P (G) and decide which pairs of
events, if any are independent.

Sol. Two dice are thrown together i.e., sample space (S) = 36 = n(S) = 36

E=Atotalof 4={(2,2),(3,1), (1,3)}
= nE)=3
F =Atotal of 9 or more
={(3,6),(6,3),(4,5),(4.6),(54),(6,4),(55),(56), (6 95), (6 6)}

= n(F)=10
G = atotal divisible by 5 ={(1, 4), (4, 1), (2, 3), (3, 2), (4, 6), (6, 4), (5,5)}
= nG)=7
Here, EnF)=¢and(EnG)=¢
Also, (FnG)=A{(4,6),(6,4), (5 5}
= nFNG)=3and (ENFNG)=¢
P(E) = _n(E) 38 _ 1
nS) 36 12
P(F) = L’E) Ezi
nS) 36 18
,D(G)=@:l
nS) 36
P(F mG)=£=i
36 12
and P(p).p(@)zi.lzﬂ
18 36 648

Here, we see that P(F " G) = P(F)- P(G)
[since, only F and G have common events, so only F and G are used here]

Hence, there is no pair which is independent.

Q. 6 Explain why the experiment of tossing a coin three times is said to have
Binomial distribution.
Sol. We know that, a random variable X taking values 0, 1, 2, ..., n is said to have a binomial
distribution with parameters n and P, if its probability distribution is given by
P(X=r="C.pq"""
where, g=1-p
and r=012,..,n
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Similarly, in an experiment of tossing a coin three times, we have n = 3and random variable

. 1 1
X can take values r =0, 1, 2 and 3 with p:Eandq =5
X 0 1 2 3
P(X) °C q° °C Pq’ G, pig | Gqp?

So, we see that in the experiment of tossing a coin three times, we1have random variable X
which can take values 0, 1, 2 and 3 with parameters n = 3and P = >

Therefore, it is said to have a Binomial distribution.

Q. 7 If A and B are two events such that

P(A):%,P(B):%andP(AmB)=%,thenﬁnd
(i) P(A / B). (i) P (B / A).
(iil) P (4" / B). (iv) P(4' / B').
1 1 1
Sol. Here, P(A)ZE’ P(B):gand P(AmB):Z
. _P(ANB) 1/4 3
() P(A/B)= PB) 1/3 4
y _P(ANB) /4 1
(W) PB/A= P(A)  1/2 2
(i) P(A’/B)z%P(A/B):%%:%
i1 1
or Paygy- PAOB) _PE-PANB) 3 4 12 1
P(B) P(B) 1 174
3 3
) P/ )~ PADB)_1-P(AUB) 1-[P(A)+ P(B)~ P(A N B)
P(B) 1-P(B) 1-P(B)
111 5 1
B [5 5‘2}:‘(&‘2]
. 2
3 3

~1-14/24 10/24 30 5
2/3 2/3 48 8

Q. 8 Three events A, B and C have probabilities z % and % respectively. If,

P(ANC) =; and P (B C) =1, then find the values of P(C/B) and

P(A'AC).
2 1 1 1 1
Sol. Here, P(A)=% P(B)= PC)= 5 P(ANC)= and PBNC)=,
pC/p-PBNC) _1/4_3

PB)  1/3 4
and P(A'AC)=1-P(AUC)=1-[P(A)+ P(C) - P(ANC)]

2 1 1 4+5-2 7 3
=1-|S4-——|=1- =1-—=
5 2 5 10 1010
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Q. 9 Let E, and E, be two independent events such that P(E,) =P, and
P(E,) = P,. Describe in words of the events whose probabilities are
(i) AP, (ii) (1 - PP,
(i) 1-1-P)(1-B) (iv) P, + P, —2P,P,
Sol. P(E,)=P, and P(E,)="F,
(i) RP, = P(E)-P(E,)=P(E, nEy)
So, E; and E, occur.
(i) (1-R) R, =P(E)-P(E,)=PE'NE,)
So, E, does not occur but £, occurs.
(i) 1-(1-R)(1-P)=1-PE)PE,)=1-PE'NE,)
=1-[1=P(E, UE,)]=P(E, UE,)
So, either E, or E, or both E; and E, occurs.
(iv) P, + P, —2PP, =P(E,) + P(E,) - 2P(E,)- P(E,)
=P(E,) + P(E,) - 2P(E, N E,)
=P(E, UE,)—P(E, NEy)
So, either E, or E, occurs but not both.

Q. 10 A discrete random variable X has the probability distribution as given below
X 05 1 15 2
P(X) k k? 2%? k
(i) Find the value of k.
(ii) Determine the mean of the distribution.
Sol. We have,

X 0.5 1 15 2
P(X) k k? 2% ? k

(i) We know that, é P =1 where B >0
PB+P+P+P =1
k+ k2 +2k% + k=1
3k? + 2k -1=0
3k? + 3k—k—-1=0
3k(k+1)-1k+1)=0
(Bk-N(k+1N=0
k=1/3= k=-1
kis>0= k=1/3

A A

2]
=}
o}
®

n
(i) Mean of the distribution (1) = E(X) = X x
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Q. 11 Prove that
(i) P(A)=P(A N B)+P(A N B)
(ii) P(A U B) :P(A NB)+P(ANB)+P(AnB)

Sol. ()~ P(A)=P(AnB)+ P(ANB)

RHS = P(A N B)+ P(A N B)
=P(A) P( )+ P(A)- P(B)
= P(A)[P(B)+ P(B)] B
=P(A)PB)+1-P(B)] [-PB)=1-P(B)]
=P(A)=LHS Hence proved.

(ii) - P(AUB)=P(AnB)+ P(AnB)+ P(AnB)
RHS = P(A)- P(B)+ P(A)- P(B) + P

=P(A)-P(B) + : [1-P(A)]PB)

=P(A)-P(B)+ P(A)—- P(A)- P(B)+ P(B)— P(A)- P(B)

=P(A)+ P(B)- P(A)- P(B)

=P(A)+ P(B)- P(ANnB)

=P(AuUB)=LHS Hence proved.

Q. 12 If X is the number of tails in three tosses of a coin, then determine
the standard deviation of X.
@ Thinking Process
First get the values of P(X) at x=0, 1, 2, 3 and then use the formula of standard
deviation of X =+/Var (X), where Var (X) =E£(X*) = [E(X))* =Z X°P(X) — ZXP (X)]’

Sol. Given that, random variable X is the number of tails in three tosses of a coin.

So, X=01,223.
= P(X=x)="C.(p)'q" ",
where n=3 p=1/2,g=1/2andx=0,1,2,3
X 0 1 2 3
P(X) ! 3 3 1
8 8 8 8
XP(X) 0 3 3 3
8 4 8
X2P(X) 0 3 3 2
8 2 8
We know that, Var (X) = E(X?) — [E(X)]? .0
n
where, E(X?) = szP( Jand E(X) = Z1x, P(x;)
n
E(X?) = Zx,zP(X,):O+§+§+9:%:3
i=1 8 2 8 8
n 2 2 2
and [E(X)]°=| 2 x? P(x)) ={0+§+§+§} {E} -9
i=o 8 4 8 8 4
9 3
Var(X)=3-—-=— using Eq. (i
X) i [using Eq. (i)]
and standard deviation of X = ,/Var(X) = % = g
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Q. 13 In a dice game, a player pays a stake of ¥ 1 for each throw of a die. She
receives T 5, if the die shows a 3, ¥ 2, if the die shows a 1 or 6 and
nothing otherwise, then what is the player's expected profit per throw
over a long series of throws?

® Thinking Process

Take X as the random variable of profit per throw and at X =—1, 1 and 4 get the values
of P(X) and use the formula expected profit E(X) =X X P(X) to get the desired result.
Sol. Let Xis the random variable of profit per throw.

X -1 1 4
1 1 1
P) 2 3 6
Since, she loss % 1 on getting any of 2, 4 or 5.
So,at X =-1, P(X):1+1+1:§:1
6 6 6 6 2
Similarly, at X =1, P(X)= % + % = % [if die shows of either 1 or 6]
and at X = 4, P(X)= % [if die shows a 3]
Player’s expected profit = £(X) = ZEXP(X)
1 1 1
=-Ix—+1x—+4x—
2 3 6
_ -3+2+ 4=§=1=?O.50
6 6 2

Q. 14 Three dice are thrown at the same time. Find the probability of getting
three two's, if it is known that the sum of the numbers on the dice
was six.

Sol. On athrow of three dice, we have sample space [n(S)] = 6° =216

Let £, is the event when the sum of numbers on the dice was six and E, is the event when

three two’s occurs.

= E={(1,1,4),(1,2,3),(1,8,2,(1,4,1),(2,1,3),(22,2),231),31,2),
3.2 1), 4 1,1}

= n(E)=10 and E, ={2,2, 2}
= n(E,)=1
Also, (B, nE,)=1
PE, /E,) - P-(EnEy) 1/216 _ 1

P(E,) 10/216 10

Q. 15 Suppose 10000 tickets are sold in a lottery each for ¥ 1. First prize is
of ¥3000 and the second prize is of ¥ 2000. There are three third
prizes of ¥ 500 each. If you buy one ticket, then what is your
expectation?

® Thinking Process

Take X is the random variable for the prize, so at X =0, 500, 2000 and 3000, get P(X) for
each X and then use the formula of E(X) =ZX P(X) to get the answer.
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Sol. Let X is the random variable for the prize.

X 0 500 2000 3000
p 9995 3 1 1
X 10000 10000 10000 10000
Since,  E(X)=3X P(X)

9995 1500 2000 3000
10000 10000 10000 10000
~ 1500 + 2000 + 3000
- 10000

6500 13

T — =30.65
T 10000 20

E(X)=0x

Q. 16 A bag contains 4 white and 5 black balls. Another bag contains 9
white and 7 black balls. A ball is transferred from the first bag to the
second and then a ball is drawn at random from the second bag. Find
the probability that the ball drawn is white.

Sol. Here, W, = {4 white balls} and B, = {5 black balls}
and W, = {9 white balls} and B, = {7 black balls}
Let E, is the event that ball transferred from the first bag is white and E, is the event that the
ball transferred from the first bag is black.

Also, E is the event that the ball drawn from the second bag is white.

10 9
P(E/E)= e P(EIE,) = e

4 5
and P(E,)=— and P(E,)=—
(Ey) 5 (Es) S
P(E)=P(E,)-P(E/E))+ P(E,)- P(E/E),)
4 10 5 9
= — 4 - —
9 17 9 17
40+45 E 5
153 153 9

Q. 17 Bag I contains 3 black and 2 white balls, bag II contains 2 black and 4
white balls. A bag and a ball is selected at random. Determine the
probability of selecting a black ball.

Sol. Bag!={3B2W}, Bag Il = {28, 4W}

Let E, = Event that bag | is selected
E, =Event that bag Il is selected
and E =Eventthata black ball is selected
1 2 1
= P(Ew):1/2,P(EZ):f,P(E/EJ P(E/Ey) = =3
P(E)=P(E))-P(E E) P(E,)-P(E/E,)
13 12 38 2
R T
2’5 26 10 12
_18+10_28 7

60 60 15
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Q. 18 A box has 5 blue and 4 red balls. One ball is drawn at random and not
replaced. Its colour is also not noted. Then, another ball is drawn at
random. What is the probability of second ball being blue?

Sol. Abox={5blue, 4 red}
Let £, is the event that first ball drawn is blue, E, is the event that first ball drawn is red and £
is the event that second ball drawn is blue.
P(E)=P(E,)-P(E/E))+ P(E,)- P(E/E,)
54,452 2 _40_5
98 98 72 72 72 9

Q. 19 Four cards are successively drawn without replacement from a deck of
52 playing cards. What is the probability that all the four cards are
king?

Sol. Let £, E, E; and E, are the events that the first, second, third and fourth card is king,

respectively.

P(E, NE, NEy NE,) = P(E,)-P(E

P(E o[ E)-P(Ey/E,NE,)-PIE,/(E,nEy, NEy NE,)]
4 3 2 1 24
T 52 51 50 49 52-51.50-49
B 1 T
T 13.17-25-49 270725

Q. 20 If a die is thrown 5 times, then find the probability that an odd
number will come up exactly three times.

11 1) 1 11
Sol. Here, n—5,p—(6+6+6)_5and g=t-p=1-5=5
Also, r=3
1 3 1 5-3
P(X=1)="C,(pf @) " = 503@ (Ej
51 11 10 5
3218 4 32 16

Q. 21 If ten coins are tossed, then what is the probability of getting atleast
8 heads?
@ Thinking Process

For getting atleast 8 heads, take random variable X for getting head on tossing a coin.
So, get sum of P(8),P(9) and P(10) to get the answer.

Sol. In this case, we have to find out the probability of getting atleast 8 heads. Let X is the
random variable for getting a head.
Here, n=10,r=>8,

ie., r=8910, p=
We know that, PX=nr="C,pq"
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P(Xzf):P(f:88)+1"Z(f8:9)+P(f:;O) 10-9 10 /411010
G )
-s2z) *ailz) *alz)
= GIOFOJ i 10+ 1}

Q. 22 The probability of a man hitting a target is 0.25. If he shoots 7 times,
then what is the probability of his hitting atleast twice?

@ Thinking Process

Using Binomial distribution P(X = r) to get the answer. Here,
P(X=r)=1=[P(r=0)+ P(r=1)]

1 1 3
. Here, n=7p=025=—g=1-—=—-r2>2,
Sol P 29 173

where, PX)="C.(p @) "

In this case for easy approach we shall first find out the probability of his hitting atmost once

(/ e., r =0, 1) and then subtract this probability from 1 to get the desired probability.
PX=r=1-[P(r=0)+ P(r =1)]

ECICREION
<[ )]

| )

-]

[ 7290 } . 3645 4547
116384 ] 8192 8192

Q. 23 A lot of 100 watches is known to have 10 defective watches. If
8 watches are selected (one by one with replacement) at random, then

what is the probability that there will be atleast one defective watch?
Sol. Probability of defective watch from a lot of 100 watches — 10 i
100 10

p=1/10q =%,n:8andr21

;8 98 | 98
- _0!8!'[10) B _[mj
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Q. 24 Consider the probability distribution of a random variable X.

X 0 1 2 3 4
P(X) 0.1 0.25 03 0.2 0.15
Calculate
. X .. .
(i) v 5| (ii) Variance of X.
Sol. We have,
X 0 1 2 3 4
P(X) 0.1 0.25 03 0.2 0.15
XP(X) 0 0.25 06 06 060
X2P(X) 0 0.25 1.2 18 240
Var (X) = E(X?) - [E(X))?
where, E(X)=p = v§1 x, P (i)
i
n
and E(X?)= ¥ x?P(x;)

E(X)=0+ 025+ 0.6 + 06 + 0.60=2.05
E(X?)=0+ 025+ 12 + 1.8+ 2.40= 565
() V(ﬁj = V)

2
5 [6.65 - (2.05)7]

_1
4
1 1

=, [5.65~ 4.2025] = x14475 = 0.361875

(ii) V(X) = 14475

Q. 25 The probability distribution of a random variable X is given below
X 0

N | x| —
ENESDS
oo | x| w

P(X) k

(i) Determine the value of k.
(ii) Determine P(X < 2)and P(X > 2).
(iii) Find P(X <2) + P(X > 2).
Sol. We have,

X 0 1 2 3
k g g
P(X) k 5 2 5
n
(i) Since, 218:1,i:1,2 ..... nand P >0
1=
ek Kk
2 4 8
= 8k + 4k +2k+ k=28
(8
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(i) P(X <2)=P(0) + P(1) + P(2)=k + g + %
_(@k+2k k) Tk 7 8 14
B 4 T4 415 15
and P(X>2):P(3):5:l.§:i
8 8 15 15
(iil) P(X <2)+ P(X 52)= 4+ L 4
a 15 15

Q. 26 For the following probability distribution determine standard
deviation of the random variable X.

X 2
P(X) 0.2 0.5 0.3
Sol. We have,
X 2 3 4
P(X) 0.2 0.5 03
XP(X) 0.4 15 12
X?P(X) 08 45 48
We know that, standard deviation of X = ,/Var X
where, VarX = E(X2) = [E(X)]?
n 2 n 2
= 1521 x; Plx;) - [151 x,P,]

Var X =[0.8 + 4.5+ 4.8]—[04 + 1.5+ 12]2
=101—-(31% =101- 9.61= 049
Standard deviation of X = \/VarX = 4/0.49 = 07

Q. 27 A biased die is such that P (4) =% and other scores being equally

likely. The die is tossed twice. If X is the ‘number of fours seen’, then
find the variance of the random variable X.

Sol. Since, X = Number of fours seen
On tossing two die, X =0, 1, 2.

1 9
Also, 'D(4) :%and Finot 4) :%
9 9 81
So, PX=0)=Foota) Foota = 75" 75 = 700
9 1 1 9 18
P(X:1):I3(not4)'P(4)+F(’4)'F;not4):%'ﬁ+%'%:ﬁ
P(X=2)=Ry Ry=_-L__1
10 10 100
Thus, we get following table
X 0 1 2
P(X) 8 18 L
100 100 100
XP(X) 0 18/100 2/100
X2P(X) 0 18/100 4/100
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Var (X) = E(X?) = [E(X)]? = £X?P(X) — [EXP(X)]?
=[O+£+i}— O+E+i}2
100 100 100 100

]
_2_(20) _t_ 1
100 (100) 50 25
_M-2_9 18

=018
50 50 100

Q. 28 A die is thrown three times. Let X be the ‘number of twos seen’, find
the expectation of X.

Sol. We have, X = number of twos seen
So, on throwing a die three times, we will have X =0, 1,2, 3.

5 5 5 125
P(X:O):Pnot2)'anot2)"£zn012) 6 6 6 216
P(X 1) Pnotz anotQ)'P(Z)"'anotQ)'P(Z)'anotQ)+‘D(2) "D(notz)'anotQ)
_551, 515 1552 3_25
6 66 6 66 6 6 6 6 6 72
P(X=2)=FuooRoy-Roy *+ Ry Ry *Rrota) + A2y Rroto) + Ao
51 1 115 151
= — == — . — =
6 6 6 6 6 6 6 6 6
i. 5

6 6 6 216
We know that, E(X)= X P(X)= 0. 122 4+ 1.22 ;5. 1% 4. T
216 7 216~ 216
_r5+30+3_108 _1
216 216 2

Q. 29 Two biased dice are thrown together. For the first die P(6) =1, the
other scores being equally likely while for the second die P(1) =§ and

the other scores are equally likely. Find the probability distribution of
‘the number of one’s seen’.

Sol. For first die, P(6) =% and P(6") = —

= P1)+ PR)+ P(3)+ P(4)+ P(5) ==

= P(1) = % and P(1") = % [+ P(1) = P@) = P(3) = P(4) = P(5)]

For second die, P(1)= 2 and P(1)=1- 2 3
5 5 5
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Let X = Number of one’s seen
9 38 27

For X =0, P(X=0=P1)-PI")=—-—=—=054
10 5 50
9 2 1 3
PX=10=P1)-PAY+ PA"-PA)=—-=+ — - =
(X =1)=P1)- P(1) ()()105105
L R
50 50 50
1.2 2
P(X=2)=P(1)-P()=—-=="-=004
( )= P(1)- P(1) 105" 50
Hence, the required probability distribution is as below
X 0 1 2
P(X) 0.54 042 0.04

Q. 30 Two probability distributions of the discrete random variables X and Y
are given below.

X 0 1 2 3
1 2 1 1
P — — — —
) 5 5 5 5
Y 0 1 2 3
s |2 3 2 il
5 10 5 10

Prove that E(Y?) = 2E(X).

Sol. X 0 1 2 3
1 2 1 1

P 5 5 5 5

Y 0 1 2 3

1 2 1

P(Y) 5 0 5 10

Since, we have to prove that, £(Y?) = 2E(X)
E(X)=2X P (X)

0.y, 0,307
5 5 5
= 2E(X)f% ()
E(Y)? = 2Y2P(Y)
:Ol+‘]£+4g i
5 10 5 10
3 8 9 28 14
=—+ -+ -—=—"=—
10 5 10 10 5
N Ere) = (i)

From Egs. (i) and (ii),
E(Y?)=2E(X) Hence proved.
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Q. 31 A factory produces bulbs. The probability that any one bulb is
defective is 510 and they are packed in 10 boxes. From a single box,

find the probability that
(i) none of the bulbs is defective.
(ii) exactly two bulbs are defective.
(iii) more than 8 bulbs work properly.
Sol. Let Xis the random variable which denotes that a bulb is defective.

1 49
Also,n=10p=—andg =—andP(X=nN="C, p' q""
p=rpandq =g (X=r) P q

(i) None of the bulbs is defective i.e., r =0

1 0 49 10-0 49 10
o=l (22
Pl )=Fo) °\50) {50 50

(ii) Exactly two bulbs are defective i.e., r =2

1)2( 498

| 2 8 10
= ﬁ[i) : (@j =45 x (ij x (49)°
8121150) |50 50

(iif) More than 8 bulbs work properly i.e., there is less than 2 bulbs which are defective.
So, r<2=r=01
P(X =r=P(r<2)=P0)+ P(1)

0 10-0 1 10-1
-*0o(55) (s0)  *"ls) (o)
50 50 50 50
i9j1°+£!.i.(i9jg
50 1191 50 (50

(
(& - e
( 9

Q. 32 Suppose you have two coins which appear identical in your pocket.
You know that, one is fair and one is 2 headed. If you take one out,
toss it and get a head, what is the probability that it was a fair coin?

Sol. Let E, = Event that fair coin is drawn

E, =Event that 2 headed coin is drawn
E = Event that tossed coin get a head
P(E)=1/2,P(E,)=1/2, P(E/E,)=1/2 and P(E/E,)=1
P(E))- PE/E)
P(E,)-P(E/E)+ P(E,)- P(E/E,)

Now, using Baye's theorem P(E, / E) =
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Q. 33 Suppose that 6% of the people with blood group 0 are left handed and
10% of those with other blood groups are left handed, 30% of the
people have blood group 0. If a left handed person is selected at
random, what is the probability that he/she will have blood group 0?

Sol.

Other than

Blood group ‘O’ blood group ‘0’

I. Number of people 30 % 70 %

Percentage of left

I handed people

6 % 10 %

E, = Event that the person selected is of blood group O
E, = Event that the person selected is of other than blood group O
(E5) = Event that selected person is left handed
P(E;)=0.30, P(E,)= 070
P(E;/E;)=006 and P(E;/E,)=010
P(E)-P(Es 1 Ey)
P(Ey)- P(Eg/Ey) + P(Ey)- P(Es / Ey)
0.30 x 0.06
030006+ 070- 010
3 0.0180
~0.0180 + 0.0700
00180 180 9
T 00880 880 44

By using Baye'’s theorem, P(E, / E5) =

Q. 34 If two natural numbers r and s are drawn one at a time, without
replacement from the set S ={1, 2, 3,...n}, thenfind P(r < p /s < p),
where p e S.

Sol. - Set S={123..n}

Q. 35 Find the probability distribution of the maximum of the two scores
obtained when a die is thrown twice. Determine also the mean of the

distribution.
Sol. Let Xis the random variable score obtained when a die is thrown twice.
X=12345,6
Here, S={(1,1),12),21),22),13),23),31),(32),(33),..066)}
px==d. 1ot
6 6 36
px—zod 11,11 8
66 66 66 36
SV L O U UL U S O O O 1
6 6 66 66 6 6 6 6 36
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. 7
Similarly, P(X=4)=
y ( ) 6
9
P(X =5)=
( ) %
P(X =6)= 1
36
So, the required distribution is,
X 1 2 3 4 5 6
P(x) 1/36 3/36 5/36 7/36 9/36 11/36

Also, we know that, Mean {£ (X)} = £X P (X)

1 6 15 28 45 66 161
S—t—+ —+—+ —+ —=
36 3 36 36 36 36 36

Q. 36 The random variable X can take only the values 0, 1, 2. If
P(X=0)=P(X =1)=pand E(X?)=E[X],
then find the value of p.
Sol. Since, X=012andP (X)atX=0and 1isp, letat X =2, P (X) is x.

= p+p+x=1
= x=1-2p
We get, the following distribution.
X 0 1 2
P(X) p p 1-2p

EX]=ZX P (X)
=0-p+1-p+2(1-2p)
=p+2-4p=2-3p

and E(X?)=% X2 P(X)
=0-p+1-p+4-(1-2p)
=p+4-8p=4-7p

Also, given that £(X?) = E[X]
= 4-7p=2-3p
1
= dp=2=p=—
p P=5

Q. 37 Find the variance of the following distribution.

X 0 1 2 3 4 5
1 kR 2 1 1 1
PX) 6 18 9 6 9 18
Sol. We have,

X 0 1 2 3 4 5
P(X) 1 R 2 1 il 1

6 18 9 6 9 18

XP(X) kR 4 1 4 5

0 18 9 2 9 1

5 8 3 16 25
2 el = el = =

X?P(X) 0 T 5 5 5 1
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Variance = £(X2) = [E(X)? = X2 P (X)— [EX P (X)?
8

5 16 25 5 4 1 4 57
=0+ —+ +— |0+ =+ -+ -+ -+ —
18 9 9 18 18 9 2 9 18
2

_{5+16+27+32+25}_{5+ 8+9+ 8+ 5}

3
+ -+ —
2

18 18
105 35-35 18-105-35-35

“ 18 18-18 18-18
=i[54_35]:19'35=@
18-18 324 324

Q. 38 A and B throw a pair of dice alternately. A wins the game, if he gets a
total of 6 and B wins, if she gets a total of 7. If A starts the game, then
find the probability of winning the game by A in third throw of the
pair of dice.

Sol. Let A =Atotalof6={(2,4), (1,5), (5, 1), (4,2), (3 3)}

and B, =Atotal of 7= {(2, 5), (1, 6), (6, 1), (5, 2), (3, 4), (4,

3)}
Let P (A) is the probability, if A wins in a throw = P(A) = 3756
and P (B) is the probability, if B wins in a throw = P(B) :%

. . — —= 31 5 5 775 775
.. Required probability = P(A)- P(B)- P(A)= —-—-—= =—
a P y=PA)-PB)-PA) 36 6 36 216-36 7776

Q. 39 Two dice are tossed. Find whether the following two events A and B
are independent A ={(x, y) : x + y =11} and B ={(x, y): x # 5}, where
(x, y) denotes a typical sample point.
Sol. Wehave,A={(x,)):x+ y=11 and B={(x, y): x # 5}
A={(56).(65)B={(11),(12),(13),(14), (1,5 (16), 21), (22, (23), (24),

(25) (2.6), (3.1), (32), (33). (34), (3,5) (36), (4,1), (4.2), (4.3), (4.4), (4.5) (4.6),
(6.1).(6.2), (6,3), (6,4), (65), (6.6)}
= n(A)=2,n(B)=30 and n(AnB)=1
21 and P(B):@=§
36 18 36 6
5 1
= P(A)-P(B) = 108 and P(AnB)= % # P(A)-P(B)

So, A and B are not independent.

Q. 40 An urn contains m white and n black balls. A ball is drawn at random
and is put back into the urn along with k additional balls of the same
colour as that of the ball drawn. A ball is again drawn at random.
Show that the probability of drawing a white ball now does not
depend on k.

Sol. Let U = {m white, n black balls}

E, = {First ball drawn of white colour}
E, = {First ball drawn of black colour}
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and E; = {Second ball drawn of white colour}

PE)=—""—and P(E,)=—"
m+n

m+n
m+ Kk m
AISO, P(ES/E1):maﬂd P(ES/EZ):m
P(E;)=P(E,)-P(E5/E))+ P(E,)- P(E5 /E,)
_m m+ K . n_ m
m+n m+n+k m+n m+n+Kk

m(m+k+nm _ m’ +mk+nm
(m+n+k)(m+n)_(m+n+k)(m+n)
. mm+k+n  m
T Mm+n+k(m+n m+n

Hence, the probability of drawing a white ball does not depend on k.

Long Answer Type Questions

Q. 41 Three bags contain a number of red and white balls as follows Bag I : 3
red balls, Bag II : 2 red balls and 1 white ball and Bag III : 3 white
balls. The probability that bag i will be chosen and a ball is selected

from it is lg where i =1, 2,3. What is the probability that

(i) a red ball will be selected? (ii) a white ball is selected?
Sol. Bag!: 3 red balls and 0 white ball.
Bag Il : 2 red balls and 1 white ball.
Beg Ill : O red ball and 3 white balls.

Let£,, E, and £, be the events that bag |, bag Il and bag Il is selected and a ball is chosen
from it.

1 2 3
P(EO:E'P(EZ)ZE and P(Ea)zé

(i) Let E be the event that a red ball is selected. Then, probability that red ball will be

selected
P(E)=P(E,)-P(E/E))+ P(E,)- P(E/E,)+ P(E;)- P(E/Ej)

13 22 3
=—-—+—--—4+—--0

6 3 6 3 6
:1+g + 0

6 9
_3+4 7

18 18

(i) Let F be the event that a white ball is selected.
P(F)=P(E)-P(F/E)+ P(E,)- P(F/E,)+ P(Eg)- P(F/Ejg)
1 21 3 1 3 M
== 0+ -+ 1==—+—-=—
6 6 3 6 9 6 18

7011 .
Note P(F)=1—P(E)=1 5 =§ [since, we know that P(E) + P(F) =1]
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Q. 42 Refer to question 41 above. If a white ball is selected, what is the
probability that it came from

(i) Bag II? (ii) Bag IIT?
Sol. Referring to the previous solution, using Bay's theorem, we have
(i) P(E,/F)= PIE,)-P(F/Ep)
P(E))-P(F/E)+ P(E,)-P(F/E,)+ P(E3)-P(F/Ejy)
2.1 2
- 6 3 __ 18
1 21 3., 2 3
— 0+ =+ =1 =+
6 6 3 6 18 6
_2/18 2
T2+9 11
18

P(Es)-P(F/Eg)

(i) P (E5/F)=
P(E,)-P(F/E,)+ P(E,)-P(F/E,) + P(E)-P(F / Eg)
3
2.9
_ 6
10+2.1,34
6 63 6
3
5 3/6 9

Q. 43 A shopkeeper sells three types of flower seeds A,, 4, and A,. They are

sold as a mixture, where the proportions are 4 : 4 : 2, respectively. The
germination rates of the three types of seeds are 45%, 60% and 35%.
Calculate the probability

(i) of a randomly chosen seed to germinate.
(ii) that it will not germinate given that the seed is of type 4.
(iii) that it is of the type A, given that a randomly chosen seed does not

germinate.
Sol. Wehave A 1A, Ay =4:4:2
P(A) = 4 ,P(A,) = 4 and P(A;) = 2
10’ 10 10

where A;, A, and A, denote the three types of flower seeds.
Let E be the event that a seed germinates and E be the event that a seed does not

germinate.
45 60 35
PE/A)= 100" PE/A,)= 10 and P(E/A;) = 10
= 55 40 65
and PE/A)= 100" PE/A,) = 100 and P(E/A,) = 100
@i) - P(E)=P(A)-P(E/A)+ P(Ay)- P(E/ Ay) + P(Ag) P(E/ Ag)

_ 4. 4 4 60 2 35
10 100 10 100 10 100
180 240 70 _ 490

+ = =049
1000 1000 1000 1000
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= 35 65 )
iil) PE/A)=1-PE/A))=1-— =— as given above
(ii) P(E/A) (E/A3) 100~ 100 lasg ]

P(Ay)-P(E/A))

(i) P(A; /£) = P(A)-P(E/A)+ P(Ay)-P(E/Ay)+ P(A3)-P(E ] Ay)
4 40 160
B 10100 1000

“4 55 4 40 2 65 220 160 130
+ — +

. - : + +
10 100 10 100 10 100 1000 1000 1000

- 16071000 _16_ 4 315725 - 0314
510/1000 51

Q. 44 A letter is known to have come either from ‘TATA NAGAR' or from
‘CALCUTTA. On the envelope, just two consecutive letters TA are visible.
What is the probability that the letter came from ‘TATA NAGAR"?
Sol. Let £, be the event that letter is from TATA NAGAR and E, be the event that letter is from
CALCUTTA.

Also, let E4 be the event that on the letter, two consecutive letters TA are visible.

1 1
P(E)= and P(E,) =

and P(ES/E1):%and P(ES/EZ):%

[since, if letter is from TATA NAGAR, we see that the events of two consecutive letters visible

are {TA, AT, TA, AN, NA, AG, GA, AR }. So, P(E; /1 E;) = % and if letter is from CALCUTTA,

we see that the events of two consecutive letters to visible are {CA, AL, LC, CU, UT, TT, TA%».
So,P(E;/E,) = ?]

P(E,)-P(Ey /E,)

P(E/E5)= P(E,)-P(E;/E) + P(E,)-P(E; /Ey)

12 1 1
28 g _ 18 g 7
T2 111 1 220 ~1 711
7.—+—.— —+7 PR
28 27 8 14 8x14 5

Q. 45 There are two bags, one of which contains 3 black and 4 white balls
while the other contains 4 black and 3 white balls. A die is thrown. If
it shows up 1 or 3, a ball is taken from the Ist bag but it shows up any
other number, a ball is chosen from the II bag. Find the probability of
choosing a black ball.

Sol. Since, Bag | = {3 black, 4 white balls}, Bag Il = {4 black, 3 white balls}

Let £, be the event that bag | is selected and E, be the event that bag Il is selected.
Let E5 be the event that black ball is chosen.

11 1 1 2
P(E)=—+—=—and P(E,)=1- =25
€) 6 6 3 (E2) 33
and P(E, /E1)=§ and P(E, /Ez)zg
P(E;) = P(E)-P(E,/E)+ P(E,)- P(Es /E,)
13 2 4 N
= 4 - —=—
37 37 21
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Q. 46 There are three urns containing 2 white and 3 black balls, 3 white and
2 black balls and 4 white and 1 black balls, respectively. There is an
equal probability of each urn being chosen. A ball is drawn at random
from the chosen wrn and it is found to be white. Find the probability
that the ball drawn was from the second urn.

Sol. Let U, = {2 white, 3 black balls }
U, = {3 white, 2 black balls}
and U, = {4 white, 1 black balls}

PUY=PU) = PUs) =

Let E, be the event that a ball is chosen from urn U,, E , be the event that a ball is chosen
from urn U, and E5 be the event that a ball is chosen from urn Us.

Also, P(E;)=P(E;)=P(E5)=1/3
Now, let E be the event that white ball is drawn.
2 3 4
P(E/E1)=g, P(E/Ez)zg, P(E/E3)=g
P(E,)-P(E/E,)
P(E,)-P(E/E)+ P(E,)-P(E/E,)+ P(E;)-P(E/Ejy)

Now, P(E,/E)=

(GRS
+
Wl =jw| =
o1l wlon | w

4
5

W=
W=

2 3 4

15

1
"3

|G|

[&)]
+

3
2 9

+
15 1

Q. 47 By examining the chest X-ray, the probability that TB is detected
when a person is actually suffering is 0.99. The probability of an
healthy person diagnosed to have TB is 0.001. In a certain city, 1 in
1000 people suffers from TB. A person is selected at random and is
diagnosed to have TB. What is the probability that he actually has TB?

Sol. LetE, =Event that person has TB
E, = Event that person does not have TB

E = Event that the person is diagnosed to have TB

999
PE)=—— =
E) 1000

= 0001, P(E,) = —— = 0.999
1000

and P(E/E,)=099and P(E/E,)=0.001
P(E))-P(E/E)

P(E,)-P(E/E,) + P(E,)-P(E/E,)

- 0001 x 0.99

0001 x 0.99 + 0.999 x 0.001

0000990

~ 0000990 + 0000999
990 110

T 1989 221

P(E, /E)=
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Q. 48 An item is manufactured by three machines 4, B and C. Out of the
total number of items manufactured during a specified period, 50% are
manufactured on A, 30% on B and 20% on C. 2% of the items produced
on A and 2% of items produced on B are defective and 3% of these
produced on C are defective. All the items are stored at one godown.
One item is drawn at random and is found to be defective. What is the
probability that it was manufactured on machine A?

Sol. Let E, = Event that item is manufactured on A,
E, =Event that an item is manufactured on B,
E4 = Event that an item is manufactured on C,
Let £ be the event that an item is defective.
50 1 30 3 20 1
PE) - B

=—=—PE,)=—=—and P(E,)=— =
100 2 7€) =300 " 10 (Es)

plEj_2 1 p(Ej_2 -1 jgp[E|- 8
E, ) 100 50 (E,) 100 E,) 100

100 __ 100 _5
1 3 3 5+3+3 11

+ +
100 500 500 500

Q. 49 Let X be a discrete random variable whose probability distribution is
defined as follows.
k(x +1), forx =1,2,3,4
P(X =x) = 4 2kx, forx =5,6,7

0, otherwise

where, k is a constant. Calculate
(i) the value of k. (ii) E (X).
(iii) standard deviation of X.
k(x + 1), forx = 1,2,3 4
Sol. P (X =x)=1{2kx, forx = 56,7
0, otherwise
Thus, we have following table

X 1 2 3 4 5 6 7 Otherwise
P(X) 2k 3k 4k 5k 10k 12k 14k 0
XP(X) | 2k 6k 12k | 20k | 50k 72k 98k 0
X2P(X)| 2k 12k | 36k | 80k | 250k | 432k | 686k 0
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(i) Since, 2P, =1
= K@+ 3+4+5+10+12+14)=1 = k:%

(i) - E(X)=ZXP(X)
E(X)=2k + 6k + 12k + 20k + 50k + 72k + 98k + 0 =260k
:260xi:§:5.2 [-:k:i} ()
50 5 50

(iii) We know that,
Var(X) = [E(X?)] - [E(X)F = ZX?P(X) - [Z{XP(X)})*
=[2k + 12k + 36k + 80k + 250k + 432k + 686k + 0] - [5.2]° [using Eq. (i)]

= [1498k] - 27.04= [1 498 x i} -27.04 { k= i}
50 50

=29.96 - 27.04=2.92
We know that, standard deviation of X = ,/Var(X) = ,/2.92 = 17088 =17 (approx)

Q. 50 The probability distribution of a discrete random variable X is given as

under
X 1 2 4 24 34 5A
1 1 3 1 1
P(X) - - = — —
2 5 25 10 25 25
Calculate

(i) the value of A, if E (X) =2.94.

(ii) variance of X.
1 2 12 2A 3A 5A
. (Wehave, ZXP(X)=—+ -4+ — + —+ — + —
Sol. O ()2525 10 25 25
_25+20+ 24+ 10A + 6A+ 10A 69 + 26A

50 50
Since,  E(X)=SXP(X)
N p g 69+ 264
50
- 26A = 50 x2.94 — 69
N 4 147-89_78_,
26 26

(ii) We know that,
Var(X) = E(X?) - [E(X)]?
= ZX2P(X) - [ ZXP(X)]?
1,4 48 442 +97AZ+25A2

- [EXOP?

= + _
2 5 25 10 25 25
25+ 40+ 96 + 20A% + 18A% + 50A%

= [E(X)1?
161+ 88A » 161+ 88 x (3 2 A=
=Ty EXIF= =0 - [EX] [~ A=3]
_933 2 - _
=~y ~ 294 [+ E(X)=2.94]

=19.0600 — 8.6436=10.4164
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Q. 51 The probability distribution of a random variable x is given as under
kx?, x =1,2,3
P(X =x) =<2kx, x = 4,5,6
0, otherwise

where, k is a constant. Calculate

(i) E(X) (ii) E (3X?) (iii) P(X > 4)
Sol. X w 2 3 4 5 6 | Otherwise
P(X) k 4k 9% 8k 10k 12k 0
We know that, 5 =1
= Mdk=1 = k=
44
SXP(X) =k + 8k + 27k + 32k + 50k + 72k + O
190k =190 x - =
44 22
. 95
(i) So, E(X)=IXP(X)= =4 32
(ii) Also, E(X?)=3X?P(X)=k + 16k + 81k + 128k + 250k + 432k
— 908K = 908 x - { P i}
44 44

=20.636 = 20.64 (approx)
E(3X2)=3E(X?)=3x20.64=6192 =619
(i) P(X = 4)=P(X = 4)+ P(X = 5)+ P(X = 6)
1 15

=8k + 10k + 12k=30k=30- — = —
44 22

Q. 52 A bag contains (2n + 1) coins. It is known that n of these coins have a
head on both sides whereas the rest of the coins are fair. A coin is
picked up at random from the bag and is tossed. If the probability that
the toss results in a head is 31, then determine the value of n.

42
Sol. Given, ncoins have head on both sides and (n + 1) coins are fair coins.
Let £, = Event that an unfair coin is selected
E, = Event that a fair coin is selected
E = Event that the toss results in a head

n n+1
P07 9 P50

Also, PE :1andP£ 1
E, E,) 2

E E n n+1 1
P(E)=P(E)- P(EJ + P(Ez)-P[EJ: 1+ - =

i_2n+n+1 - ﬂ_3n+1
42 2(@2n+1) 42 4n+2

124n + 62 =126n + 42
2n=20 = n=10

Ul
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Q. 53 Two cards are drawn successively without replacement from a well
shuffled deck of cards. Find the mean and standard variation of the
random variable X, where X is the number of aces.

Sol. Let X denotes a random variable of number of aces.

X=012
Now, P(X=0)= 48 47 _ 2256
52 51 2652
px—p- 8.4 4 48_3%
52 51 52 51 2652
P(X=2)= 4 3 12
52 51 2652
X 0 1 2
P(X) 2256 384 12
2652 2652 2652
XP (X) 384 24
0 2652 2652
384 48
X*P(X) 0 — —
2652 2652
We know that, Mean () = £(X)= ZXP(X)
384 24
=0+ —+—
2652 2652
_ 408 2
T 2652 13
Also, Var (X) = E(X?) = [E(X)]? = =X°P(X) — [E(X)]?

{ 384 48 :| (
=10+ — 4+ —— |- | —
2652 2652

_4s2 4 01628 — 0.0236 = 0.1391

2652 169

Standard deviation = /Var(X) = +/0139 = 0.373 (approx)

Q. 54 A die is tossed twice. If a ‘success’ is getting an even number on a toss,
then find the variance of the number of successes.

i

393

{ E(X) =

Sol. Let X be the random variable for a ‘success’ for getting an even number on a toss.

1

3 1

X=012 n=2, =f—fand =—
P 2 q 2

1

1 0 1 2-0

At X =1, P(X=1)= 201(%)1 (%)2 1

o (121
At X =2, P(X =2)="2C, 5 s

2

d

13
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X 0 1 2
P(X) 1 il !
4 2 4
XP(X) 0 1 1
2 2
, 1
X“P(X) 0 3 1
1
IXP(X)=0+—=+ = =1
2 2
3@mm=0+1+1=§
2 2

Var(X) = E(X?) - [E(X)]?

= IX2P(X) - [EXP(X)]? =

.. (i)

[using Egs. (i) and (ii)]

Q. 55 There are 5 cards numbered 1 to 5, one number on one card. Two cards
are drawn at random without replacement. Let X denotes the sum of
the numbers on two cards drawn. Find the mean and variance of X.

Sol. Here, S={(1,2),(2,1),(1,3), (3, 1).(2.3). 3,2, (1,

= nS)=20

4),(4,1),(1,5),(5.1), (2 4), (4, 2),

(2,5),(5,2),(3,4),(4,93),(3,5),(5,3), (5 4), (4,5)}

Let random variable be X which denotes the sum of the numbers on two cards drawn.

At X =3 P(X) =
At X=4,P(X) =
At X =5 P(X) =
At X =6 P(X) =
At X =7, P(X) =
At X=8, P(X) =

At X =9 P(X)=

Also,

Il
| -

‘_\_u.
o

(@)

o=

I
==

|
=

—

| mB\MB\»B\bSJ%\NB\M
3|-3

Mean, E(X) =

IXPP(X) = —

Var(X) =

X=345672829

10 10 5 5 5 10
_3+4+10+12 + 14+ 8+9_6

10

9 16 25 36 49 64 81
+—+—+ —+ —+ — + —
10 10 5 5 5 10 10
_9+16+50+72+98+64+81_39
= 0 =

ZP(X) - [EXP(X)]?
2

=39-(6)"=39-36=3

9

10
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Objective Type Questions

Q.56 If P (A)= s 4 and P(ANB)= 70 then P (B/ A) is equal to

1 1 7 17
- b) — z d) -~

(a)10 ()8 (C)8 ()20

4 7

Sol. (¢) - P(A):g, P(AﬂB):%
P(ANB) _7/10

!
P(A)  4/5 8

P(B/A)=

Q.57IfP(ANB)= —0 and P (B) = % then P(A/B) equals to

@2 0 2 ©7 !
17 20 8 8
7 17
Sol. (@) Here, P(AnB)=— a nd P(B) = 20

P(AnB) 7/10 14
P(B) 17/20 17

P(A/B)=

Q.581f P(A)=130, P(B)=§ and P (A uB):i, then P (B/A)+P(A/B)

equals to
1 1 5 7
3 2 3
Sol. (d) Here,P(A):E,P(B)gand P(AuB):g
PB/A+PA/B="ECA PANE)
P (A) PB)
_P(A)+PEB)-P(AUB) P(A)+PB)-PAUB)
P(A) PB)
(AU B)=P(A)+ P(B)- P(A N B)
{/e P(ANB)= P(A)+P(B)—P(AuBJ
3 2 3 3 2 3
_10 5 5,10 5 5
3 2
10 5
11
_to,10_ 1, 1_7
T3t 273 T
10 5
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Q. 59 If P(A) =§, P(B) =130 and P (A  B) =;, then P(A'/B')-P(B'/A')is

equal to
(@) = (b)

N | o

Sol. (c) Here, P(A) = % P@B)- % and P(A  B) =

PAYB) = P(A’'nB) 1-P(AUB)
T PB)  1-PB)
_1-[P(A)+ P(B) - P(A B)]

1-P(B)

(2 3 1)
11—+ —=-=
_ 5 10 5
13
10

1_(4+3—2j 1_1
10

- 7 =T7 77
10 10
PBNA) 1-PAUB)
P(AY —  1-P(A)

and P(B/A") =

’ 1
o 1/2 5

12 3/5 6

25

" P(AB)- P(BIA") = o

5
7

[eRNe)]
! [&)]

Q.601If A and B are two events such that P(A)

P(A/B)= % then P (A’ N B') equals to

1 3
_ b) =
(a)12 ()4
1 3
_ fo) Pt
(C)4 ()16
Sol. (¢c) Here, P(A)= % P(B) = % and P(A/B) = %
pasg="A05)
P(B)
11
= P(Ams)_P(A/B).P(B)_Z.g_E
Now, P(A"~B)=1-P(A U B)

=1-[P(A)+ P(B) - P(An B)]

{1 1 1} {6+471:1
=1t —[=1-
2 3 12 12

9 3 1

- 2=

12 12 4

1
2

,P(B)== and
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Q. 61 1fP(A)=04, P(B)=0.8 and P(B/ A) = 0.6, then P (A U B)is equal to

(@) 0.24 (b) 0.3
(c) 0.48 (d) 0.96
Sol. (d) Here, P(A)= 04, P(B)= 0.8and P(A/B) = 0.6
pE/ay=LEA
P(A)

= P(B A)=P(B/A)-P(A)

=06x04=024
P(AUB)=P(A)+ P(B)—P (A B)

=04+ 08-024
=12 -024=096

Q. 62 If A and B are two events and A # ¢, B # ¢, then

@P(A/B)=P(A-P({B) b)P(A/B) =" ACD
P®B
(© P(A/B)-P(B/A =1 (d)P(A/B)=P(A)/P (B
Sol. ) |t px ¢ and B ¢ then P(A/B):P(;\(;)B)

Q.631f A and B are events such that P(4)=04, P(B)=0.3 and
P(A U B)=0.5, then P (B' n A) equals to

2 1
l b) —
(a)3 ()2
3 1
= d) —
(C)10 ()5

Sol. (d) Here, P(A)=04,P(B)=03 and P(AUB)=05
PAuB=PA+PB-PAnB)
= P(AnB)=04+03-05=02
: P(B'~ A)=P(A) - P(A N B)

:O.470.2:O.2:1
5

Q.64 1f A and B are two events such that P(B):g, P(A/B):% and

P(AUB)= Z then P (A) equals to

@ (b) * ©F >
10 5 2 5
Sol. (¢) Here, P(B) = g P(A/B) = % and P(AUB) = g
_P(AnB)
P(A/B)= PE)

1 P(AnB
2~ 3/5
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PANB=Sx1_3
57210
P(A U B)=P(A)+ P(B)- P(A N B)
4 opay+3-3
5 510
pa_t 3,3 _8-6+3 1
5 5 10 10 2

Q. 65 In question 64 (above), P (B/A') is equal to

3 1

(@) = (b) — (c) - (d)

Sol. (@) PB/A)=

3
5 10 2 5

PBAA) P{B)-PBAA

P(AY 1-P(A)
3_38 6-3
_5 10_ 10 _6_3
1 1 10 5
2 2
3 1 4
Q. 66 1f P(B):f, P(A/B)= > and P(AuB):E, then
P(AUBY +P(A’uB) is equal to
1 4 1
Sol. (@) Here, PB)=2 P(AIB)=
and P(AuB):g
Since, pa/By=ACE)
P(B)
= P(A~B)=P(A/B)-P(B)
_1.8_3
275710
Also, P(A U B)=P(A)+ P(B)— P(A ~ B)
= P(A):£—§+3:1
5 5 10 2
4 1
PAUBY=1-PAUB=1-_=_
and P(A'UB)=1-P(A-B)=1-P(A N B)
=1-P(A)-P(B)
_q_1.2_4
T 25 5
= PAUBY+P(AUB)= l é:§:1
5 5 5
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Q. 671 P(4) :173, P(B) = ; and P(A A B) = 143 then P(A' / B)is equal to

6 4 4 5
(a) 3 (b)13 (© 9 (d) 9
Sol. (d) Here, P(A) = l P(B) = 9 and P(AnB) = 4
13 13 13
parygy = PA 0B _PBI-PANE)
PB) P(B)
9 4 5
_ 13 13_13_5
9 9 "9
13 13

Q. 68 If A and B are such events that P(4)>0 and P (B) # 1, then P (A’ / B')

equals to
@71-P(A/B (b)1-P(A'/B (c)% d)P(A)/P(B")
Sol. (¢) ~ P(A)>0 and P(B)=1
P(AY/B) = P(A'nB)_1-P(AUB)
P(B) P(B)

Q. 69 If A and B are two independent events with P (4) =2 and P(B) = ;
then P (A" n B') equals to

4 8 1 2
Sol. (d) PAAnB)=1-P(AUB)
=1-[P(A)+ P(B)— P(ANnB)]
3 4 3 4
:1—|:g+§—g><§:1 [-P(AnB)=P(A)-P(B)]
:17|:27+20—12:|:17§:170:g
45 45 45 9

Q. 70 If two events are independent, then
(a) they must be mutually exclusive
(b) the sum of their probabilities must be equal to 1
(c) Both (a) and (b) are correct
(d) None of the above is correct
Sol. (d) Iftwo events A and B are independent ,then we know that
P(AnB)=P(A)-P(B), P(A)= 0, P(B)#0
Since, A and B have a common outcome.
Further, mutually exclusive events never have a common outcome.

In other words, two independent events having non-zero probabilities of occurrence
cannot be mutually exclusive and conversely, /.e., two mutually exclusive events having
non-zero probabilities of outcome cannot be independent.
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Q. 711f A and B be two events such that P(A):z, P(B):z and

P(AUB) = 2 then P (A/B)-P (A’/B) s equal to

@?2 b) > 0> -2
5 8 20 25
3 5 3
Sol. (d) Here, P(A)=f,P(B):§andP(AuB):Z
P(A U B)= P(A)+ P(B) - P(A ~ B)
= PANB =242 3 34526 2 1
8'8 4 8 8 a4
pa/g=PANE) _1/4_8 _2
PB) 5/8 20 5
o by~ PA 0B _PE-PANE)
P(B) P(B)
5 1 5-2
_8 4_.8 _3
5 5 5
8 8
PM/B)-P(A'/B):%%:%

Q. 72 If the events A and B are independent, then P (A N B) is equal to

(@ P (A +P (B (b) P (A) =P (B)
(©P(A-P(B d)P(A/P(B
Sol. (c¢) If Aand B are independent, then P(A n B) = P(A)- P(B)

Q. 73 Two events E and F are independent. If P (E) =0.3and P (E UF)=0.5,
then P(E/F) — P (F/E) equals to
2

3 1 1
el b) > L d) —
(a)7 ()35 (C)7O ()7
Sol. (c¢) Here, P(E)=03and P(E U F)=05

Let P(F)=x
- PEUF)=PE)+ P(F)-P(ENF)
= P(E) + P(F) - P(E)- P(F)
= 05=03+x—-0.3x
£205-08_2 0
07 7
PENF) P(FNE)
T PFH PE)
PE NF)-PE)-P(F nE)-P(F)
P(E)-P(F)
_ P(ENF)[PE)- P(F)]: P(E) - P(F)
P(ENF)
3 2 21-20 1

"0 7 70 70

P(E/F)-P(F/E)
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Q. 74 A bag contains 5 red and 3 blue balls. If 3 balls are drawn at random
without replacement, them the probability of getting exactly one red

ball is
(@) 2 () 132 ©12 @
196 392 56 29

Sol. (c) Probability of getting exactly one red (R) ball = £ Po P+ P PPt Py PPy

_53%82,3852.325
876 876 876
15 15 15

= + +
4.7-6 4.7-6 4.7-6
5 5 5 15

=—t+ =+ —=—
56 56 56 56

Q. 75 Refer to question 74 above. If the probability that exactly two of the

three balls were red, then the first ball being red, is
1 4 15 5
@— (b) - (€ — (d—
3 7 28 28
Sol. (b) Let E, = Event that first ball being red
and E, = Event that exactly two of the three balls being red
P(E))=Py Py Py+ Py-Py-Ps+ Py Ps-PytPy-PsPs
5 3 543 5§34 532
= . - — 4+ . . —+ —e— 4+ — = —
7 6 87 6
oU+ 66U+ B0+ U
336 336

6
0

4,543 120
6 87 6 336
E,) 120/336 4
) 210/336 7

Q. 76 Three persons 4, B and C, fire at a target in turn, starting with A. Their
probability of hitting the target are 0.4, 0.3 and 0.2, respectively. The
probability of two hits is

() 0.024 (b) 0.188 (0) 0.336 (d) 0.452

Sol. (b)) Here, P(A)=04P (A) = 0.6P(B)= 0.3 P(B) =07,
P(C)=02 and P(C)=08
Probability of two hits = P, - Fg - Fx + Py - Py - R + Pr - P - Ry
=04x03x08+04x07x02+06x03x02

=0.096 + 0.056 + 0.036= 0188

Q. 77 Assume that in a family, each child is equally likely to be a boy or a
girl. A family with three children is chosen at random. The probability
that the eldest child is a girl given that the family has atleast one girl is

4

@ b) 1 ©2 o2

il
2 3 3 7
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Sol. (d) Here,S={(B,B,B), (G,G,G),B,G,qG),(G,BG),G,G,B),(G,BB),BGB), BB G}
E, = Event that a family has atleast one girl, then
E,={(G,B,B),(B,G,B), (B,B,G), (G, G B), (B.G G) (G B QG), G, G,G)}
E, = Event that the eldest child is a girl, then
={(G, B,B), (G, G,B), (G B,QG), GG G}
E,nE,={(G B B), (G, G, B),(G,BQG), GGG}
_PENE)_4/8_4
FlEI5)= PE) 7/8 7
Q. 78 If a die is thrown and a card is selected at random from a deck of 52
playing cards, then the probability of getting an even number on the

die and a spade card is

@ b+ ©1 d
2 4 8

Sol. (c) Let E, = Event for getting an even number on the die

and £, = Event that a spade card is selected
3 1 13 1
PE)=—===and P(E,)=—=—
E)=5=5 Eo)=rs=17

Nlw

1
Then,  P(E NEy)=P(E) PE)=5, =5
Q. 79 A box contains 3 orange balls, 3 green balls and 2 blue balls. Three

balls are drawn at random from the box without replacement. The

probability of drawmg 2 green balls and one blue ball is

@ = (b) 2 © - @187
28 21 28 168

Sol. (@) Probability of drawing 2 green balls and one blue ball
=R Ry P+ Py R-Ry+ R-Ps-Ry

822, 232,322
876 876 876
11,1 3
_t,1,1.3
28 28 28 28

Q. 80 A flashlight has 8 batteries out of which 3 are dead. If two batteries
are selected without replacement and tested, then probability that
both are dead is

33 9 1 3

a) — b) — c) — d) —

()56 ()64 ()14 ()28
Sol. (d) Required probability = £, - P, = _32.3
. P = 87 28

Q. 81 If eight coins are tossed together, then the probability of getting
exactly 3 heads is
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Sol. (b)) We know that, probability distribution P(X =r)="C, (p) q" "

1 1
Here, n=8r=3 p=—andq=—
P=3 q=3
183 8l (1)
Required probability = 8C, | = | | = == [
FHrea probeniy 3(2J (2) 5!3![2)

_8r7r6 1 _ 7
3.2 16-16 32

Q. 82 Two dice are thrown. If it is known that the sum of numbers on the

dice was less than 6, the probability of getting a sum 3, is
(@ — (b) > 1 o2
18 18 5 5

Sol. (c) Let E, = Event that the sum of numbers on the dice was less than 6
and E, = Event that the sum of numbers on the dice is 3
o ET = {(1* 4)7 (47 1)Y (2Y 3)7 (37 2)7 (27 2)7 (17 3)7 (37 1)7 (1* 2)7 (27 1)Y (1v 1)}
= n(E;)=10

and E,={(12),@2 1)} = n(E,)=2
2 1
Required probability = — = —
q p y 105

Q. 83 Which one is not a requirement of a Binomial distribution?
(@) There are 2 outcomes for each trial
(b) There is a fixed number of trials
(c) The outcomes must be dependent on each other
(d) The probability of success must be the same for all the trials
Sol. (¢) We know that, in a Binomial distribution,
(i) There are 2 outcomes for each trial.

(ii) There is a fixed number of trials.
(iii) The probability of success must be the same for all the trials.

Q. 84 If two cards are drawn from a well shuffled deck of 52 playing cards
with replacement, then the probability that both cards are queens, is

1 1 1 1 1T 1 1 4

a)— — — () — — d)—-—

13 13 13 13 13 17 13 51

Sol. (a) Required probabmry_i2 5% % x% [with replacement]

Q. 85 The probability of guessing correctly atleast 8 out of 10 answers on a
true false type examination is

7 7 45 7
a) — b) — ) —— d) —
()64 ()128 ()1024 ()41

Sol. (b)) We know that, P(X =r)= ( e @'’
]

Here, n=10p==,q ==
ere p q 5
and rx=8ie., r:8, 910
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= P(X =1)=P(r = )+l130r_8)+P(r_109) -
- 3) ) () ) e(3) )

10

a(e) o) +(6)

_ 10
812

1310
( [45+10+1]:(E) - 56

56—
16~64 128

Q. 86 If the probability that a person is not a swimmer is 0.3, then the
probability that out of 5 persons 4 are swimmers is
(@) °C,0.7)* (0.3) (b) °C, (0.7 (0.3)*

(©)°C,4 (07 (0.3)* (d)(07*(0.3)

Sol. (@) Here, p=03 =p=07andqg =03 n=5and r=4
. Required probability = °C,, (07)* (0.3)

Q. 87 The probability distribution of a discrete random variable X is given

below
X 2 3 4 5
° 7 9 n
PX) k k k k
The value of k is
@38 (b) 1 (c) 32 (d) 48
Sol. (¢) We know that, ZP(X) 1
5,79, 1
= 4+ —+ —=1
PREPREPREP
32
= — =1
K
k=32
Q. 88 For the following probability distribution.
X -4 -3 -2 —1 0
P(X) 0.1 02 03 02 02
E (X)is equal to
(@0 (b) -1 (c) -2 (d)-1.8
Sol. (d) E(X)=ZX P(X)

=~ 4x(01)+ (-3x02)+ (-2 x0.3)+ (-1x02) + (0x 0.2)
=-04-06-06-02=-18
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Q. 89 For the following probability distribution.

X 1 2 3 4
s il 3 2
PX) 10 5 10 5
E(X?)is equal to
(@3 (b) 5 (©7 (d) 10
1 1 3 2
(! EX?)=2X® P(X)=1-—+4-—+9-—~ +16-2
Sol. (@) (X%) X) TR AT R
1 4 27 32
= — 7+7 R
10 5 10 5
148427464
10

Q. 90 Suppose a random variable X follows the Binomial distribution with
parameters n and p, where 0< p<1 If P(x=r)/P(x=n-r1) is
independent of n and r, then p equals to

(@~ ()1 2 2
2 3 5 7
[
Sol. (@) - PX=1="C, (0 @) " =— (o) (1 - p)"" [ g=1-p] ..0)
(n=n!r!
PX=0)=(1-p)
and  P(X=n-r="C,_, (o) " (@
- b g =1-pl B "C, = "C, 1 ..(i)
(n=nr!
nl
pra-p "
Now, Ple=n _ @ ‘lr)m [using Eqs. () and (ii)]
Plx=n-r) n - o)t
(n=ntr!
. [_]_pjnr ) 1
|
p
Above expression is independent of n and r, if 1_7’0 =1= 1;) =2=>p= %

Q. 91 In a college, 30% students fail in Physics, 25% fail in Mathematics and
10% fail in both. One student is chosen at random. The probability
that she fails in Physics, if she has failed in Mathematics is

1 2 9 1
(@— (b) = (0 — )~
10 5 20 3
30 3 25 1
. (b) Here, Ppo=—" =2 p =2
Sol. ) M =100 10" ™ 100 4
and P 10 _1

(M~ Ph) =m= 10
P(@)iP(thMLHm 2

M PM) /4 5
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Q. 92 A and B are two students. Their chances of solving a problem correctly
are ; and i respectively. If the probability of their making a common

error is, % and they obtain the same answer, then the probability of

their answer to be correct is

1 1 13 10
(@ — (b) — (00— d)—
12 40 120 13
Sol. (d) LetE, =Eventthat both A and B solve the problem
11 A
: PE)=—x—=—.
E)=3"%"1
Let £, = Event that both A and B got incorrect solution of the problem
2 3 1
PE,)==x—=—=
E)=32372

Let E = Event that they got same answer

1

Here, P(E/E1):1.P(E/Ez)=2*0
P Ya P(E,)-P(E/E)
* P(E)  P(E)-PE/E)+PE,)PE/E,)
1
2 1/12 120 10

1 1 T 1 10+3 12x13 13

12" 2%20 120

Q. 93 If a box has 100 pens of which 10 are defective, then what is the
probability that out of a sample of 5 pens drawn one by one with
replacement atmost one is defective?

5 4
@ [ij (b) 3)
10 2\10

4
(C)l[ij
210

Sol. (d) Here, n—5,,o—m—% andq_%
r <1

= r=01

Also, PX=n="C,pq""

: PX=n=P(r=0)+P(r=1)

o) () + (5) ()

10) \10 10) \10
5
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True/False

Q.941f P (4) >0 and P (B) > 0. Then, A and B can be both mutually
exclusive and independent.

Sol. False

Q.951f A and B are independent events, then A’ and B’ are also
independent.

Sol. True

Q. 96 If A and B are mutually exclusive events, then they will be
independent also.

Sol. False

Q. 97 Two independent events are always mutually exclusive.

Sol. False

Q. 98 If 4 and B are two independent events, then P (4 and B) = P (4)-P (B).
Sol. True

Q. 99 Another name for the mean of a probability distribution is expected
value.

Sol. True
E(X) = SX P(X) =

Q. 100 If A and B’ are independent events, then P(A" U B) =1 —P (A) P (B').

Sol. True
P(AruB)=1-P(AnB)=1-P(A)P(B)

C

(A" UB)

U

<

Q. 101 If A and B are independent, then P (exactly one of A, B occurs)
=P (A)P (B") +P (B) P (A)).
Sol. True
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Q. 102 If A and B are two events such that P (A) >0 and P (A) +P (B) > 1,

thenP (B/A) =1 - P()
P(A)
Sol. False
. pes 4~ PANB)
P (A)
_P(A)+PB)-PAUB) _1-PAUB)
- P(A) P(A)

Q. 103 If A, B and C are three independent events such that
P(A)=P(B)=P(C)=p,
then P (atleast two of A, B and C occur) = 3p? —2p>.

Sol. True
P (atleast two of A, B and C occur)

=pxpx(1-=p)+(1-p)p-p+pl-p)p+ppp

=p’l-p+1-p+1-p+pl
=p* (3-3p)+p°
—3p? - 3p° + p° = 3p? - 2p°

Fillers

Q. 104 If A and B are two events such that P (A /B) = p, P(A) = p,P(B) :i

andP (AUB) = % then p is equal to ......... .

Sol. Here, P(A):p,P(B):%and P(AuB):g
pa/g=-LACB o panp =P
P(B)
and PAUB=PA+PB-PANB)
- 5_p 1P 5 1. 2
9 3 3 9 3 3
5-3 2p 2 3
= —=— = p=—Xx—=—
9 3 9 2 3

Q.105 If A and B are such that P(A’uB’)zi and P(AuB)zg, then

P (A") +P (B)is equal to ......... .

Sol. Here, P(A’uB’):%andP(A uB):%
P(AUB)=1-P(ANB)
= %:1—P(AGB)

= P(AmB):17%:

W=
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P(A)+P(B)=1-P(A)+1-P(B)
=2-[P(A)+ P 8] — v
=2-[P(AUB)+P(An g)] G%//

5 5+ Z
2-gra)2- (%) =
18-8 10
T 9 9

Q. 106 If X follows Binomial distribution with parameters n=5, p and
P (X =2)=9P(X = 3), then p is equal to ......... .

Sol. - P(X=2)=9-P(X=3) (where,n=5andg =1-p)
= °C, p* (1-p)® =9-°C4p° (1- pf
51 5 3_go 9 3 2
= ngp (-p"=9 3!2!p (-p)
24 3
N p3(1 p)2_9
p’(1-p)
= =P _g 9+ p=
p
_1
P=0

Q.107 If X be a random variable taking values x,,x,, x5, ...,x, with
probabilities P, P,, P;,...,P,, respectively. Then,Var (x) is equal to

rinrs

..........

Sol. Ver ()= E (XF - [€ ()1
= 3 XPPX) - [ X X P(X)

i=1

=% Px? - (P x;f

1

Q. 108 Let A and B be two events. If P(A /B) = P(A), then A is ... of B.

Sol. - PMMbe&&
= P (A)= P(;\(g)B)
= P(A)-P(B)=P(AnB)

So, A is independent of B.





